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✷✭ót✐♠❛✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸
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▲✐st❛ ❞❡ ❚❛❜❡❧❛s

✶✳✶ ❉❛❞♦s ❞♦s ❡st❛❞♦s ❞❛ ❆♠❛③ô♥✐❛ ▲❡❣❛❧ ❇r❛s✐❧❡✐r❛ ✭❆▲❇✮ q✉❡ ♠❛✐s ♦❝♦rr❡♠
❞❡s♠❛t❛♠❡♥t♦ ✲ ✷✵✶✽ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✶✳✷ ❉❛❞♦s ❞♦s ❡st❛❞♦s ❞❛ ❆♠❛③ô♥✐❛ ▲❡❣❛❧ ❇r❛s✐❧❡✐r❛ q✉❡ ♠❛✐s ♦❝♦rr❡♠ ❞❡s♠❛✲
t❛♠❡♥t♦ ✲ ✷✵✶✾ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✶✳✸ ❉❛❞♦s ❞♦s ❡st❛❞♦s ❞❛ ❆♠❛③ô♥✐❛ ▲❡❣❛❧ ❇r❛s✐❧❡✐r❛ q✉❡ ♠❛✐s ♦❝♦rr❡♠ ❞❡s♠❛✲
t❛♠❡♥t♦ ✲ ✷✵✶✽ ❡ ✷✵✶✾ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✷✳✶ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❣r❛❢♦s ♣♦r t❛❜❡❧❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✸✳✶ ▲❛♥ç❛♠❡♥t♦ ❞❡ ❞❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹
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■♥tr♦❞✉çã♦

❯♠ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ ❛❥✉❞❛ ❛ ❡♥t❡♥❞❡r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ✉♠ s✐st❡♠❛✱ ♣♦✐s
❛ss✐♠ é ♣♦ssí✈❡❧ ♦❜s❡r✈❛r ❝♦♠ ❛♥t❡❝❡❞ê♥❝✐❛ ♦ q✉❡ ♣♦❞❡ ♦❝♦rr❡r ♣❛r❛ ❛❞♠✐♥✐strá✲❧♦ ❞❛ ♠❡✲
❧❤♦r ❢♦r♠❛✳ ◆♦ ❡♥t❛♥t♦✱ ✉♠ s✐st❡♠❛ r❡❛❧ r❡❝❡❜❡ ✉♠❛ q✉❛♥t✐❞❛❞❡ ❜♦❛ ❞❡ ✐♥❝❡rt❡③❛s✱ s❡❥❛
❞❡ ❛çõ❡s ❤✉♠❛♥❛s✱ s❡❥❛ ❞❡ ✐♥t❡♠♣ér✐❡s ♥❛t✉r❛✐s ♦✉ ❛té ♦✉tr❛s ✐♥t❡r❢❡rê♥❝✐❛s q✉❡ ❞✐✜❝✉❧✲
t❛♠ ❛ ❡①❛t✐❞ã♦ ❞♦ ♠♦❞❡❧♦✳ ■♠❛❣✐♥❡✱ ♣♦r ❡①❡♠♣❧♦✱ ✉♠ s✐st❡♠❛ q✉❡ ❞❡s❝r❡✈❡ ❛s ór❜✐t❛s
♣❧❛♥❡tár✐❛s ❡♠ t♦r♥♦ ❞♦ ❙♦❧✿ s❡♠♣r❡ ❤á ❢❛t♦s ♥ã♦ ♣r❡✈✐st♦s ♥♦ s✐st❡♠❛ q✉❡ ❛❝❛❜❛♠ ✐♥t❡r✲
❢❡r✐♥❞♦✱ ❝♦♠♦ ♠❡t❡♦r♦s✱ ♥❛✈❡s✱ s❛té❧✐t❡s✱ ❡①♣❧♦sõ❡s s♦❧❛r❡s✱ ❡♥tr❡ ♦✉tr♦s✳ ◆❡ss❡ s❡♥t✐❞♦✱
❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ♠✐♥✐♠✐③❛r ❛s ♣❡r❞❛s ❝❛✉s❛❞❛s ♣❡❧❛s ✐♥❝❡rt❡③❛s✱ ❡♥tr❛♠✱ ♣❛r❛ ♠❡❞✐r ❛s
♣♦ss✐❜✐❧✐❞❛❞❡s✱ ♦s ♣r♦❝❡ss♦s ❡st♦❝ást✐❝♦s ✭♠♦❞❡❧♦s q✉❡ ❡✈♦❧✉❡♠ ♥♦ ❞❡❝♦rr❡r ❞♦ t❡♠♣♦ ❞❡
❢♦r♠❛ ♣r♦❜❛❜✐❧íst✐❝❛✮✳

◆❡st❡ tr❛❜❛❧❤♦✱ ❛♣r❡s❡♥t❛♠♦s ❛ t❡♦r✐❛ ♥❡❝❡ssár✐❛ ❡ ♣r♦❜❧❡♠❛s✱ ♥♦s q✉❛✐s é ♣♦ssí✈❡❧
♦❜s❡r✈❛r q✉❡ ♦s r❛❝✐♦❝í♥✐♦s ✉t✐❧✐③❛❞♦s ♥❛s r❡s♦❧✉çõ❡s sã♦ s❡♠❡❧❤❛♥t❡s✱ ✉♠❛ ✈❡③ q✉❡ t♦❞♦s
t❡♠ ✉♠❛ ❝❛r❛❝t❡ríst✐❝❛ ❝♦♠✉♠✿ ❝❛❧❝✉❧❛r ✉♠ ❡st❛❞♦ ❢✉t✉r♦ ❜❛s❡❛♥❞♦ ❛♣❡♥❛s ♥♦ ❡st❛❞♦
❛t✉❛❧✱ ♦✉ s❡❥❛✱ ♦ ❤✐stór✐❝♦ ♥ã♦ ❛❧t❡r❛ ♦ ❢✉t✉r♦✱ ❛♣❡♥❛s ♦ ❡st❛❞♦ ♣r❡s❡♥t❡ ✐♥t❡r❢❡r❡✳ ➱ ✉♠
♣r♦❝❡ss♦ ❞❡s♠❡♠♦r✐❛❞♦✳ ❈♦♠♦ ❡①❡♠♣❧♦✿

❊①❡♠♣❧♦ ✶✳ ❆❞❛♣t❛❞♦ ❞♦ ❊①❡♠♣❧♦ ✹ ✭❆♥t♦♥ ❡ ❘♦rr❡s✱ ✷✵✶✻✱ ♣✳ ✷✽✻✮
❙✉♣♦♥❤❛ q✉❡ ✉♠❛ ♦♥ç❛ ♠❛r❝❛❞❛ ♣♦ss❛ ♠✐❣r❛r ❡♥tr❡ ❞✉❛s r❡s❡r✈❛s ❡♠ ❜✉s❝❛ ❞❡

❝♦♠✐❞❛✳ ❚❡♥❞♦ ♣♦r ❜❛s❡ ❞❛❞♦s s♦❜r❡ ♦s r❡❝✉rs♦s ❞❡ ❛❧✐♠❡♥t♦✱ ♦s ♣❡sq✉✐s❛❞♦r❡s ❝♦♥❝❧✉❡♠
q✉❡ ♦ ♣❛❞rã♦ ♠❡♥s❛❧ ❞❡ ♠✐❣r❛çã♦ ❞❛ ♦♥ç❛ ♣♦❞❡ s❡r ♠♦❞❡❧❛❞♦ ♣❡❧♦ s❡❣✉✐♥t❡ ❡sq✉❡♠❛✱ ❝♦♠♦
♣♦❞❡ s❡r ✈✐st♦ ♥❛ ❋✐❣✉r❛ ✶✿

❋✐❣✉r❛ ✶✿ ❘❡♣r❡s❡♥t❛çã♦ ❞❛ tr❛♥s✐çã♦ ❞❡ ✉♠❛ ♦♥ç❛ ❡♠ ❜✉s❝❛ ❞❡ ❛❧✐♠❡♥t♦ ❡♥tr❡ ❞✉❛s
r❡s❡r✈❛s

❖s ✈❛❧♦r❡s ❛♣r❡s❡♥t❛❞♦s sã♦ ❛s ❢r❡q✉ê♥❝✐❛s r❡❧❛t✐✈❛s ❞♦ ❛♥✐♠❛❧ ♣❡r♠❛♥❡❝❡r ♦✉
♠✉❞❛r ❞❡ r❡s❡r✈❛ ❡♠ ❜✉s❝❛ ❞❡ ❛❧✐♠❡♥t♦✳ Pr♦❜❧❡♠❛s ❛ss✐♠✱ ❡♠ q✉❡ ❛ s✐t✉❛çã♦ ♠✉❞❛ ❝♦♠
♦ t❡♠♣♦✱ ♥❡st❡ ❝❛s♦ ❡♥tr❡ ✉♠ ♠ês ❡ ♦✉tr♦✱ ❡ q✉❡ ❛ ✐♥❝❡rt❡③❛ ✐♠♣❡r❛✱ ♠❛s q✉❡ é ♣♦ssí✈❡❧
♦❜t❡r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛ ♦❝♦rrê♥❝✐❛ s❡❣✉✐♥t❡ ❞❛❞♦ q✉❡ s❡ t❡♠ ❛ ❛t✉❛❧✳ ❆ ♠✐❣r❛çã♦ ♦✉

✶



♣❡r♠❛♥ê♥❝✐❛ ❞❡♣❡♥❞❡ ❞❡ ♦♥❞❡ ❛ ♦♥ç❛ ❡stá✱ ♣♦❞❡ s❡r ✐♥t❡r♣r❡t❛❞♦ ❝♦♠♦ ✉♠❛ ❝❛❞❡✐❛ ❞❡
▼❛r❦♦✈✳ ❆❜❛✐①♦✱ ❆♥t♦♥ ❡ ❘♦rr❡s ❛♣r❡s❡♥t❛♠ ✉♠❛ ✐❞❡✐❛ ♣❛r❛✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ ❡st❡♥❞❡r♠♦s
♦ q✉❡ é ✉♠❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈✿

❙✉♣♦♥❤❛ q✉❡ ✉♠ t❛❧ s✐st❡♠❛ ♠✉❞❡ ❝♦♠ ♦ t❡♠♣♦ ❞❡ ✉♠ ❡s✲
t❛❞♦ ♣❛r❛ ♦✉tr♦ ❡ q✉❡✱ ❡♠ ✐♥st❛♥t❡s ♣r❡❞❡t❡r♠✐♥❛❞♦s✱ ♦❜s❡r✲
✈❡♠♦s ♦ ❡st❛❞♦ ❞♦ s✐st❡♠❛✳ ❙❡ ♦ ❡st❛❞♦ ❞♦ s✐st❡♠❛ ❡♠ q✉❛❧✲
q✉❡r ♦❜s❡r✈❛çã♦ ♥ã♦ ♣✉❞❡r s❡r ♣r❡❞✐t♦ ❝♦♠ ❝❡rt❡③❛✱ ♠❛s s❡ ❛
♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ❝❡rt♦ ❡st❛❞♦ ♦❝♦rr❡r ♣✉❞❡r s❡r ♣r❡❞✐t❛
✉♥✐❝❛♠❡♥t❡ ❛ ♣❛rt✐r ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞♦ ❡st❛❞♦ ❞♦ s✐st❡♠❛
♥❛ ♦❜s❡r✈❛çã♦ ✐♠❡❞✐❛t❛♠❡♥t❡ ❛♥t❡r✐♦r✱ ❡♥tã♦ ♦ ♣r♦❝❡ss♦ ❞❡
♠✉❞❛♥ç❛ ❞❡ ✉♠ ❡st❛❞♦ ♣❛r❛ ♦✉tr♦ é ❞❡♥♦♠✐♥❛❞♦ ✉♠❛ ❝❛✲

❞❡✐❛ ❞❡ ▼❛r❦♦✈ ♦✉ ♣r♦❝❡ss♦ ❞❡ ▼❛r❦♦✈✳ ✭❆♥t♦♥ ❡
❘♦rr❡s✱ ✷✵✶✻✱ ♣✳ ✺✺✸✮

❖❜s❡r✈❡♠♦s q✉❡ ❛ ❡①♣♦s✐çã♦ ❛❝✐♠❛ ♥ã♦ é ✉♠❛ ❞❡✜♥✐çã♦✳ ◆❡ss❡ s❡♥t✐❞♦✱ ✉♠❛
❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈ é ✉♠ ♣r♦❝❡ss♦ ❡st♦❝ást✐❝♦ q✉❡ ♣♦ss✉✐ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❡s♣❡❝✐❛❧✿ ❛
♣r♦❜❛❜✐❧✐❞❛❞❡ r❡❢❡r❡♥t❡ ❛♦ q✉❡ ❛❝♦♥t❡❝❡ ♥♦ ❢✉t✉r♦ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞♦ q✉❡ ❛❝♦♥t❡❝❡ ♥♦
♣r❡s❡♥t❡✱ ♦✉ s❡❥❛✱ ♦ q✉❡ ♦❝♦rr❡ ♥♦ ❢✉t✉r♦ é ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ ♣❛ss❛❞♦✳

❊ss❡ ♠♦❞❡❧♦ ❞❡s❡♠♣❡♥❤❛ ❝❛❞❛ ✈❡③ ♠❛✐s ✉♠ ❣r❛✉ ❞❡ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ r❡s♦❧✈❡r
♣r♦❜❧❡♠❛s ❞❡ ❞✐✈❡rs❛s ár❡❛s✱ ❝♦♠♦✱ ❡❝♦♥♦♠✐❛✱ ❣❡♥ét✐❝❛✱ ❝♦♠✉♥✐❝❛çã♦ ❡ ♠✉✐t❛s ♦✉tr❛s✱
❞❡st❛❝❛♥❞♦ q✉❡ ♦ ♣r♦♣ós✐t♦ é ♣r❡✈❡r ✉♠ ❡st❛❞♦ ❢✉t✉r♦ ❛♣❡♥❛s ❝♦♠ r❡❧❛çã♦ ❛♦ ❡st❛❞♦ ❛t✉❛❧
❞♦ s✐st❡♠❛✳ ❊♠ ❣❡r❛❧✱ ❡♠ s✐st❡♠❛s ❞❡t❡r♠✐♥íst✐❝♦s✱ ♠✉✐t❛s ✈❛r✐á✈❡✐s sã♦ ❞❡✐①❛❞❛s ❢♦r❛
♣❛r❛ ❢❛❝✐❧✐t❛r ✭❛té ♠❡s♠♦ ♣❛r❛ t♦r♥❛r ♣♦ssí✈❡❧✮ ♦s ❝á❧❝✉❧♦s✳ ❊ss❛s ✈❛r✐á✈❡✐s ❡stã♦✱ ❞❡ ❝❡rt♦
♠♦❞♦✱ ✐♥s❡r✐❞❛s ♥❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❡♠ ♣r♦❝❡ss♦ ❡st♦❝ást✐❝♦✳

❆ ♠♦t✐✈❛çã♦ ❞❛ ❡s❝♦❧❤❛ ❞♦ t❡♠❛ é ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ✈✐s✉❛❧✐③❛r ❛♣❧✐❝❛çõ❡s ❞♦s
❝♦♥t❡ú❞♦s ❞❡ ♠❛tr✐③❡s✱ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❡ ❣r❛❢♦s✳ ❖s ❞♦✐s ♣r✐♠❡✐r♦s ❛ss✉♥t♦s ❡stã♦ ♣r❡s❡♥✲
t❡s ♥♦ ❡♥s✐♥♦ ♠é❞✐♦✱ t♦❞❛✈✐❛✱ ♣♦✉❝♦s ❧✐✈r♦s ❞✐❞át✐❝♦s tr❛③❡♠ s✐t✉❛çõ❡s q✉❡ ❞✐♠❡♥s✐♦♥❡♠
❡st✉❞♦s ♣❛r❛ q✉❡ ♦s ❛❧✉♥♦s ✈✐s❧✉♠❜r❡♠ ❛♣❧✐❝❛çõ❡s q✉❡ ♦s ❧❡✈❡♠ ❛ ❝♦♥❡❝t❛r ❝♦♥❝❡✐t♦s ❞❛
❡t❛♣❛ q✉❡ ❡stã♦ ❝♦♠ ❛❧❣♦ ✉♠ ♣♦✉❝♦ ♠❛✐s ❛✈❛♥ç❛❞♦ ❡ q✉❡ ❛t✐❝❡♠ s✉❛ ❝✉r✐♦s✐❞❛❞❡ ❡ ✈♦♥t❛❞❡
❞❡ ❛♣r❡♥❞❡r ♠❛t❡♠át✐❝❛✳ ❆ t❡♦r✐❛ ❞❡ ❣r❛❢♦s ♥ã♦ é ❝♦♥t❡♠♣❧❛❞❛ ♥♦ ❝✉rrí❝✉❧♦ ❞♦ ❡♥s✐♥♦
♠é❞✐♦✱ ♠❛s ❛❝r❡❞✐t❛♠♦s q✉❡ s❡❥❛ ♣♦ssí✈❡❧ ❧❡✈❛r ♦s ❛❧✉♥♦s ❞❡ss❛ ❢❛s❡ ❛ ❝♦♠♣r❡❡♥❞ê✲❧❛✱ ✉♠❛
✈❡③ q✉❡ s❡ ❛ss❡♠❡❧❤❛ ❛ ❛❧❣✉♥s ♦❜❥❡t♦s ❞❛ ❣❡♦♠❡tr✐❛✳ ❆ss✐♠✱ ♦ ♥♦ss♦ tr❛❜❛❧❤♦ ♣r♦♣õ❡ ♦
q✉❡ ❛ ❇◆❈❈ ✲ ❇❛s❡ ◆❛❝✐♦♥❛❧ ❈♦♠✉♠ ❈✉rr✐❝✉❧❛r✱ ❡st❛❜❡❧❡❝❡ ❝♦♠♦ ♣r♦♣ós✐t♦ ♣❛r❛ ♦ ❡♥s✐♥♦
♠é❞✐♦✿

✳✳✳ q✉❡ ♥♦✈♦s ❝♦♥❤❡❝✐♠❡♥t♦s ❡s♣❡❝í✜❝♦s ❞❡✈❡♠ ❡st✐♠✉❧❛r ♣r♦✲
❝❡ss♦s ♠❛✐s ❡❧❛❜♦r❛❞♦s ❞❡ r❡✢❡①ã♦ ❡ ❞❡ ❛❜str❛çã♦✱ q✉❡ ❞❡❡♠
s✉st❡♥t❛çã♦ ❛ ♠♦❞♦s ❞❡ ♣❡♥s❛r q✉❡ ♣❡r♠✐t❛♠ ❛♦s ❡st✉❞❛♥✲
t❡s ❢♦r♠✉❧❛r ❡ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❡♠ ❞✐✈❡rs♦s ❝♦♥t❡①t♦s ❝♦♠
♠❛✐s ❛✉t♦♥♦♠✐❛ ❡ r❡❝✉rs♦s ♠❛t❡♠át✐❝♦s✳ P❛r❛ q✉❡ ❡ss❡s ♣r♦✲
♣ós✐t♦s s❡ ❝♦♥❝r❡t✐③❡♠ ♥❡ss❛ ár❡❛✱ ♦s ❡st✉❞❛♥t❡s ❞❡✈❡♠ ❞❡✲
s❡♥✈♦❧✈❡r ❤❛❜✐❧✐❞❛❞❡s r❡❧❛t✐✈❛s ❛♦s ♣r♦❝❡ss♦s ❞❡ ✐♥✈❡st✐❣❛çã♦✱
❞❡ ❝♦♥str✉çã♦ ❞❡ ♠♦❞❡❧♦s ❡ ❞❡ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s✳ P❛r❛
t❛♥t♦✱ ❡❧❡s ❞❡✈❡♠ ♠♦❜✐❧✐③❛r s❡✉ ♠♦❞♦ ♣ró♣r✐♦ ❞❡ r❛❝✐♦❝✐♥❛r✱
r❡♣r❡s❡♥t❛r✱ ❛r❣✉♠❡♥t❛r✱ ❝♦♠✉♥✐❝❛r ❡✱ ❝♦♠ ❜❛s❡ ❡♠ ❞✐s❝✉s✲
sõ❡s ❡ ✈❛❧✐❞❛çõ❡s ❝♦♥❥✉♥t❛s✱ ❛♣r❡♥❞❡r ❝♦♥❝❡✐t♦s ❡ ❞❡s❡♥✈♦❧✈❡r
r❡♣r❡s❡♥t❛çõ❡s ❡ ♣r♦❝❡❞✐♠❡♥t♦s ❝❛❞❛ ✈❡③ ♠❛✐s s♦✜st✐❝❛❞♦s✳
✭❇r❛s✐❧✕▼❊❈✱ ✷✵✶✽✱ ♣✳✺✷✾✮

✷



❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♦ tr❛❜❛❧❤♦ ♦♣♦rt✉♥✐③❛ ❡①♣❧♦r❛çã♦ ❞♦s ❝♦♥❝❡✐t♦s ♠❛t❡♠át✐❝♦s
❝✐t❛❞♦s✱ ❞❡♥tr♦ ❞❡ t✉r♠❛s✱ ❛ ♣❛rt✐r ❞♦ s❡❣✉♥❞♦ ❛♥♦ ❞♦ ❡♥s✐♥♦ ♠é❞✐♦✱ ❝♦❧♦❝❛♥❞♦ ❡♠ ❞✐s✲
❝✉ssã♦ s✐t✉❛çõ❡s ♠♦❞❡❧❛❞❛s ♣♦r ❝❛❞❡✐❛s ❞❡ ▼❛r❦♦✈✳ P❛r❛ t❛❧✱ ❧❡✈❛♥t❛r❡♠♦s ♦s ❝♦♥❝❡✐t♦s
♠❛t❡♠át✐❝♦s q✉❡ s✉st❡♥t❛♠ ♦ ❡st✉❞♦ ❞❡ ❝❛❞❡✐❛s ❞❡ ▼❛r❦♦✈ ❡ ❛♣r❡st❛r❡♠♦s ♣r♦❜❧❡♠❛s
q✉❡ ❢❛✈♦r❡ç❛ ♥♦ss♦ ✐♥t❡♥t♦✿ ❢♦r♥❡❝❡r ✉♠ ♠❛t❡r✐❛❧ ♣❛r❛ ♣r♦❢❡ss♦r❡s tr❛❜❛❧❤❛r❡♠ ❝❛❞❡✐❛s ❞❡
▼❛r❦♦✈ ✉t✐❧✐③❛♥❞♦ ❣r❛❢♦s ❝♦♠ s❡✉s ❛❧✉♥♦s ❞♦ ❡♥s✐♥♦ ♠é❞✐♦✳

❚r❛❜❛❧❤♦s ❝♦♠♦ ♦s ❞❡ ❇r✐tt♦ ✭✷✵✶✹✮✱ ❈❛str♦ ✭✷✵✶✺✮✱ ❙✐❧✈❛ ✭✷✵✷✵✮ ❡ ❙♦❛r❡s ❏r✳
✭✷✵✶✹✮ q✉❡ ♣r♦♣õ❡♠ ❛ ♠❡s♠❛ t❡♠át✐❝❛✱ ❝❛❞❡✐❛s ❞❡ ▼❛r❦♦✈✱ ❛♣r❡s❡♥t❛♠✱ t❛♠❜é♠ ❛❜♦r✲
❞❛❣❡♥s ✐♥t❡r❡ss❛♥t❡s ♣❛r❛ s❛❧❛ ❞❡ ❛✉❧❛ ✳ ❉❛ ♣r♦♣♦st❛ ❞❡ ❇r✐tt♦✱ r❡✐t❡r❛♠♦s ♦s ♦❜❥❡t✐✈♦s
q✉❡ ❡❧❛ ❡❧❡♥❝❛✱ r❡❢♦rç❛♥❞♦ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛ ❞✐s❝✉ssã♦ ❞❛s ❝❛❞❡✐❛s ❞❡ ▼❛r❦♦✈ ♥♦ ❡♥s✐♥♦
♠é❞✐♦✿

✲ ▼♦str❛r ❛ ✉t✐❧✐③❛çã♦ ❞❡ ♠❛tr✐③❡s ❡♠ ♦✉tr❛s ár❡❛s ❞♦ ❝♦♥❤❡✲
❝✐♠❡♥t♦✱ ár❡❛s ❡st❛s q✉❡ ❛ ♠❛✐♦r✐❛ ❞♦s ❡st✉❞❛♥t❡s s✉♣õ❡ ♥ã♦
✉t✐❧✐③❛r ♠❛t❡♠át✐❝❛ ❞❡ ❢♦r♠❛ ♠❛✐s ❛♣r♦❢✉♥❞❛❞❛✳
✲ P❡r♠✐t✐r ❛♦s ❛❧✉♥♦s ❡♥①❡r❣❛r ♠❛tr✐③ ❝♦♠♦ ✉♠❛ ❢♦r♠❛ ✐♥t❡✲
r❡ss❛♥t❡ ❡ ❡✜❝✐❡♥t❡✳
✲ ▼♦str❛r ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❡ ❢❡rr❛♠❡♥t❛s ♠❛t❡♠át✐❝❛s ✭♣r♦✲
❜❛❜✐❧✐❞❛❞❡ ❡ ♠❛tr✐③❡s✮ ♥❛ ♣r❡✈✐sã♦ ❞❡ ❞✐✈❡rs❛s s✐t✉❛çõ❡s ❢✉✲
t✉r❛s✱ ♣r❡✈✐sõ❡s ❡st❛s ♠✉✐t♦ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❛ t♦♠❛❞❛ ❞❡
❞❡❝✐sõ❡s ♣♦r ♣❛rt❡ ❞❡ ❞✐✈❡rs♦s ♣r♦✜ss✐♦♥❛✐s ✭❛❞♠✐♥✐str❛❞♦✲
r❡s✱ ❡❝♦♥♦♠✐st❛s✱ ❜✐ó❧♦❣♦s ❡ t❛♥t♦s ♦✉tr♦s✮ ❡♠ ❞❡t❡r♠✐♥❛❞❛s
ár❡❛s ❞❡ ❛t✉❛çã♦✳
✲ ❘❡❢♦rç❛r ❛s ✐♥❢♦r♠❛çõ❡s ❛ r❡s♣❡✐t♦ ❞❡ ❝❛❞❡✐❛s ❞❡ ▼❛r❦♦✈
❡st✉❞❛❞❛s✳
✲ ❚r❛❜❛❧❤❛r ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ♠❛tr✐③❡s ❝✉❥❛s ❡♥tr❛❞❛s sã♦
♣r♦❜❛❜✐❧✐❞❛❞❡s ❡ r❡s♦❧✈❡r s✐st❡♠❛s ❧✐♥❡❛r❡s✳
✲ ▼♦str❛r q✉❡ ♦ ✉s♦ ❞❡ t❡❝♥♦❧♦❣✐❛s ♣♦❞❡ s❡r út✐❧ q✉❛♥❞♦ ❛
r❡s♦❧✉çã♦ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❡♥✈♦❧✈❡ ♠✉✐t♦s ❝á❧❝✉❧♦s ❡ ♣❡r♠✐t✐r
q✉❡ ♦ ❛❧✉♥♦ s❡ ✉t✐❧✐③❡ ❞❡ss❛s t❡❝♥♦❧♦❣✐❛s✳ ✭❇r✐tt♦✱ ✷✵✶✹✱
♣✳✷✾✮

P❛r❛ ❛♠❜✐❡♥t❛r✱ ♦ t❡①t♦ é ❝♦♥str✉í❞♦ ♣❛r❛ ♣r♦❢❡ss♦r❡s ❞♦ ❡♥s✐♥♦ ♠é❞✐♦✱ s❡♥❞♦ ♦s
❝♦♥❝❡✐t♦s ❛❜♦r❞❛❞♦s ♥❛ ♣❡rs♣❡❝t✐✈❛ ♣❛r❛ ❡ss❡ ♣ú❜❧✐❝♦✱ ♦❝♦rr❡♥❞♦ ❛❧❣✉♥s ❛♣r♦❢✉♥❞❛♠❡♥t♦s
♥❡❝❡ssár✐♦s ♣❛r❛ q✉❡ ❡st❡s ❞♦❝❡♥t❡s✱ ❛t✉❛♥t❡s ♥♦ s❡❣♠❡♥t♦✱ ♣♦ss❛♠ t❡r ✉♠ ❡♥t❡♥❞✐♠❡♥t♦
♥❡❝❡ssár✐♦ ♣❛r❛ tr❛❜❛❧❤❛r ❛ ♣r♦♣♦st❛✳

❯s❛♠♦s✱ ♥♦ ❞❡❝♦rr❡r ❞♦ t❡①t♦ ❡ q✉❛♥❞♦ ❝♦♥✈✐r✱ ❝♦♥t❡①t♦ ❤✐stór✐❝♦✱ ✉♠❛ ✈❡③ q✉❡
❡st❡s ❢❛t♦s ✈❡♠ ❛❝♦♠♣❛♥❤❛❞♦s ❞❡ ✐♥t❡r❡ss❛♥t❡s ♣r♦❜❧❡♠❛s ❡ t❛♠❜é♠ ❞❡ ❝❡rt❛s ❝✉r✐♦s✐❞❛❞❡s
q✉❡ ❞❡s♣❡rt❛♠ ♦ ✐♥t❡r❡ss❡ ❞❡ ✐♥t❡r❧♦❝✉t♦r❡s ❡♠ ❣❡r❛❧✱ ❡♠ ♣❛rt✐❝✉❧❛r ❞❡ ❞✐s❝❡♥t❡s✱ ❝♦♠♦
❡♥❢❛t✐③❛❞♦ ♣♦r ❍❡❢❡③✿

❉❡ ❢❛t♦✱ s❡❣✉♥❞♦ ❛ ▼✳❆✳❆✳ ✭▼❛t❤❡♠❛t✐❝❛❧ ❆ss♦❝✐❛t✐♦♥ ♦❢
❆♠❡r✐❝❛✮✱ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❛ ❤✐stór✐❛ ❞❛ ▼❛t❡♠át✐❝❛ ♠♦s✲
tr❛ ❛♦s ❛❧✉♥♦s q✉❡ ❡❧❛ é ✉♠❛ ✐♠♣♦rt❛♥t❡ ❝♦♥q✉✐st❛ ❤✉♠❛♥❛✱
❣❡r❛❧♠❡♥t❡ ❞❡s❡♥✈♦❧✈✐❞❛ ❞❡ ❢♦r♠❛ ✐♥t✉✐t✐✈❛ ❡ ❡①♣❡r✐♠❡♥t❛❧
❛ ♣❛rt✐r ❞❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ s❡ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ♥❛s ♠❛✐s
❞✐✈❡rs❛s ár❡❛s ❞♦ s❛❜❡r✳ ✭❍❡❢❡③ ❡ ❋❡r♥❛♥❞❡③✱ ✷✵✶✻✱ ♣✳❳■■✮

✸



❖ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ❡stá ❞✐✈✐❞✐❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

◆♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦ r❡✈✐s✐t❛♠♦s ❝♦♥❝❡✐t♦s q✉❡ sã♦ ♣ré✲r❡q✉✐s✐t♦s ♣❛r❛ ❡st✉❞❛r
❝❛❞❡✐❛s ❞❡ ▼❛r❦♦✈✳ ❆ss✐♠✱ ❝♦♠❡ç❛♠♦s ❝♦♠ ♠❛tr✐③❡s✱ ❞❡s❞❡ ❞❡✜♥✐çã♦✱ ♦♣❡r❛çõ❡s ❡ ♣r♦✲
♣r✐❡❞❛❞❡s✳ ❈♦♠♦ ❡s♣❡r❛♠♦s q✉❡ ♦s ❞✐s❝❡♥t❡s s❛✐❜❛♠ ♦♣❡r❛r ❝♦♠ ♠❛tr✐③❡s ✐♥s❡r✐♠♦s ♥♦
tr❛❜❛❧❤♦ ✉♠❛ s❡çã♦ s♦❜r❡ ❝á❧❝✉❧♦ ♠❛tr✐❝✐❛❧ ♦♥❧✐♥❡ ✲ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ▼❛tr✐① ❈❛❧❝✉❧❛t♦r ✲
❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ q✉❡ ✉♠❛ ❛♣r❡s❡♥t❛çã♦ ❞♦ t❡♠❛ ❞❡ ❝❛❞❡✐❛s ❞❡ ▼❛r❦♦✈ ♥ã♦ s❡ ♣❡r❝❛
❡♠ ❝♦♥t❛s ❞❡♠♦r❛❞❛s ❞❡ ♠❛tr✐③❡s r❛❝✐♦♥❛✐s✳ ❖ ❝❛♣ít✉❧♦ t❛♠❜é♠ tr❛③✱ ❛s ❞❡✜♥✐çõ❡s ❞❡
♣r♦❜❛❜✐❧✐❞❛❞❡✱ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧ ❡ ❞❡ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s✳

◆♦ ❝❛♣ít✉❧♦ s♦❜r❡ ❣r❛❢♦s✱ ♣♦r s❡r ✉♠ ❝♦♥❝❡✐t♦ q✉❡ ♥ã♦ é ❛❜♦r❞❛❞♦ ♥♦ ❡♥s✐♥♦
♠é❞✐♦✱ ♦ t❡①t♦ ✈❛✐ ❞❡s❞❡ ❛ ❝♦♥❝❡✐t✉❛çã♦ ❞❡ ❣r❛❢♦s✱ ❞❡✜♥✐çõ❡s ❡ ♠✉✐t♦s ❡①❡♠♣❧♦s ♣❛r❛ q✉❡
♦ ♣ú❜❧✐❝♦ ❞❡st✐♥♦ s❡ ❛♣r♦♣r✐❡ ❞♦ ❝♦♥❝❡✐t♦ s❡♠ ❞✐✜❝✉❧❞❛❞❡s✳ ❆ ♣❛rt❡ ❞❡ r❡♣r❡s❡♥t❛çã♦ ❞♦s
♦❜❥❡t♦s ❞❡st❛ t❡♦r✐❛ é ❜❛st❛♥t❡ ✈✐s✉❛❧✱ s❡♥❞♦ ✉♠❛ ❢♦r♠❛ ✐♥t❡r❡ss❛♥t❡ ❞❡ ✐♥s❡r✐r ❝♦♥❝❡✐t♦s
❡ ♣r♦♣r✐❡❞❛❞❡s✱ ♦❜s❡r✈❛♥❞♦ ✐ss♦ ❡♠ ❡s❜♦ç♦s s✐♠♣❧❡s✳

❖ t❡r❝❡✐r♦ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛♠♦s ♦s ❝♦♥❝❡✐t♦s ❞❡ Pr♦❝❡ss♦s ❊st♦❝ást✐❝♦s ❡ ❝❛❞❡✐❛s
❞❡ ▼❛r❦♦✈ ❞❡ ♠♦❞♦ ❜❡♠ s✐♠♣❧❡s✱ ❡♠ ✉♠❛ ❧✐♥❣✉❛❣❡♠ ❝❧❛r❛ ❡ ✈♦❧t❛❞❛ ♣❛r❛ q✉❡ ♣r♦❢❡ss♦r❡s
♦ ✉t✐❧✐③❡♠ ❝♦♠♦ ❢♦♥t❡ ❞❡ ♣❡sq✉✐s❛✱ ♣♦❞❡♥❞♦ ❛♣❧✐❝á✲❧♦ ♥❛ í♥t❡❣r❛ ❝♦♠♦ ✉♠ ♣r♦❥❡t♦ ❞❡ ❛♣r♦✲
❢✉♥❞❛♠❡♥t♦ ❡♠ ♠❛t❡♠át✐❝❛✱ ✉♠❛ ✈❡③ q✉❡ ❝♦❧♦❝❛♠♦s ✐♥ú♠❡r♦s ❡①❡♠♣❧♦s ❝♦♠ ♦ ♣r♦♣ós✐t♦
❞❡ ♣r♦♣♦r❝✐♦♥❛r ❝♦♠♣r❡❡♥sã♦ ❞♦s ❝♦♥❝❡✐t♦s ❞✐s❝✉t✐❞♦s ♥♦ t❡①t♦✳

P♦r ✜♠✱ ♥♦ ú❧t✐♠♦ ❝❛♣ít✉❧♦✱ ❝♦❧♦❝❛♠♦s ❛❧❣✉♥s ♣r♦❜❧❡♠❛s ♣❛r❛ tr❛❜❛❧❤❛r ❡♠ s❛❧❛
❞❡ ❛✉❧❛ ❝♦♠ ❛s r❡s♣❡❝t✐✈❛s ❞✐s❝✉ssõ❡s ❡ t❛♠❜é♠ ❞❡✐①❛♠♦s ❛❧❣✉♥s ♣r♦❜❧❡♠❛s ♣r♦♣♦st♦s
♣❛r❛ ❛ ❡①♣❧♦r❛çã♦ ❞♦ ♣ú❜❧✐❝♦ ❛❧✈♦✳

✹



❈❛♣ít✉❧♦ ✶

▼❛tr✐③❡s ❡ Pr♦❜❛❜✐❧✐❞❛❞❡s

◆❡st❡ ❝❛♣ít✉❧♦✱ ❛❜♦r❞❛♠♦s ❛❧❣✉♥s tó♣✐❝♦s ❡ss❡♥❝✐❛✐s ❞❡ ➪❧❣❡❜r❛ ▲✐♥❡❛r✱ ❡♠ ♣❛r✲
t✐❝✉❧❛r✱ ▼❛tr✐③❡s✱ ❡ Pr♦❜❛❜✐❧✐❞❛❞❡ ♣❛r❛ ♦ ♥♦ss♦ ❡st✉❞♦✳ ❊st❡s ❝♦♥❝❡✐t♦s ✐rã♦ ♥♦s ❛✉①✐❧✐❛r
♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ t❡♦r✐❛ ❞❡ ❝❛❞❡✐❛s ❞❡ ▼❛r❦♦✈✳ ❆ ❝♦♥str✉çã♦ é ❞❡ ✉♠ t❡①t♦ ♣❡♥✲
s❛❞♦ ❡ ✈♦❧t❛❞♦ ♣❛r❛ ♦ ❡♥s✐♥♦ ♠é❞✐♦✱ ❡ àq✉❡❧❡s q✉❡✱ ♣♦r ✈❡♥t✉r❛✱ s❡♥t✐r❡♠ ♥❡❝❡ss✐❞❛❞❡ ❞❡
❛♣r♦❢✉♥❞❛♠❡♥t♦ ❞❡ ❡st✉❞♦✱ s✉❣❡r✐♠♦s ❛s r❡❢❡rê♥❝✐❛s ✉t✐❧✐③❛❞❛s✿ ❆♥t♦♥ ❡ ❘♦rr❡s ✭✷✵✶✻✮✱
❍❡❢❡③ ❡ ❋❡r♥❛♥❞❡③ ✭✷✵✶✻✮✱ ❇♦❧❞r✐♥✐ ❡t ❛❧✳ ✭✶✾✽✵✮✱ ▼♦r❣❛❞♦ ❡t ❛❧✳ ✭✷✵✶✻✮✱ ▼❡②❡r ✭✶✾✽✸✮ ❡
▼♦r❣❛❞♦ ❡ ❈❛r✈❛❧❤♦ ✭✷✵✶✺✮✳

✶✳✶ ▼❛tr✐③❡s

▼❛tr✐③❡s é ✉♠ ❝♦♥t❡ú❞♦ ❣❡r❛❧♠❡♥t❡ ✐♥tr♦❞✉③✐❞♦ ♥♦ ❡♥s✐♥♦ ♠é❞✐♦✱ ❝✉❥♦ ❡♥t❡♥❞✐✲
♠❡♥t♦ ❡ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ✈❛r✐❛♠ ❞♦s ♥í✈❡✐s ♠❛✐s ❜ás✐❝♦s ❛♦s ♠❛✐s ❛✈❛♥ç❛❞♦s✳ P❛r❛ ❛ ❝♦♠✲
♣r❡❡♥sã♦ ❞♦ ♦❜❥❡t♦ ❞❡s❡❥♦ ❞❡st❡ tr❛❜❛❧❤♦✿ ❝❛❞❡✐❛s ❞❡ ▼❛r❦♦✈✱ ❛♣r❡s❡♥t❛♠♦s ❛ t❡♦r✐❛ q✉❡
❛❝r❡❞✐t❛♠♦s s❡r ♥❡❝❡ssár✐❛ ❛♦s ❞♦❝❡♥t❡s ❡ ❡st✉❞❛♥t❡s ❞❛ ❡t❛♣❛ ❛❝✐♠❛ ❝✐t❛❞❛✳ ◆❡ss❡ s❡♥✲
t✐❞♦✱ ❛ ♣r✐♥❝í♣✐♦✱ ❜❛st❛r✐❛ ❛❜♦r❞❛r ♠✉❧t✐♣❧✐❝❛çã♦ ❡ ♣r♦❞✉t♦ ❡♥tr❡ ♠❛tr✐③❡s✳ ❚♦❞❛✈✐❛✱ ♣❛r❛
❞❡✐①❛r ❛ ❝♦♥str✉çã♦ ♠❛✐s ❝♦♠♣❧❡t❛✱ ♣❛rt✐♠♦s ❞❡ ❛❧❣✉♥s ❛s♣❡❝t♦s ❤✐stór✐❝♦s✱ ♣❛ss❛♥❞♦ ♣♦r
❞❡✜♥✐çõ❡s ❡ ❡♥tã♦✱ ♦♣❡r❛çõ❡s ❡♥tr❡ ♠❛tr✐③❡s✳ ❆❧❣✉♠❛s ❞❡♠♦♥str❛çõ❡s sã♦ ❝♦❧♦❝❛❞❛s ❝♦♠
♦ ♣r♦♣ós✐t♦ ❞❡ ♣❡r♠✐t✐r ✉♠❛ ♠❛✐♦r ✢✉ê♥❝✐❛ ♣❛r❛ ❝♦♠♣r❡❡♥sã♦ ❡ ❡①t❡♥sã♦ ❞♦s ❝♦♥❝❡✐t♦s ❡
❞❡✜♥✐çõ❡s✱ ❜❡♠ ❝♦♠♦ ♣♦ss✐❜✐❧✐t❛r ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❡ ❛♣r♦❢✉♥❞❛♠❡♥t♦ ❞♦ ❝♦♥t❡ú❞♦✳

✶✳✶✳✶ ❆s♣❡❝t♦s ❤✐stór✐❝♦s

❯♠ ♣r♦❜❧❡♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❡♠ ✈ár✐♦s r❛♠♦s ❞❛ ❝✐ê♥❝✐❛ é ❛ r❡s♦❧✉çã♦ ❞❡ s✐st❡♠❛s
❞❡ ❡q✉❛çõ❡s✱ ❡ ♥♦s ❧✐✈r♦s ❞✐❞át✐❝♦s s❡♠♣r❡ ❛♣r❡s❡♥t❛♠ ✉♠❛ ❧✐❣❛çã♦ ❡♥tr❡ ❛ r❡s♦❧✉çã♦ ❞❡
s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ❧✐♥❡❛r❡s ❡ ❡st✉❞♦ ❞❡ ♠❛tr✐③❡s✱ ♠❛s ❡st❛ ❧✐❣❛çã♦ ✈❡♠ ❞❡ ♠✉✐t♦ t❡♠♣♦
❛trás✳ ◆❡ss❡ s❡♥t✐❞♦✱ ❛♣r❡s❡♥t❛♠♦s ♦ ♣r♦❜❧❡♠❛ ❛❜❛✐①♦✱ q✉❡ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ✭❊✈❡s✱
✷✵✵✷✱ ♣✳✷✻✽✮✿

❊①❡♠♣❧♦ ✷✳ ✭❞✮ Pr♦❜❧❡♠❛ ✶✱ ❈❛♣ít✉❧♦ ❱■■■ ✭◆♦✈❡ ❝❛♣ít✉❧♦s s♦❜r❡ ❛ ❛rt❡ ❞❛ ♠❛t❡♠át✐❝❛✮✶✳
❚rês ❢❡✐①❡s ❞❡ ✉♠❛ ❝♦❧❤❡✐t❛ ❞❡ ❜♦❛ q✉❛❧✐❞❛❞❡✱ ❞♦✐s ❢❡✐①❡s ❞❡ ✉♠❛ q✉❛❧✐❞❛❞❡ r❡❣✉❧❛r ❡ ✉♠
❢❡✐①❡ ❞❡ ✉♠❛ ♠á q✉❛❧✐❞❛❞❡ sã♦ ✈❡♥❞✐❞♦s ♣♦r ✸✾ ❞♦✉✳ ❉♦✐s ❢❡✐①❡s ❞❡ ❜♦❛✱ três ❞❡ r❡❣✉❧❛r
❡ ✉♠ ❞❡ ♠á sã♦ ✈❡♥❞✐❞♦s ♣♦r ✸✹ ❞♦✉✳ ❯♠ ❢❡✐①❡ ❞❡ ❜♦❛✱ ❞♦✐s ❞❡ r❡❣✉❧❛r ❡ três ❞❡ ♠á sã♦
✈❡♥❞✐❞♦s ♣♦r ✷✻ ❞♦✉✳ ◗✉❛❧ ♦ ♣r❡ç♦ ❞♦ ❢❡✐①❡ ♣❛r❛ ❝❛❞❛ ✉♠❛ ❞❛s q✉❛❧✐❞❛❞❡s❄

✶❊st❡ ❧✐✈r♦✱ ❞♦ ♣❡rí♦❞♦ ❍❛♥ ✭✷✵✻ ❛✳❈✳ ✲ ✷✷✶ ❞✳❈✮✱ ❝♦♥té♠ ✷✹✻ ♣r♦❜❧❡♠❛s s♦❜r❡ ❞✐✈❡rs❛s s✐t✉❛çõ❡s✱
❡♥tr❡ ❡❧❛s✿ ♠❡♥s✉r❛çã♦ ❞❡ t❡rr❛s✱ ❛❣r✐❝✉❧t✉r❛✱ s♦❝✐❡❞❛❞❡s✱ ✐♠♣♦st♦s✱ s♦❧✉çã♦ ❞❡ ❡q✉❛çõ❡s ❡ ♣r♦♣r✐❡❞❛❞❡s
❞❡ tr✐â♥❣✉❧♦s✳ ❖ ♣r♦❜❧❡♠❛ ❡♠ q✉❡stã♦ é ❞♦ ❈❛♣ít✉❧♦ ✽ ❞❡st❛ ♦❜r❛

✺



❖ ❡♥✉♥❝✐❛❞♦ ❛❝✐♠❛ é tr❛❞✉③✐❞♦ ♥♦ s❡❣✉✐♥t❡ s✐st❡♠❛✿






3x+ 2y + z = 39
2x+ 3y + z = 34
x+ 2y + 3z = 26,

✭✶✳✶✮

q✉❡ ❛♣❛r❡❝❡ ❡①♣♦st♦ ❞❡ss❛ ❢♦r♠❛ ❡♠ ❇♦②❡r ❬✶✾✼✹❪✱ ♠❛s s❡♠ ♦ ❝♦♥t❡①t♦ ❛♣r❡s❡♥t❛❞♦ ♣♦r
❊✈❡s ❬✷✵✵✷❪✳ ❇♦②❡r ♥♦s ♠♦str❛ ❝♦♠♦ ♦ ❛✉t♦r ❞♦s ◆♦✈❡ ❝❛♣ít✉❧♦s✱ s✉♣♦st❛♠❡♥t❡✱ ♣r♦♣ôs ❛
r❡s♦❧✉çã♦ ❞❡ss❡ t✐♣♦ ❞❡ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❧✐♥❡❛r❡s s✐♠✉❧tâ♥❡❛s

✳✳✳

❡❢❡t✉❛♥❞♦ ♦♣❡r❛çõ❡s s♦❜r❡ ❝♦❧✉♥❛s ♥❛ ♠❛tr✐③ ❆ s❡❣✉♥❞❛
❢♦r♠❛ r❡♣r❡s❡♥t❛✈❛ ❛s ❡q✉❛çõ❡s ✸✻③ ❂ ✾✾✱ ✺② ✰ ③ ❂ ✷✹
❡ ✸① ✰ ✷② ✰ ③ ❂ ✸✾✱ ❞❛s q✉❛✐s ❢❛❝✐❧♠❡♥t❡ sã♦ ❝❛❧❝✉❧❛❞♦s
s✉❝❡ss✐✈❛♠❡♥t❡ ♦s ✈❛❧♦r❡s ❞❡ ③✱ ② ❡ ①✳ ✭❇♦②❡r✱ ✶✾✼✹✱
♣✳✶✹✹✮

◆✉♠❛ ❧✐♥❣✉❛❣❡♠ ❛t✉❛❧✱ ✭✶✳✶✮ ♣♦❞❡ s❡r ❛♣r❡s❡♥t❛❞♦ ❛ss✐♠✿




3 2 1 39
2 3 1 34
1 2 3 26





❆✐♥❞❛ ♥♦ ✈✐és ❤✐stór✐❝♦ ❡ ♥♦s ❛♣♦✐❛♥❞♦ ❡♠ ❇♦②❡r ✭✶✾✼✹✮ ❡ ❊✈❡s✭✷✵✵✷✮✱ q✉❡ ❞✐s✲
❝♦rr❡♠ ♦ ♣r♦❝❡ss♦ ❡✈♦❧✉t✐✈♦ ❞❛s ❣r❛♥❞❡s ❝✐✈✐❧✐③❛çõ❡s✱ ♥♦ q✉❡ t❛♥❣❡ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♠❛✲
t❡♠át✐❝♦✱ ❝♦❧♦❝❛♠ q✉❡ ♦ ❤♦♠❡♠ ❥á ❤❛✈✐❛ s❡ ❞❡♣❛r❛❞♦ ❝♦♠ s✐t✉❛çõ❡s ❡♠ q✉❡ ♦ ❡♠♣r❡❣♦
❞❡ s✐st❡♠❛s ❧✐♥❡❛r❡s ❡r❛ r❡❛❧✐③❛❞♦✱ ❡ q✉❡ t❛❧ ❝♦♥❤❡❝✐♠❡♥t♦ ♣r✐♠✐t✐✈♦ ❡✈♦❧✉✐✉ ❛♦ ❧♦♥❣♦ ❞♦s
sé❝✉❧♦s ❞❡ ❤✐stór✐❛✳ ❚♦❞❛✈✐❛✱ ♠✉✐t♦ s❡ ♣❡r❞❡✉ ♥♦ ❞❡❝♦rr❡r ❞♦s sé❝✉❧♦s✱ s❡❥❛♠ ♣❡❧❛ ❢♦r♠❛
❡♠ q✉❡ ♦s r❡❣✐str♦s ❡r❛♠ ❢❡✐t♦s✱ s❡❥❛♠ ♣♦r ✐♥❝ê♥❞✐♦s✱ ✐♥t❡♥❝✐♦♥❛✐s ♦✉ ♥ã♦✳ P❛✉t❛❞♦s ♥❡s✲
s❡s ❤✐st♦r✐❛❞♦r❡s✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦✉tr♦ ❝❛♠✐♥❤♦ ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞❛ t❡♦r✐❛ ❞❡ ♠❛tr✐③❡s✱
❛❧é♠ ❞♦s s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s✱ ❝♦♠♦ ✈✐st♦ ❛❝✐♠❛✱ ❜❧♦❝♦s ♥✉♠ér✐❝♦s✱ ♠❛s ♣♦❞❡♠♦s ❛❝r❡❞✐✲
t❛r q✉❡ ❡ss❛ ✐❞❡✐❛ ♥ã♦ ❢♦✐ ❛ ♣r✐♠❡✐r❛✱ ✉♠❛ ✈❡③ q✉❡ ♦s q✉❛❞r❛❞♦s ♠á❣✐❝♦s✱ ❤✐st♦r✐❝❛♠❡♥t❡✱
❛♣❛r❡❝❡r❛♠ ❛♥t❡s✳

✻



◆❡♥❤✉♠❛ ❛❜♦r❞❛❣❡♠ ❞❛ ♠❛t❡♠át✐❝❛ ❝❤✐♥❡s❛ ❛♥t✐❣❛✱ ♣♦r
♠❛✐s ❜r❡✈❡ q✉❡ s❡❥❛✱ ♣♦❞❡ ❞❡✐①❛r ❞❡ ♠❡♥❝✐♦♥❛r ♦ q✉❛❞r❛❞♦
♠á❣✐❝♦ ❝❤❛♠❛❞♦ ❧♦✲s❤✉✳ ❯♠ ❞♦s ❝❧áss✐❝♦s ♠❛t❡♠át✐❝♦s ❝❤✐✲
♥❡s❡s ♠❛✐s ❛♥t✐❣♦s é ♦ ■✲❑✐♥❣ ♦✉ ▲✐✈r♦ ❞❛s P❡r♠✉t❛çõ❡s✳
◆❡❧❡ ❛♣❛r❡❝❡ ✉♠ ❞✐❛❣r❛♠❛ ♥✉♠ér✐❝♦ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❧♦✲s❤✉✱
♣♦st❡r✐♦r♠❡♥t❡ ❞❡s❡♥❤❛❞♦ ❝♦♠♦ s❡ ✈ê ♥❛ ❋✐❣✉r❛ ✻✹✳ ❚r❛t❛✲
s❡ ❞♦ ❡①❡♠♣❧♦ ❝♦♥❤❡❝✐❞♦ ♠❛✐s ❛♥t✐❣♦ ❞❡ q✉❛❞r❛❞♦ ♠á❣✐❝♦❀
❝♦♥t❛ ✉♠❛ ❧❡♥❞❛ q✉❡ ♦ ♣r✐♠❡✐r♦ ❛ ✈ê✲❧♦ ❢♦✐ ♦ ✐♠♣❡r❛❞♦r ❨✉✱
♣♦r ✈♦❧t❛ ❞❡ ✷✷✵✵ ❛✳❈✳✱ ❞❡❝♦r❛♥❞♦ ❛ ❝❛r❛♣❛ç❛ ❞❡ ✉♠❛ t❛r✲
t❛r✉❣❛ ❞✐✈✐♥❛ q✉❡ ❧❤❡ ❛♣❛r❡❝❡✉ às ♠❛r❣❡♥s ❞♦ r✐♦ ❆♠❛r❡❧♦✳
❈♦♠♦ s❡ ✈ê ♥❛ ❋✐❣✉r❛ ✻✹ é ✉♠ ❛rr❛♥❥♦ q✉❛❞r❛❞♦ ❞❡ ♥✉♠❡r❛✐s
❡①♣r❡ss♦s ♣♦r ♥ós ❡♠ ❝♦r❞❛s❀ ♥ós ♣r❡t♦s ♣❛r❛ ♥ú♠❡r♦s ♣❛r❡s
❡ ❜r❛♥❝♦s ♣❛r❛ ♥ú♠❡r♦s í♠♣❛r❡s✳

❋✐❣✉r❛ ✶✳✶✿ ❈❛s❝♦ t❛rt❛r✉❣❛ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❋✐❣✉r❛
✻✹ ❞❛ ❝✐t❛çã♦

❯♠ q✉❛❞r❛❞♦ ♠á❣✐❝♦ ❞❡ ♦r❞❡♠ ♥ é ✉♠ ❛rr❛♥❥♦ q✉❛❞r❛❞♦ ❞❡
n2 ✐♥t❡✐r♦s ❞✐st✐♥t♦s ❞✐s♣♦st♦s ❞❡ ♠❛♥❡✐r❛ t❛❧ q✉❡ ♦s ♥ú♠❡r♦s
❞❡ ✉♠❛ ❧✐♥❤❛ q✉❛❧q✉❡r✱ ❞❡ ✉♠❛ ❝♦❧✉♥❛ q✉❛❧q✉❡r ♦✉ ❞❛ ❞✐❛❣♦✲
♥❛❧ ♣r✐♥❝✐♣❛❧ tê♠ ♠❡s♠❛ s♦♠❛✱ ❝❤❛♠❛❞❛ ❝♦♥st❛♥t❡ ♠á❣✐❝❛
❞♦ q✉❛❞r❛❞♦✳ ✭❊✈❡s✱ ✷✵✵✷✱ ♣✳✷✻✽✲✷✻✾✮

◆❡ss❡ s❡♥t✐❞♦✱ ♥❛ s✉❛ ❢♦r♠❛ tr❛❞✐❝✐♦♥❛❧ tr❛t❛✲s❡ ❞❡ ✉♠❛ ♠❛❧❤❛ q✉❛❞r✐❝✉❧❛❞❛✱
✉♠❛ t❛❜❡❧❛✱ ❞❡ n × n ✭♥ ♥❛t✉r❛❧✮✱ ♦✉ s❡❥❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♥ú♠❡r♦s ♦r❣❛♥✐③❛❞♦s ❡♠ ✜❧❛s
❤♦r✐③♦♥t❛✐s ✭❧✐♥❤❛s✮ ❡ ✈❡rt✐❝❛✐s ✭❝♦❧✉♥❛s✮ ❞❡ ❢♦r♠❛ q✉❡ ❛ s♦♠❛ ❞♦s ♥ú♠❡r♦s q✉❡ ❝♦♥st✐t✉✐
❝❛❞❛ ✜❧❛✱ t❡♥❤❛♠ ♦ ♠❡s♠♦ ✈❛❧♦r✱ ❡ ♦ ♠❡s♠♦ ♦❝♦rr❡ ❡♠ ❝❛❞❛ ✉♠❛ ❞❛s ❞✐❛❣♦♥❛✐s✱ ❡ q✉❡
❝❛❞❛ ❝é❧✉❧❛✱ ♥❛ s✉❛ ♠❛✐♦r✐❛ ❡stã♦ ♦❝✉♣❛❞❛s ♣♦r ♥ú♠❡r♦s ♥❛t✉r❛✐s ✈❛r✐❛♥❞♦ ❞❡ ✉♠ ❛ n2✳
♣♦r ❡①❡♠♣❧♦✱ ✉♠ q✉❛❞r❛❞♦ ♠á❣✐❝♦ ❞❡ ♦r❞❡♠ ✸ ✭três ❧✐♥❤❛s ❡ três ❝♦❧✉♥❛s✮✳

❊①❡♠♣❧♦ ✸✳ ❱❡❥❛♠♦s ✉♠ q✉❛❞r❛❞♦ ♠á❣✐❝♦ ❞❡ ♦r❞❡♠ ✸ ✭três ❧✐♥❤❛s ❡ três ❝♦❧✉♥❛s✮✳

✽ ✸ ✹
✶ ✺ ✾
✻ ✼ ✷

❊ss❡ ❡①❡♠♣❧♦ é ♦ ♠❛✐s s✐♠♣❧❡s✱ s❡♥❞♦ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ é ✉♠ q✉❛❞r❛❞♦ ♠á❣✐❝♦✳
P❛r❛ ❝♦♥str✉í✲❧♦✱ ❞❡✈❡♠♦s ❞✐str✐❜✉✐r ♦s ♥ú♠❡r♦s 1, 2, 3, 4, 5, 6, 7, 8 ❡ 9 ❝♦❧♦❝❛♥❞♦ t♦❞♦s ❡❧❡s

✼



s❡♠ r❡♣❡t✐çã♦✱ ♥✉♠❛ t❛❜❡❧❛ 3 × 3✱ ❞❡ ♠♦❞♦ q✉❡✱ ❛ s♦♠❛ ❞♦s três ♥ú♠❡r♦s ❞✐s♣♦st♦s ❡♠
❝❛❞❛ ❧✐♥❤❛✱ ❝♦❧✉♥❛ ♦✉ ❞✐❛❣♦♥❛❧ r❡s✉❧t❡♠ ❡♠ ✶✺✳

❆✐♥❞❛ ♥❛ ❈❤✐♥❛✱ ♥♦ ✐♥í❝✐♦ ❞♦ sé❝✉❧♦ ❳■■■✱

✳✳✳◆♦s ❧✐✈r♦s ❞❡ ❈❤✉ ❡♥❝♦♥tr❛✲s❡ ❛ ❛♣r❡s❡♥t❛çã♦ ♠❛✐s
❛❝❛❜❛❞❛ ❞♦s ♠ét♦❞♦s ♠❛tr✐❝✐❛✐s ❝♦♠✉♥s ❤♦❥❡ ❡♠ ❞✐❛ ❡
s❡✉ ♠ét♦❞♦ ❞❡ ❡❧✐♠✐♥❛çã♦ ❡ s✉❜st✐t✉✐çã♦ ❥á ❢♦✐ ❝♦♠♣❛✲
r❛❞♦ ❛♦ ❞❡ ❏✳ ❏✳ ❙②❧✈❡st❡r ✭✶✽✶✹✲✶✽✾✼✮✳ ✭❊✈❡s✱ ✷✵✵✷✱
♣✳✷✹✻✮

P♦ré♠ ♥ã♦ s❡ ✉t✐❧✐③❛✈❛ ❛ s✐♠❜♦❧♦❣✐❛ q✉❡ é ✉t✐❧✐③❛❞❛ ❤♦❥❡✱ ❡st❛ só ❛♣❛r❡❝❡✉ ♥♦
sé❝✉❧♦ ❳■❳✳ ❊♥tr❡ ♦s sé❝✉❧♦s ❳■■■ ❡ ❳■❳✱ ❞✐✈❡rs♦s ♠❛t❡♠át✐❝♦s ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ ♦ ❞❡✲
s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ t❡♦r✐❛ ❞❡ ❙✐st❡♠❛s ▲✐♥❡❛r❡s✱ ❉❡t❡r♠✐♥❛♥t❡s ❡ ▼❛tr✐③❡s✱ ❞❡♥tr❡ ❡❧❡s✿
●❛❜r✐❡❧ ❈r❛♠❡r ✭✶✼✵✹✲✶✼✺✷✮✱ P✐❡rr❡✲❙✐♠♦♥ ▲❛♣❧❛❝❡ ✭✶✼✹✾✲✶✽✷✼✮✱ ❈❛r❧ ❋r✐❡❞r✐❝❤ ●❛✉ss
✭✶✼✼✼✲✶✽✺✺✮✱ ❲✐❧❤❡❧♠ ❏♦r❞❛♥ ✭✶✽✹✷✲✶✽✾✾✮✱ ❆✉❣✉st✐♥✲▲♦✉✐s ❈❛✉❝❤② ✭✶✼✽✾✲✶✽✺✼✮ ❡ ❆rt❤✉r
❈❛②❧❡② ✭✶✽✷✶✲✶✽✾✺✮✳

❆❝♦♠♣❛♥❤❛♥❞♦ ♦s ❡❧❡♠❡♥t♦s ❤✐stór✐❝♦s✱ ♣❡r❝❡❜❡♠♦s q✉❡ ❛ ❢♦r♠❛❧✐③❛çã♦ ❞❛ t❡♦r✐❛
❞❡ ▼❛tr✐③❡s✱ ♣❛ss♦✉ ♣♦r s✐st❡♠❛s ❧✐♥❡❛r❡s ❡ ❞❡t❡r♠✐♥❛♥t❡s ❡ q✉❡ s❡ ❞❡✉ ❛♦ ❧♦♥❣♦ ❞❡ sé❝✉❧♦s✱
❛tr❛✈és ❞❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❡ ❝✉r✐♦s✐❞❛❞❡s ❞❡ ❛❧❣✉♥s ♠❛t❡♠át✐❝♦s ❡♠
❡①♣❧♦r❛r ❛s ✐❞❡✐❛s✳

✶✳✶✳✷ ❉❡✜♥✐çã♦ ❡ r❡♣r❡s❡♥t❛çã♦ ❞❡ ▼❛tr✐③

❱ár✐❛s ❝✐ê♥❝✐❛s ❛♣r❡s❡♥t❛♠ ✐♥❢♦r♠❛çõ❡s ♦r❣❛♥✐③❛❞❛s ❡♠ ❧✐♥❤❛s ❡ ❝♦❧✉♥❛s✱ ❡ ♥ã♦
t❡♠♦s ❞ú✈✐❞❛s ❞❡ q✉❡ ❛ t❡♦r✐❛ ❞❡ ▼❛tr✐③❡s ❢❛❝✐❧✐t❛♠✱ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡✱ ♦ ❡st✉❞♦ ❞❡ ❞✐✲
✈❡rs♦s ❢❡♥ô♠❡♥♦s ❡♠ ♠✉✐t❛s ár❡❛s✱ ❝♦♠♦ ❛ ❝♦♠♣✉t❛çã♦ ❣rá✜❝❛✱ ❡♥❣❡♥❤❛r✐❛ ❡ q✉í♠✐❝❛✳
P♦r ❡①❡♠♣❧♦✱ ♥❛ ❝♦♠♣✉t❛çã♦ ❣rá✜❝❛✱ ❛ ♠❛♥✐♣✉❧❛çã♦ ❞❡ ✐♠❛❣❡♥s s❡ ❞á ❛tr❛✈és ❞❡ tr❛♥s✲
❢♦r♠❛çõ❡s ❣❡♦♠étr✐❝❛s✱ q✉❡ sã♦ ❞❡✜♥✐❞❛s ❛ ♣❛rt✐r ❞❡ ♦♣❡r❛çõ❡s ❡♥tr❡ ♠❛tr✐③❡s✳ ❍❡❢❡③ ❡
❋❡r♥❛♥❞❡s ✭♣✳✶✶✱ ✷✵✶✻✮ ❝♦rr♦❜♦r❛♠ ❞✐③❡♥❞♦✿

❆s ♠❛tr✐③❡s sã♦ ❢❡rr❛♠❡♥t❛s ❜ás✐❝❛s ❞❛ ➪❧❣❡❜r❛ ▲✐♥❡❛r✱ ♣♦✐s
❛❧é♠ ❞❡ ❢♦r♥❡❝❡r❡♠ ♠❡✐♦s ♣❛r❛ ❛ r❡s♦❧✉çã♦ ❞♦s s✐st❡♠❛s ❞❡
❡q✉❛çõ❡s ❧✐♥❡❛r❡s✱ ❡❧❛s t❛♠❜é♠ r❡♣r❡s❡♥t❛rã♦ ❛s tr❛♥s❢♦r♠❛✲
çõ❡s ❧✐♥❡❛r❡s ❡♥tr❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✱ ✳✳✳

❱❡❥❛ ❛❜❛✐①♦✱ ✉♠❛ t❛❜❡❧❛✱ q✉❡ tr❛③ ❛s ✐♥❢♦r♠❛çõ❡s ♦r❣❛♥✐③❛❞❛s ❡♠ ❧✐♥❤❛s ❡ ❝♦❧✉♥❛s✿

❊①❡♠♣❧♦ ✹✳ ✭❆❞❛♣t❛❞♦ ✭❇♦❧❞r✐♥✐ ❡t ❛❧✳✱ ✶✾✽✵✱ ♣✳✶✮✮

❆❧t✉r❛ ✭♠✮ P❡s♦ ✭❦❣✮ ■❞❛❞❡ ✭❛♥♦s✮
P❡ss♦❛ ❳ ✶✱✻✽ ✻✽ ✸✺
P❡ss♦❛ ❨ ✶✱✺✺ ✺✹ ✷✷
P❡ss♦❛ ❩ ✶✱✼✷ ✻✺ ✷✼

❊st❡s ❝♦♥❝❡✐t♦s ❛♣❛r❡❝❡♠ ♥❛t✉r❛❧♠❡♥t❡ ♥❛ r❡s♦❧✉çã♦ ❞❡ ♠✉✐✲
t♦s t✐♣♦s ❞❡ ♣r♦❜❧❡♠❛s ❡ sã♦ ❡ss❡♥❝✐❛✐s✱ ♥ã♦ ❛♣❡♥❛s ♣♦rq✉❡
❡❧❡s ✏♦r❞❡♥❛♠ ❡ s✐♠♣❧✐✜❝❛♠✑ ♦ ♣r♦❜❧❡♠❛✱ ♠❛s t❛♠❜é♠ ♣♦r✲
q✉❡ ❢♦r♥❡❝❡♠ ♥♦✈♦s ♠ét♦❞♦s ❞❡ r❡s♦❧✉çã♦✳ ❈❤❛♠❛♠♦s ❞❡
♠❛tr✐③ ✉♠❛ t❛❜❡❧❛ ❞❡ ❡❧❡♠❡♥t♦s ❞✐s♣♦st♦s ❡♠ ❧✐♥❤❛s ❡ ❝♦❧✉✲
♥❛s✳ ✭❇♦❧❞r✐♥✐ ❡t ❛❧✳✱ ✶✾✽✵✱ ♣✳✶✮

✽



❚r❛❞✉③✐♥❞♦ ♦ ❊①❡♠♣❧♦ ✹✱ ❡♠ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ♠✉✐t♦ ♠❛✐s ♣rát✐❝❛✱ t❡♠♦s✿




1, 68 68 35
1, 55 54 22
1, 72 65 27





◆❡ss❡ s❡♥t✐❞♦✱ ❛ s❡❣✉✐r ❞❡✜♥✐r❡♠♦s ❢♦r♠❛❧♠❡♥t❡ ✉♠❛ ♠❛tr✐③✳ P❛r❛ ♥♦ss♦ tr❛❜❛❧❤♦✱
♦♣t❛♠♦s ❡♠ ❝♦♥s✐❞❡r❛r✱ ❝♦♠♦ ❡❧❡♠❡♥t♦s✱ ♥ú♠❡r♦s r❡❛✐s✳

❉❡✜♥✐çã♦ ✶✳ ✭❍❡❢❡③ ❡ ❋❡r♥❛♥❞❡③✱ ✷✵✶✻✱ ♣✳✶✶✮
❉❛❞♦sm ❡ n ❡♠ N✱ ❞❡✜♥✐♠♦s ✉♠❛ ♠❛tr✐③ r❡❛❧ ❞❡ ♦r❞❡♠m ♣♦r n✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡

✉♠❛ ♠❛tr✐③ m ♣♦r n ✭❡s❝r❡✈❡✲s❡ m × n✮✱ ❝♦♠♦ ✉♠❛ t❛❜❡❧❛ ❢♦r♠❛❞❛ ♣♦r ❡❧❡♠❡♥t♦s ❞❡ R

❞✐str✐❜✉í❞♦s ❡♠ m ❧✐♥❤❛s ❡ n ❝♦❧✉♥❛s✳ ❊st❡s ❡❧❡♠❡♥t♦s ❞❡ R sã♦ ❝❤❛♠❛❞♦s ❡♥tr❛❞❛s ❞❛
♠❛tr✐③✳

❊①❡♠♣❧♦ ✺✳ ❱❡❥❛♠♦s ♦s ❡①❡♠♣❧♦s ❞❡ ♠❛tr✐③❡s ❛❜❛✐①♦✿

✭❛✮ [5] é ✉♠❛ ♠❛tr✐③ 1× 1✱ ♣♦✐s ♣♦ss✉✐ ✉♠❛ ❧✐♥❤❛ ❡ ✉♠❛ ❝♦❧✉♥❛❀

✭❜✮

(

2
1

6

4

6
0 −4 1

)

é ✉♠❛ ♠❛tr✐③ 2×3✱ ✉♠❛ ✈❡③ q✉❡ ❛♣r❡s❡♥t❛ ❞✉❛s ❧✐♥❤❛s ❡ três ❝♦❧✉♥❛s✳

◆♦ ❊①❡♠♣❧♦ ✺✱ ♦ ✐t❡♠ ✭❛✮ só t❡♠ ✉♠❛ ❡♥tr❛❞❛ q✉❡ é ♦ ♥ú♠❡r♦ ✺✳ ❏á ♥♦ ✐t❡♠ ✭❜✮✱

❛s ❡♥tr❛❞❛s ❞❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ sã♦ ❞❛❞❛s ♣❡❧♦s ♥ú♠❡r♦s r❡❛✐s 2 ✱
1

6
❡
4

6
❞❛ s❡❣✉♥❞❛ ❧✐♥❤❛

sã♦ 0 ✱ −4 ❡ 1✳ ➱ ✉s✉❛❧ ✉s❛r ❛ ✐♥❞✐❝❛çã♦ ❞❡ ✉♠❛ ♠❛tr✐③ ❛r❜✐trár✐❛ ♣♦r A ❡ s✉❛s ❡♥tr❛❞❛s
♣♦r aij✱ ❧ê✲s❡✿ ❡❧❡♠❡♥t♦ ❛ ❝♦♠ í♥❞✐❝❡s ✐❥✱ s❡♥❞♦ q✉❡ ❡st❡s í♥❞✐❝❡s ✐♥❞✐❝❛♠ ❛ ❧✐♥❤❛ (i) ❡ ❛
❝♦❧✉♥❛ (j)✱ ♥❡ss❛ ♦r❞❡♠✱ ♦♥❞❡ ♦ ❡❧❡♠❡♥t♦ s❡ ❡♥❝♦♥tr❛✳

❯♠❛ ♠❛tr✐③ m× n ❝♦♠ ❡♥tr❛❞❛s aij ∈ R ❡ ✐✱❥ ∈ N ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞❛ ♣♦r✿

A =











a11 a12 a13 · · · a1n
a21 a22 a23 · · · a2n
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

am1 am2 am3 · · · amn











,

♦✉ ♣♦r A = (aij)m×n
♦✉ s✐♠♣❧❡s♠❡♥t❡ ♣♦r A = (aij)✱ q✉❛♥❞♦ ❛ ♦r❞❡♠ ❞❛ ♠❛tr✐③ ❡st✐✈❡r

s✉❜❡♥t❡♥❞✐❞❛✳ ❚❛♠❜é♠ sã♦ ✉t✐❧✐③❛❞❛s ♦✉tr❛s ♥♦t❛çõ❡s ♣❛r❛ ♠❛tr✐③✱ ❛❧é♠ ❞❡ ♣❛rê♥t❡s❡s✱
❝♦♠♦ ♦s ❝♦❧❝❤❡t❡s✳

❊①❡♠♣❧♦ ✻✳ ❱❡❥❛♠♦s ❛❜❛✐①♦ ✉♠❛ ♠❛tr✐③ r❡♣r❡s❡♥t❛❞❛ ❝♦♠ s❡✉s ❡❧❡♠❡♥t♦s ❡♥tr❡ ❝♦❧❝❤❡t❡s
[

2 −1
4 3

]

,

♦♥❞❡✿ a11 = ✷❀ a12 = ✲✶❀ a21 = ✹ ❡ a22 = ✸✳

✾



✶✳✶✳✸ ❆❧❣✉♠❛s ♠❛tr✐③❡s ❡s♣❡❝✐❛✐s

❉❡♣❡♥❞❡♥❞♦ ❞♦s ✈❛❧♦r❡s ❞❡ m ✱n✱ ♦✉ ❛té ♠❡s♠♦ ♣❡❧❛ ♥❛t✉r❡③❛ ❞❡ s❡✉s ❡❧❡♠❡♥✲
t♦s✱ ✉♠❛ ♠❛tr✐③ r❡❝❡❜❡ ✉♠ ♥♦♠❡ ❡s♣❡❝✐❛❧ ❛ ♣❛rt✐r ❞❛s ❝❛r❛❝t❡ríst✐❝❛s q✉❡ ❛s ❞✐❢❡r❡♥❝✐❛♠
✉♠❛s ❞❛s ♦✉tr❛s✳ P❛r❛ ❞❡✜♥✐r♠♦s ❡st❛s ♠❛tr✐③❡s✱ ✉s❛r❡♠♦s ❛s ❞❡✜♥✐çõ❡s ❛♣r❡s❡♥t❛❞❛s ♣♦r
❇♦❧❞r✐♥✐ ❡t ❛❧✳ ✭✶✾✽✵✮✳

❈♦♥s✐❞❡r❡♠♦s ✉♠❛ ♠❛tr✐③ m× n✱ ❝♦♠ ♠ ❧✐♥❤❛s ❡ ♥ ❝♦❧✉♥❛s✳ ◆❡ss❡ s❡♥t✐❞♦✿

❉❡✜♥✐çã♦ ✷✳ ▼❛tr✐③ ◗✉❛❞r❛❞❛ é ❛q✉❡❧❛ ❝✉❥♦ ♥ú♠❡r♦ ❞❡ ❧✐♥❤❛s é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡
❝♦❧✉♥❛s (m = n)✳

◆♦ ❝❛s♦ ❞❡ ♠❛tr✐③❡s q✉❛❞r❛❞❛s Am×n ♣♦❞❡♠♦s ❞✐③❡r s✐♠♣❧❡s♠❡♥t❡ ❆ é ✉♠❛ ♠❛tr✐③
q✉❛❞r❛❞❛ ❞❡ ♦r❞❡♠ ♠✳ ❙❡ A é ✉♠❛ ♠❛tr✐③ q✉❛❞r❛❞❛ ❞❡ ♦r❞❡♠ m✱ ❛s ❡♥tr❛❞❛s aij✱ ❝♦♠
i ∈ N ❡ i = j✱ ❢♦r♠❛♠ ❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❞❡ A✳

❊①❡♠♣❧♦ ✼✳ ◆❡st❡ ❡①❡♠♣❧♦✱ t❡♠♦s ✉♠❛ ♠❛tr✐③ q✉❛❞r❛❞❛ ❞❡ ♦r❞❡♠ 3 ❡ ✉♠❛ ♠❛tr✐③
q✉❛❞r❛❞❛ ❞❡ ♦r❞❡♠ 1✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✭❛✮




1, 68 68 35
1, 55 54 22
1, 72 65 27



 ;

✭❜✮
(5) .

❉❡✜♥✐çã♦ ✸✳ ▼❛tr✐③ ◆✉❧❛ é ❛q✉❡❧❛ ❡♠ q✉❡ aij = 0✱ ♣❛r❛ t♦❞♦ ✐ ❡ ❥✳

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ✉♠❛ ♠❛tr✐③ é ♥✉❧❛ q✉❛♥❞♦ t♦❞❛s ❛s s✉❛s ❡♥tr❛❞❛s sã♦ ♦
♥ú♠❡r♦ ③❡r♦✳

❊①❡♠♣❧♦ ✽✳ ❚❡♠♦s ❛q✉✐✱ ✉♠❛ ♠❛tr✐③ ♥✉❧❛ ❞❡ ♦r❞❡♠ ✸✳




0 0 0
0 0 0
0 0 0



 .

❉❡✜♥✐çã♦ ✹✳ ▼❛tr✐③ ❈♦❧✉♥❛ é ❛q✉❡❧❛ ❡♠ q✉❡ ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ ❝♦❧✉♥❛ (n = 1)✳

❊①❡♠♣❧♦ ✾✳ ❱❡❥❛♠♦s ✉♠ ❡①❡♠♣❧♦ ♣❛r❛ ♠❛tr✐③ ❝♦❧✉♥❛✳ ◆❡st❡ ❡①❡♠♣❧♦✱ t❡♠♦s ✉♠❛ ♠❛tr✐③
3× 1✱ três ❧✐♥❤❛s ❡ ✉♠❛ ❝♦❧✉♥❛✳





1
0
0



 .

❉❡✜♥✐çã♦ ✺✳ ▼❛tr✐③ ▲✐♥❤❛ é ✉♠❛ ♠❛tr✐③ q✉❡ ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ ❧✐♥❤❛ (m = 1)✳

❊①❡♠♣❧♦ ✶✵✳ ❆ ♠❛tr✐③ ❛❜❛✐①♦ é ✉♠ ❡①❡♠♣❧♦ ❞❡ ♠❛tr✐③ ❧✐♥❤❛ 1 ① 2✱ ✉♠❛ ❧✐♥❤❛ ❡ ❞✉❛s
❝♦❧✉♥❛s✳

(

0 1
)

.

❉❡✜♥✐çã♦ ✻✳ ▼❛tr✐③ ❉✐❛❣♦♥❛❧ é ✉♠❛ ♠❛tr✐③ q✉❛❞r❛❞❛ (m = n) ♦♥❞❡ aij = 0 ✱ ♣❛r❛ i ̸= j✱
✐st♦ é✱ ♦s ❡❧❡♠❡♥t♦s q✉❡ ♥ã♦ ❡stã♦ ♥❛ ✏❞✐❛❣♦♥❛❧✑ sã♦ ♥✉❧♦s✳

✶✵



❊①❡♠♣❧♦ ✶✶✳ ❱❡❥❛♠♦s ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ ❞❡ ♦r❞❡♠ ✸✿




7 0 0
0 −3 0
0 0 5



 .

❖❜s❡r✈❡ q✉❡ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s✱ ❡①❝❡t♦ ♦s ❞❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧✱ sã♦ ♥✉❧♦s✳

❉❡✜♥✐çã♦ ✼✳ ▼❛tr✐③ ■❞❡♥t✐❞❛❞❡ é ✉♠❛ ♠❛tr✐③ q✉❛❞r❛❞❛ (m = n) ♦♥❞❡ aii = 1 ❡ aij = 0
♣❛r❛ i ̸= j✳

❖✉tr♦ ♠♦❞♦ ❞❡ ✐❞❡♥t✐✜❝á✲❧❛ é ♦❜s❡r✈❛r♠♦s ❛s ❡♥tr❛❞❛s ❞❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ s❡✲
r❡♠ s❡♠♣r❡ ♦ ♥ú♠❡r♦ ✉♠ ❡ ♦s ❞❡♠❛✐s t♦❞♦s ✐❣✉❛✐s ❛♦ ♥ú♠❡r♦ ③❡r♦✱ ❡♥tã♦ é ✐❞❡♥t✐❞❛❞❡✳
❈♦♠✉♠❡♥t❡ é ✉t✐❧✐③❛❞❛ ❛ s❡❣✉✐♥t❡ ✐♥❞✐❝❛çã♦ ♣❛r❛ ✉♠❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡✱ In✱ ♦♥❞❡ ♥ é ❛
♦r❞❡♠ ❞❛ ♠❛tr✐③✳

❊①❡♠♣❧♦ ✶✷✳ ❊st❡ ❡①❡♠♣❧♦ é ✉♠❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ❞❡ ♦r❞❡♠ ✷✱ ♣♦❞❡♥❞♦ s❡r ✐♥❞✐❝❛❞❛
♣♦r I2✳

(

1 0
0 1

)

.

❉❡✜♥✐çã♦ ✽✳ ▼❛tr✐③ ❚r✐❛♥❣✉❧❛r ❙✉♣❡r✐♦r é ✉♠❛ ♠❛tr✐③ q✉❛❞r❛❞❛ (m = n) ♦♥❞❡ t♦❞♦s
♦s ❡❧❡♠❡♥t♦s ❛❜❛✐①♦ ❞❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ sã♦ ♥✉❧♦s✱ ✐st♦ é✱ ♣❛r❛ i > j✱ aij = 0✳ ❏á ✉♠❛
♠❛tr✐③ é ❞✐t❛ ▼❛tr✐③ ❚r✐❛♥❣✉❧❛r ■♥❢❡r✐♦r q✉❛♥❞♦ é ✉♠❛ ♠❛tr✐③ q✉❛❞r❛❞❛ (m = n) ♦♥❞❡
t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❛❝✐♠❛ ❞❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ sã♦ ♥✉❧♦s✱ ✐st♦ é✱ ♣❛r❛ i < j✱ aij = 0✳

❊①❡♠♣❧♦ ✶✸✳ ❱❡❥❛♠♦s ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ s✉♣❡r✐♦r ❞❡ ♦r❞❡♠ ✹✿

✭❛✮








7 −1 0 2
0 −3 2 4
0 0 5 0
0 0 0 −2









.

❖❜s❡r✈❡♠♦s q✉❡ t♦❞❛s ❛s ❡♥tr❛❞❛s ❛❜❛✐①♦ ❞❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ sã♦ ♥✉❧❛s✳
❆❣♦r❛✱ t❡♠♦s ✉♠ ❡①❡♠♣❧♦ ❞❡ ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ ✐♥❢❡r✐♦r ❞❡ ♦r❞❡♠ ✹✿

✭❜✮








−1 0 0 0
0 −3 0 0
0 1 5 0
7 2 3 −2









.

❉❡✜♥✐çã♦ ✾✳ ▼❛tr✐③ ❙✐♠étr✐❝❛ é ❛q✉❡❧❛ ♦♥❞❡ (m = n) ❡ aij = aji✳

❊①❡♠♣❧♦ ✶✹✳ ❆ ♠❛tr✐③ ❛❜❛✐①♦ é ✉♠ ❡①❡♠♣❧♦ ♣❛r❛ ♠❛tr✐③ s✐♠étr✐❝❛ ❞❡ ♦r❞❡♠ ✺✿












3 1 5 2 2
1 3 2 4 2
5 2 0 1 2
2 4 1 2 2
2 2 2 2 2













.

❖❜s❡r✈❡♠♦s q✉❡ a12 = a21 = 1✱ ❞♦ ♠❡s♠♦ ♠♦❞♦✱ a31 = a13 = 5✳

✶✶



✶✳✶✳✹ ❖♣❡r❛çõ❡s

❆♦ ✉t✐❧✐③❛r ♠❛tr✐③❡s s✉r❣❡ ❛ ♥❡❝❡ss✐❞❛❞❡ ♥❛t✉r❛❧ ❞❡ ❡❢❡t✉❛r ❝❡rt❛s ♦♣❡r❛çõ❡s✱ ❝♦♠♦
❛❞✐çã♦ ❡ ♠✉❧t✐♣❧✐❝❛çã♦✳ P❛r❛ ❛ ❛❞✐çã♦✱ ✉s❛♠♦s ✉♠❛ s♦♠❛ ❛❧❣é❜r✐❝❛ ❝♦♥✈❡♥❝✐♦♥❛❧ ❡♥tr❡ ♦s
❡❧❡♠❡♥t♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ✭♠❡s♠♦ í♥❞✐❝❡✮✱ ♥❡ss❡ s❡♥t✐❞♦ só ♣♦❞❡♠♦s s♦♠❛r ♠❛tr✐③❡s q✉❡
t❡♥❤❛♠ ❛ ♠❡s♠❛ ♦r❞❡♠✳ ❏á ♥❛ ♠✉❧t✐♣❧✐❝❛çã♦✱ é ❞✐❢❡r❡♥t❡✱ ♥ã♦ ♣♦❞❡♠♦s s✐♠♣❧❡s♠❡♥t❡
♠✉❧t✐♣❧✐❝❛r ♦s ❡❧❡♠❡♥t♦s ❝♦rr❡s♣♦♥❞❡♥t❡s✳ ❱❡❥❛♠♦s ♥♦ ❞❡❝♦rr❡r ❞♦s ♣ró①✐♠♦s ♣❛rá❣r❛❢♦s
❡①❡♠♣❧✐✜❝❛çõ❡s ❡ ❛ ❢♦r♠❛❧✐③❛çã♦ ❞❡ss❡s ❝♦♥❝❡✐t♦s ❛tr❛✈és ❞❡ ❞❡✜♥✐çõ❡s ❡ ♣r♦♣r✐❡❞❛❞❡s✳

❊①❡♠♣❧♦ ✶✺✳ ❱❡❥❛♠♦s ❛ ♣❛rt✐r ❞❛s ✐♥❢♦r♠❛çõ❡s✱ ❡①♣❧✐❝✐t❛❞❛s ♥❛s ❚❛❜❡❧❛s ✶✳✶ ❡ ✶✳✷✱ ❝♦♠♦
é ♣♦ssí✈❡❧ ✐♥✐❝✐❛r ♦ ❝á❧❝✉❧♦ ❞❡ ♦♣❡r❛çõ❡s ❡♥tr❡ ♠❛tr✐③❡s✳

❚❛❜❡❧❛ ✶✳✶✿ ❉❛❞♦s ❞♦s ❡st❛❞♦s ❞❛ ❆♠❛③ô♥✐❛ ▲❡❣❛❧ ❇r❛s✐❧❡✐r❛ ✭❆▲❇✮ q✉❡ ♠❛✐s ♦❝♦rr❡♠
❞❡s♠❛t❛♠❡♥t♦ ✲ ✷✵✶✽
❊st❛❞♦s ❞❛ ❆♠❛③ô♥✐❛ ▲❡❣❛❧ ❇r❛s✐❧❡✐r❛ q✉❡ ♠❛✐s ♦❝♦rr❡♠ ❞❡s♠❛t❛♠❡♥t♦ ✲ ✷✵✶✽ ✭❦♠2✮

❊st❛❞♦ ✷✵✶✽
P❛rá ✷ ✼✹✹
▼❛t♦ ●r♦ss♦ ✶ ✹✾✵
❆♠❛③♦♥❛s ✶ ✵✹✺
❘♦♥❞ô♥✐❛ ✶ ✸✶✻

❋♦♥t❡✿ ■◆P❊ ✭✷✵✷✵✮

❚❛❜❡❧❛ ✶✳✷✿ ❉❛❞♦s ❞♦s ❡st❛❞♦s ❞❛ ❆♠❛③ô♥✐❛ ▲❡❣❛❧ ❇r❛s✐❧❡✐r❛ q✉❡ ♠❛✐s ♦❝♦rr❡♠ ❞❡s♠❛t❛✲
♠❡♥t♦ ✲ ✷✵✶✾
❊st❛❞♦s ❞❛ ❆♠❛③ô♥✐❛ ▲❡❣❛❧ ❇r❛s✐❧❡✐r❛ q✉❡ ♠❛✐s ♦❝♦rr❡♠ ❞❡s♠❛t❛♠❡♥t♦ ✲ ✷✵✶✾ ✭❦♠2✮

❊st❛❞♦ ✷✵✶✾
P❛rá ✹ ✶✼✷
▼❛t♦ ●r♦ss♦ ✶ ✼✵✷
❆♠❛③♦♥❛s ✶ ✹✸✹
❘♦♥❞ô♥✐❛ ✶ ✷✺✼

❋♦♥t❡✿ ■◆P❊ ✭✷✵✷✵✮

❙❡ ❞❡s❡❥❛r ♣♦❞❡ ♠♦♥t❛r ✉♠❛ t❡r❝❡✐r❛ t❛❜❡❧❛ q✉❡ ❞ê ♦ ❞❡s♠❛t❛♠❡♥t♦ ♥♦s ❞♦✐s ❛♥♦s✱
♣❛r❛ ✐ss♦ ❜❛st❛ s♦♠❛r ♦s ❡❧❡♠❡♥t♦s ✭ár❡❛s ❞❡s♠❛t❛❞❛s✮ ❝♦rr❡s♣♦♥❞❡♥t❡ ❞❛s ❞✉❛s t❛❜❡❧❛s
❛♥t❡r✐♦r❡s✳ P❛r❛ ✐ss♦✱ ❝♦❧♦❝❛r❡♠♦s ❛s ❝♦❧✉♥❛s ♥✉♠ér✐❝❛s ♥❛ ❢♦r♠❛ ❞❡ ♠❛tr✐③❡s ❝♦❧✉♥❛s✱
❝♦♠♦ s❡❣✉❡✿









2744
1490
1045
1316









+









4172
1702
1434
1257









=









6916
3192
2479
2573









♦✉ s❡❥❛✱

✶✷



❚❛❜❡❧❛ ✶✳✸✿ ❉❛❞♦s ❞♦s ❡st❛❞♦s ❞❛ ❆♠❛③ô♥✐❛ ▲❡❣❛❧ ❇r❛s✐❧❡✐r❛ q✉❡ ♠❛✐s ♦❝♦rr❡♠ ❞❡s♠❛t❛✲
♠❡♥t♦ ✲ ✷✵✶✽ ❡ ✷✵✶✾

❉❛❞♦s ❞♦s ❡st❛❞♦s ❞❛ ❆▲❇ q✉❡ ♠❛✐s ♦❝♦rr❡♠ ❞❡s♠❛t❛♠❡♥t♦ ✭❦♠2✮ ❡♠ ✷✵✶✽ ❡ ✷✵✶✾
❊st❛❞♦ ár❡❛

P❛rá ✻ ✾✶✻
▼❛t♦ ●r♦ss♦ ✸ ✶✾✷
❆♠❛③♦♥❛s ✷ ✹✼✾
❘♦♥❞ô♥✐❛ ✷ ✺✼✸

❋♦♥t❡✿ ❆✉t♦r❛

❙✉♣♦♥❤❛✱ ❛❣♦r❛✱ q✉❡ ♣❛r❛ ♦ ❛♥♦ ❞❡ ✷✵✷✷✱ ♦ tr✐♣❧♦ ❞❛ ár❡❛ ❞❡ ✷✵✶✾ s❡rá ❞❡s♠❛t❛❞❛✳
❆ss✐♠✱ ❛ ♠❛tr✐③ ❞❡ ❡st✐♠❛t✐✈❛ s❡rá✿

3 ·









4172
1702
1434
1257









=









12516
5106
4302
3771









.

◆❡ss❡s ❡①❡♠♣❧♦s✱ t❡♠♦s s✐t✉❛çõ❡s ❞❡ s♦♠❛ ❞❡ ❞✉❛s ♠❛tr✐③❡s ❡ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ✉♠
♥ú♠❡r♦ ♣♦r ✉♠❛ ♠❛tr✐③✱ q✉❡ s❡rã♦ ❞❡✜♥✐❞❛s ❢♦r♠❛❧♠❡♥t❡ ❛ s❡❣✉✐r✱ ❥✉♥t♦ ❝♦♠ ♠✉❧t✐♣❧✐❝❛çã♦
❡♥tr❡ ❞✉❛s ♠❛tr✐③❡s✳ P❛r❛ ❞❡✜♥✐r♠♦s ❛s ♦♣❡r❛çõ❡s ❡♥tr❡ ♠❛tr✐③❡s✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❍❡❢❡③
❡ ❋❡r♥❛♥❞❡③ ✭✷✵✶✻✮✳

❉❡✜♥✐çã♦ ✶✵✳ ✭❙♦♠❛ ❞❡ ▼❛tr✐③❡s✮ ❙❡ A = [aij] ❡ B = [bij] sã♦ ❞✉❛s ♠❛tr✐③❡s ❞❡ ♠❡s♠❛
♦r❞❡♠ m× n✱ ❛ s♦♠❛ ❞❡ A ❡ B✱ ❞❡♥♦t❛❞❛ A + B✱ é ❛ ♠❛tr✐③ C = [cij] ❞❡ ♦r❞❡♠ m× n
t❛❧ q✉❡ cij = aij + bij ♣❛r❛ t♦❞♦ 1 ≤ i ≤ m ❡ ♣❛r❛ t♦❞♦ 1 ≤ j ≤ n✳

❆ ❛❞✐çã♦ ❞❡ ♠❛tr✐③❡s t❡♠ ♣r♦♣r✐❡❞❛❞❡s s❡♠❡❧❤❛♥t❡s ♣❛r❛ ❛ ♠❡s♠❛ ♦♣❡r❛çã♦ ♥♦s r❡❛✐s✳

Pr♦♣♦s✐çã♦ ✶✳ ❙❡ A✱ B ❡ C sã♦ ♠❛tr✐③❡s ❞❡ ♠❡s♠❛ ♦r❞❡♠ m× n✱ ❡♥tã♦✿

✭✐✮ A+ (B + C) = (A+B) + C ✭❛ss♦❝✐❛t✐✈✐❞❛❞❡ ❞❛ ❛❞✐çã♦✮❀

✭✐✐✮ A+B = B + A ✭❝♦♠✉t❛t✐✈✐❞❛❞❡ ❞❛ ❛❞✐çã♦✮❀

✭✐✐✐✮ A+ 0 = 0 + A✱ ♦♥❞❡ 0 ❞❡♥♦t❛ ❛ ♠❛tr✐③ ♥✉❧❛ m× n ✭❡❧❡♠❡♥t♦ ♥❡✉tr♦✮❀

✭✐✈✮ A+ (−A) = 0✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ A✱ B ❡ C ♠❛tr✐③❡s ❞❡ ♠❡s♠❛ ♦r❞❡♠✱ m × n✱ t❛✐s q✉❡ A = (aij)✱

B = (bij) ❡ C = (cij)✱ ❡♥tã♦✿

✭✐✮

A+ (B + C) = (aij) + ((bij) + (cij))

= (aij + (bij + cij))
(1)
= ((aij + bij) + cij)

= (A+B) + C.

❈♦♠♦ ❛s ❡♥tr❛❞❛s ❞❛s ♠❛tr✐③❡s sã♦ ♥ú♠❡r♦s r❡❛✐s✱ ❝♦♥s✐❞❡r♦✉✲s❡ ❛ ❛ss♦❝✐❛t✐✈✐❞❛❞❡

❞❛ ❛❞✐çã♦ ❞♦ ❝♦♥❥✉♥t♦s ❞♦s r❡❛✐s ❡♠ ✭✶✮✳

✶✸



✭✐✐✮

A+B = (aij) + (bij)

= (aij + bij)
(2)
= (bij + aij)

= (B + A).

❊♠ ✭✷✮ ❢♦✐ ❝♦♥s✐❞❡r❛❞❛ ❛ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ❞❛ ❛❞✐çã♦ ❞♦s ♥ú♠❡r♦s r❡❛✐s✳

✭✐✐✐✮

A+O = (aij) + (oij)

= (aij + oij)

= (aij)

= A.

❈♦♥s✐❞❡r♦✉✲s❡ q✉❡ ♦ 0 é ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ♣❛r❛ ❛ ❛❞✐çã♦ ❞❡ ♥ú♠❡r♦s r❡❛✐s✳

✭✐✈✮

A+ (−A) = (aij) + (−(aij))

= (aij) + (−aij)

= (aij − aij)

= O.

❈♦♥s✐❞❡r♦✉✲s❡ q✉❡ aij é s✐♠étr✐❝♦ ❞❡ −aij✱ ❛ss✐♠ ❝♦♠♦ t♦❞♦ a ∈ R é s✐♠étr✐❝♦ ❞❡

−a ∈ R✳

❉❡✜♥✐çã♦ ✶✶✳ ✭Pr♦❞✉t♦ ❊s❝❛❧❛r✮ ❉❛❞❛ ❛ ♠❛tr✐③ A = (aij)✱ ❞❡✜♥✐♠♦s ♦ ♣r♦❞✉t♦ ❞❡ A
♣❡❧♦ ♥ú♠❡r♦ r❡❛❧ k✱ ❝♦♠♦ s❡♥❞♦ ❛ ♠❛tr✐③ kA = (kaij)✳

Pr♦♣♦s✐çã♦ ✷✳ ❆s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s s❡ ✈❡r✐✜❝❛♠ ♣❛r❛ q✉❛✐sq✉❡r ♠❛tr✐③❡s A ❡ B ❡
k ❡ k′ ❡♠ ∈ R✿

✭✐✮ k(A+B) = kA+ kB❀

✭✐✐✮ (k + k′)A = kA+ k′A❀

✭✐✐✐✮ k(k′A) = (kk′)A❀

✭✐✈✮ 1A = A✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ A✱ B ♠❛tr✐③❡s ❞❡ ♠❡s♠❛ ♦r❞❡♠✱ m×n✱ t❛✐s q✉❡ A = (aij)✱ B = (bij)
❡ k ✉♠ ❡❧❡♠❡♥t♦ ❞❡ R✱ ❡♥tã♦

✭✐✮
k(A+B) = k [(aij) + (bij)]

= k (aij + bij)
(3)
= (k(aij + bij))
= (k(aij + bij)
(4)
= (kaij) + (kbij)
= kA+ kB.

✶✹



❊♠ ✭✸✮ ❢♦✐ ✉t✐❧✐③❛❞❛ ❛ ❞❡✜♥✐çã♦ kA = k(aij) = (kaij) ❡ ❡♠ ✭✹✮✱ ❛ ❞✐str✐❜✉t✐✈✐❞❛❞❡
❞❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❡♠ r❡❧❛çã♦ à ❛❞✐çã♦ ❞❡ ♥ú♠❡r♦s r❡❛✐s✳

✭✐✐✮
(k + k′)A = (k + k′)(aij)

= ((k + k′) · aij)
= (kaij + k′aij)
= (kaij) + (k′aij)
= k(aij) + k′(aij)
= kA+ k′A.

✭✐✐✐✮
k(k′A) = k [k′(aij)]

= k [(k′aij)]
= (kk′aij)
= kk′(aij)
= (kk′)A.

✭✐✈✮
1A = 1 · (aij)

= (1 · aij)
= (aij)
= A.

❈♦♥s✐❞❡r♦✉✲s❡ ♦ ❢❛t♦ ❞♦ ♥ú♠❡r♦ 1 s❡r ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ♥❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ♥ú♠❡r♦s
r❡❛✐s✳

❆ ♣ró①✐♠❛ ❞❡✜♥✐çã♦ é ❛ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ♠❛tr✐③❡s✳

❆ ❞❡✜♥✐çã♦ ❞❡ ♣r♦❞✉t♦ ❞❡ ♠❛tr✐③❡s ❢♦✐ ❛♣r❡s❡♥t❛❞❛ ♣♦r
❆rt❤✉r ❈❛②❧❡② ✭■♥❣❧❛t❡rr❛✱ ✶✽✷✶✲✶✽✾✺✮✱ ♥♦ tr❛❜❛❧❤♦ ✐♥t✐t✉✲
❧❛❞♦ ✏❆ ▼❡♠♦✐r ♦♥ t❤❡ ❚❤❡♦r② ♦❢ ▼❛tr✐❝❡s✑✱ ♣✉❜❧✐❝❛❞♦ ❡♠
✶✽✺✽ ♥❛ r❡✈✐st❛ P❤✐❧♦s♦♣❤✐❝❛❧ ❚r❛♥s❛❝t✐♦♥s ♦❢ t❤❡ ❘♦②❛❧ ❙♦❝✐✲
❡t② ♦❢ ▲♦♥❞♦♥✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ❈❛②❧❡② ♥♦t♦✉ q✉❡ ❛ ♠✉❧t✐♣❧✐✲
❝❛çã♦ ❞❡ ♠❛tr✐③❡s ❝♦♠♦ ❡❧❡ ❛ ❞❡✜♥✐✉✱ s✐♠♣❧✐✜❝❛✈❛ ❡♠ ♠✉✐t♦ ♦
❡st✉❞♦ ❞❡ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ❧✐♥❡❛r❡s✳ ❚❛♠❜é♠ ♦❜s❡r✈♦✉
q✉❡ ❡st❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡✐①❛✈❛ ❞❡ ❛♣r❡s❡♥t❛r ♣r♦♣r✐❡❞❛❞❡s
✐♠♣♦rt❛♥t❡s✱ ❝♦♠♦ ❛ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ❡ ❛ ❧❡✐ ❞♦ ❝♦rt❡✱ ❡ q✉❡
✉♠❛ ♠❛tr✐③ ♥ã♦ ♥✉❧❛ ♥ã♦ é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✐♥✈❡rtí✈❡❧✳ ✭❍❡✲
❢❡③ ❡ ❋❡r♥❛♥❞❡③✱ ✷✵✶✻✱ ♣✳✶✻✮

❖ ♣r♦❞✉t♦ ❞❡ ❞✉❛s ♠❛tr✐③❡s é ❞❡✜♥✐❞♦ s♦♠❡♥t❡ q✉❛♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ❝♦❧✉♥❛s ❞❛
♣r✐♠❡✐r❛ ♠❛tr✐③ é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ❧✐♥❤❛s ❞❛ s❡❣✉♥❞❛ ♠❛tr✐③✳ ❙❡ A é ✉♠❛ ♠❛tr✐③ m×n
❡ B é ✉♠❛ ♠❛tr✐③ n× p✱ ❡♥tã♦ s❡✉ ♣r♦❞✉t♦ é ✉♠❛ ♠❛tr✐③ m× p✳

❉❡✜♥✐çã♦ ✶✷✳ ✭Pr♦❞✉t♦ ❞❡ ▼❛tr✐③❡s✮ ❙❡❥❛♠ A = (aij)m×n
❡ B = [bij]n×p

❞✉❛s ♠❛tr✐③❡s✳
❖ ♣r♦❞✉t♦ ❞❡ A ♣♦r B é ❞❡♥♦t❛❞♦ ♣♦r AB = C ❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ ❝❛❞❛ ❡♥tr❛❞❛ cij ❞❛
♠❛tr✐③ AB = C✱ C = [cij]m×p

✱ ♦✉ s❡❥❛✱

cij =
n
∑

k=1

aikbkj = ai1b1j + ai2b2j + ...+ ainbnj

✶✺





















a11 a12 . . . a1n
a21 a22 . . . a2n
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
ai1 ai2 . . . ain
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
am1 am2 . . . amn



















·



















b11 b12 . . . b1j . . . b1p
a21 b22 . . . b2j . . . b2p
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
bi1 bi2 . . . bij . . . bip
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
bn1 bn2 . . . bnj . . . bnp



















=



















∗ . . . ∗ . . . ∗
∗ . . . ∗ . . . ∗
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

∗ . . . cij . . . ∗
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

∗ . . . ∗ . . . ∗



















♣❛r❛ t♦❞♦ 1 ≤ i ≤ m ❡ ♣❛r❛ t♦❞♦ 1 ≤ j ≤ p✳

❆ ♦❜t❡♥çã♦ ❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❛ ♠❛tr✐③ ♣r♦❞✉t♦✱ ❝♦♠♦ ❥á ♠❡♥❝✐♦♥❛❞♦✱ é r❡❛❧✐③❛❞❛
❝♦♠♦ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦✱ ✉♠❛ ✈❡③ q✉❡ é ✉♠❛ ❡s♣é❝✐❡ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ❡ s♦♠❛ ❛♦ ♠❡s♠♦
t❡♠♣♦ ❞♦s ❡❧❡♠❡♥t♦s ❡♥✈♦❧✈✐❞♦s ♥❛ ❧✐♥❤❛ ❡ ❝♦❧✉♥❛ ❞❛s ❞✉❛s ♠❛tr✐③❡s ❡♥✈♦❧✈✐❞❛s✳ ❉❛í ♥ã♦
♣♦❞❡♠♦s ❞❛r ♥♦♠❡ ❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ r❡s✉❧t❛♥t❡ ❞♦ ♣r♦❞✉t♦ ❡♥tr❡ ❛s ♠❛tr✐③❡s ❞❡ ✏♣r♦❞✉t♦✑✱
♣♦r ♥ã♦ s❡r ✉♠❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❝♦♠✉♠✳ ❖ ❝á❧❝✉❧♦ ♣❛r❛ ♦❜t❡r ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❛ ♠❛tr✐③
♣r♦❞✉t♦ ♦❝♦rr❡ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿ ♠✉❧t✐♣❧✐❝❛✲s❡ ♦r❞❡♥❛❞❛♠❡♥t❡ ♦ ♣r✐♠❡✐r♦ ❡❧❡♠❡♥t♦ ❞❛
❧✐♥❤❛ ❝♦♠ ♦ ♣r✐♠❡✐r♦ ❡❧❡♠❡♥t♦ ❞❛ ❝♦❧✉♥❛✱ ♦ s❡❣✉♥❞♦ ❡❧❡♠❡♥t♦ ❞❛ ❧✐♥❤❛ ❝♦♠ ♦ s❡❣✉♥❞♦
❡❧❡♠❡♥t♦ ❞❛ ❝♦❧✉♥❛ ❡ ❛ss✐♠ ♣♦r ❞✐❛♥t❡✳ P♦r ✜♠✱ s♦♠❛✲s❡ t♦❞♦s ♦s ♣r♦❞✉t♦s r❡❛❧✐③❛❞♦s✳

❊①❡♠♣❧♦ ✶✻✳ ❉❛❞❛s ❛s ♠❛tr✐③❡s

A =

(

0 1
1 2

)

❡

B =

(

1 3 −1
1 0 2

)

,

❛ ♣r✐♠❡✐r❛ é ✉♠❛ ♠❛tr✐③ 2× 2 ❡ ❛ s❡❣✉♥❞❛ ✉♠❛ ♠❛tr✐③✱ 2× 3✱ ♦❜s❡r✈❡♠♦s q✉❡ ♦ ♥ú♠❡r♦s
❞❡ ❝♦❧✉♥❛s ❞❛ ♣r✐♠❡✐r❛ é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ❝♦❧✉♥❛s ❞❛ s❡❣✉♥❞❛✱ ❡♥tã♦ ♣♦❞❡♠♦s ❡❢❡t✉❛r
❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❡♥tr❡ ❡❧❛s✳

◆♦t❡ q✉❡ ♦ ❡❧❡♠❡♥t♦ c22 é ❞❛❞♦ ♣❡❧❛ s♦♠❛ ❞♦s ♣r♦❞✉t♦s ❡♥tr❡ ♦s ❡❧❡♠❡♥t♦s ❝♦r✲
r❡s♣♦♥❞❡♥t❡s ❞❛ s❡❣✉♥❞❛ ❧✐♥❤❛ ❞❛ ♠❛tr✐③ A ♣❡❧♦s ❡❧❡♠❡♥t♦s ❞❛ s❡❣✉♥❞❛ ❝♦❧✉♥❛ ❞❛ ♠❛tr✐③
B✱ ❝♦♥❢♦r♠❡ s❡❣✉❡ ❛❜❛✐①♦✿

(

∗ ∗ ∗
∗ 1 · 3 + 2 · 0 ∗

)

.

P♦r ✜♠✿

A · B =

(

0 1
1 2

)

·

(

1 3 −1
1 0 2

)

=

(

0 · 1 + 1 · 1 0 · 3 + 1 · 0 0 · (−1) + 1 · 2
1 · 1 + 2 · 1 1 · 3 + 2 · 0 1 · (−1) + 2 · 2

)

Pr♦♣♦s✐çã♦ ✸✳ ❉❡s❞❡ q✉❡ ❛s ♦♣❡r❛çõ❡s s❡❥❛♠ ♣♦ssí✈❡✐s✱ t❡♠♦s✿

✭✐✮ A(B+C) = AB+AC ✭❞✐str✐❜✉t✐✈✐❞❛❞❡ à ❡sq✉❡r❞❛ ❞❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❡♠ r❡❧❛çã♦ à ❛❞✐çã♦✮❀

✭✐✐✮ (A+B)C = AC +BC ✭❞✐str✐❜✉t✐✈✐❞❛❞❡ à ❞✐r❡✐t❛ ❞❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❡♠ r❡❧❛çã♦ à ❛❞✐çã♦✮❀

✭✐✐✐✮ (AB)C = A(BC) ✭❛ss♦❝✐❛t✐✈✐❞❛❞❡✮❀

✶✻



✭✐✈✮ AI = IA = A ✭❡①✐stê♥❝✐❛ ❞❡ ❡❧❡♠❡♥t♦ ✐❞❡♥t✐❞❛❞❡✮✱ s❡♥❞♦ I ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡✷✳

❉❡♠♦♥str❛çã♦✳ ✭✐✮ ❙✉♣♦♥❤❛ ❛ ♠❛tr✐③ A = (aij) ❞❡ ♦r❞❡♠ m×n ❡ ❛s ♠❛tr✐③❡s B = (bij)
❡ C = (cij) ❞❡ ♠❡s♠❛ ♦r❞❡♠✱ n× p✱ ❡♥tã♦✿

A(B + C) = A · [(bij) + (cij)]
= A · [(bij + cij)]
= A · (bij + cij)

=
n
∑

k=1

aik (bkj + ckj)

=
n
∑

k=1

(aikbkj + aikckj)

=
n
∑

k=1

aikbkj +
n
∑

k=1

aikckj

= AB + AC.

✭✐✐✮ ❙✉♣♦♥❤❛ ❛s ♠❛tr✐③❡s A = (aij) ❡ B = (bij) ❞❡ ♠❡s♠❛ ♦r❞❡♠✱ m × n✱ ❡ ❛ ♠❛tr✐③
C = (cij) ❞❡ ♦r❞❡♠ n× p✱ ❡♥tã♦

(A+B)C = [(aij) + (bij)] · C
= [(aij + bij)] · C
= (aij + bij) · C

=
n
∑

k=1

(aik + bkj) · cik

=
n
∑

k=1

(aikckj + bikckj)

=
n
∑

k=1

aikckj +
n
∑

k=1

bikckj

= AC +BC.

✭✐✐✐✮ ❙✉♣♦♥❤❛ q✉❡ ❛s ♠❛tr✐③❡s A✱ B ❡ C s❡❥❛♠ ❞❡ ♦r❞❡♠ n× r✱ r × s ❡ s×m✱ r❡s♣❡❝t✐✲
✈❛♠❡♥t❡✳ ❙❡❥❛ D = AB✱ ❡♥tã♦

(AB)C = D · C, ♦♥❞❡ D = (dij)n×s

=
s
∑

l=1

dilclj, ❝♦♠♦ D = AB

=
s
∑

l=1

(

r
∑

k=1

aikbkl

)

clj

=
s
∑

l=1

r
∑

k=1

aikbklclj

✭✶✳✷✮

P♦r ♦✉tr♦ ❧❛❞♦✱

✷◆❡st❡ ❝❛s♦✱ ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ❞❡✈❡ t❡r s✉❛ ♦r❞❡♠ ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ❧✐♥❤❛s ❡ ❝♦❧✉♥❛s ❞❡ A✱ ♦✉
s❡❥❛✱ A t❡♠ q✉❡ t❡r ❛ ♠❡s♠❛ ♦r❞❡♠ q✉❡ I✱ n = m ✭♠❛tr✐③ q✉❛❞r❛❞❛✮✳ ❖✉tr♦ ♠♦❞♦ ❞❡ ❞❡✜♥✐r ❛ ♠❛tr✐③
✐❞❡♥t✐❞❛❞❡✿ I = (eij)❀ s❡ i = j✱ ❡♥tã♦ eij = 1❀ s❡ i ̸= j✱ ❡♥tã♦ eij = 0✳

✶✼



A(BC) = A · Z, ♦♥❞❡ Z = (zij)n×m

=
r
∑

k=1

ailzlj, ❝♦♠♦ Z = BC

=
r
∑

k=1

aik

s
∑

l=1

bklclj

=
r
∑

k=1

s
∑

l=1

aikbklclj

(5)
=

s
∑

l=1

r
∑

k=1

aikbklclj,

✭✶✳✸✮

❊♠ ✭✺✮✱ ❢♦✐ ✉t✐❧✐③❛❞♦ ♣r♦♣r✐❡❞❛❞❡ ❞❡ s♦♠❛tór✐♦ ❞✉♣❧♦ ▲♦❣♦ (1.2) = (1.3)✱ ♣♦rt❛♥t♦
(AB)C = A(BC)✳

✭✐✈✮ ❙✉♣♦♥❤❛ A = (aij) ✉♠❛ ♠❛tr✐③ ❞❡ ♦r❞❡♠ m × n✱ In = (eij)✱ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ❞❡
♦r❞❡♠ n✱ ❝♦♠

eij =

{

1, s❡ i = j
0, s❡ i ̸= j

❡ Im = (hij)✱ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ❞❡ ♦r❞❡♠ m ❝♦♠

hij =

{

1, s❡ i = j
0, s❡ i ̸= j

❡♥tã♦ A · In =
n
∑

k=1

aikekj✱ s❡❣✉❡ q✉❡ ❛ ❡♥tr❛❞❛ ❞❡ í♥❞✐❝❡s ij ❞❡ A · In é ❞❛❞❛ ♣♦r

n
∑

k=1

aikekj = ai1e1j + ai2e2j + . . .+ aijejj + . . .+ ainenj

= ai1 · 0 + ai2 · 0 + . . .+ aij · 1 + . . .+ ain · 0nj
= aij

q✉❡ é ❛ ❡♥tr❛❞❛ ❞❡ í♥❞✐❝❡s ij ❞❡ A✳ ▲♦❣♦✱ A · In = A✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ❞❡♠♦♥str❛✲s❡
q✉❡ Im · A = A✳ ❉❛í s❡❣✉❡ q✉❡ A · In = Im · A = A✳

✸❙❡ t✐✈❡r♠♦s ✉♠❛ t❛❜❡❧❛ r❡t❛♥❣✉❧❛r✱ ❝♦♠ n ❧✐♥❤❛s✱ m ❝♦❧✉♥❛s ❡ ❝♦♠ ❡♥tr❛❞❛s aik✱ ❛ s♦♠❛ ❞❛s ❧✐♥❤❛s

é ✐❣✉❛❧ à ❞❛s ❝♦❧✉♥❛s ♦ q✉❡ ❥✉st✐✜❝❛ ❛ tr♦❝❛ ❞❛ ♦r❞❡♠ ❞♦s s♦♠❛tór✐♦s
n
∑

i=1

m
∑

j=1

aij =

m
∑

j=1

n
∑

i=1

aij ✳

✶✽



✶✳✷ ❖ ❝á❧❝✉❧♦ ❞❡ ♦♣❡r❛çõ❡s ❡♥tr❡ ♠❛tr✐③❡s ❛tr❛✈és ❞♦

❛♣❧✐❝❛t✐✈♦ ▼❛tr✐① ❈❛❧❝✉❧❛t♦r

❖ ✉s♦ ❞❡ t❡❝♥♦❧♦❣✐❛s ♥♦ ❡♥s✐♥♦ ❞❡ ♠❛t❡♠át✐❝❛ ❡stá ❞❡❢❡♥❞✐❞♦ ❡♠ t♦❞❛s ❛s ❡t❛♣❛s
❞❛ ❡❞✉❝❛çã♦ ❜ás✐❝❛ ♣❡❧❛ ❇◆❈❈✱ q✉❡ ❝♦❧♦❝❛ ❛s ❢❡rr❛♠❡♥t❛s ❞✐❣✐t❛✐s ❡♠ ❝❡rt♦ ❞❡st❛q✉❡✱
❞❡s❞❡ ❛s ❝♦♠♣❡tê♥❝✐❛s ❣❡r❛✐s✱ ♣❛ss❛♥❞♦ ♣❡❧❛s ❝♦♠♣❡tê♥❝✐❛s ❡s♣❡❝í✜❝❛s ❡ ❤❛❜✐❧✐❞❛❞❡s ❞❛s
q✉❛tr♦ ár❡❛s✿ ▲✐♥❣✉❛❣❡♥s ❡ s✉❛s ❚❡❝♥♦❧♦❣✐❛s✱ ❈✐ê♥❝✐❛s ❍✉♠❛♥❛s ❡ ❙♦❝✐❛✐s ❆♣❧✐❝❛❞❛s✱
❈✐ê♥❝✐❛s ❞❛ ◆❛t✉r❡③❛ ❡ s✉❛s ❚❡❝♥♦❧♦❣✐❛s ❡ ▼❛t❡♠át✐❝❛ ❡ s✉❛s ❚❡❝♥♦❧♦❣✐❛s✳ ❙❡♥❞♦ ♦ ♥♦ss♦
tr❛❜❛❧❤♦ ♥❡st❛ ú❧t✐♠❛ ár❡❛✱ ❞❡st❛❝❛♠♦s ❞✉❛s ♣❛ss❛❣❡♥s ❞♦ ❞♦❝✉♠❡♥t♦ q✉❡ ❞❡❢❡♥❞❡ ❛
❝✉❧t✉r❛ ❞✐❣✐t❛❧✱ ❛ q✉✐♥t❛ ❝♦♠♣❡tê♥❝✐❛ ❣❡r❛❧✿

❯t✐❧✐③❛r t❡❝♥♦❧♦❣✐❛s ❞✐❣✐t❛✐s ❞❡ ❝♦♠✉♥✐❝❛çã♦ ❡ ✐♥❢♦r♠❛✲
çã♦ ❞❡ ❢♦r♠❛ ❝rít✐❝❛✱ s✐❣♥✐✜❝❛t✐✈❛✱ r❡✢❡①✐✈❛ ❡ ét✐❝❛ ♥❛s
❞✐✈❡rs❛s ♣rát✐❝❛s ❞♦ ❝♦t✐❞✐❛♥♦ ✭✐♥❝❧✉✐♥❞♦ ❛s ❡s❝♦❧❛r❡s✮ ❛♦
s❡ ❝♦♠✉♥✐❝❛r✱ ❛❝❡ss❛r ❡ ❞✐ss❡♠✐♥❛r ✐♥❢♦r♠❛çõ❡s✱ ♣r♦❞✉✲
③✐r ❝♦♥❤❡❝✐♠❡♥t♦s ❡ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s✳ ✭❇r❛s✐❧✕▼❊❈✱
✷✵✶✽✱ ♣✳✾✮

❊ ❛ q✉✐♥t❛ ❝♦♠♣❡tê♥❝✐❛ ❡s♣❡❝í✜❝❛ ❞❡ ▼❛t❡♠át✐❝❛✿

■♥✈❡st✐❣❛r ❡ ❡st❛❜❡❧❡❝❡r ❝♦♥❥❡❝t✉r❛s ❛ r❡s♣❡✐t♦ ❞❡ ❞✐❢❡r❡♥✲
t❡s ❝♦♥❝❡✐t♦s ❡ ♣r♦♣r✐❡❞❛❞❡s ♠❛t❡♠át✐❝❛s✱ ❡♠♣r❡❣❛♥❞♦
r❡❝✉rs♦s ❡ ❡str❛té❣✐❛s ❝♦♠♦ ♦❜s❡r✈❛çã♦ ❞❡ ♣❛❞rõ❡s✱ ❡①✲
♣❡r✐♠❡♥t❛çõ❡s ❡ t❡❝♥♦❧♦❣✐❛s ❞✐❣✐t❛✐s✱ ✐❞❡♥t✐✜❝❛♥❞♦ ❛ ♥❡✲
❝❡ss✐❞❛❞❡✱ ♦✉ ♥ã♦✱ ❞❡ ✉♠❛ ❞❡♠♦♥str❛çã♦ ❝❛❞❛ ✈❡③ ♠❛✐s
❢♦r♠❛❧ ♥❛ ✈❛❧✐❞❛çã♦ ❞❛s r❡❢❡r✐❞❛s ❝♦♥❥❡❝t✉r❛s✳ ✭❇r❛s✐❧✕
▼❊❈✱ ✷✵✶✽✱ ♣✳ ✺✸✸✮

◆❡ss❡ ✈✐és✱ ✉t✐❧✐③❛r ❢❡rr❛♠❡♥t❛s q✉❡ ✈✐❛❜✐❧✐③❡♠ ♦ ❛♣r♦❢✉♥❞❛♠❡♥t♦ ❡ ❛ ❛♠♣❧✐❛çã♦
❞❛ ❛♣r❡♥❞✐③❛❣❡♠ é ❡st❛r ❛t✉❛❧✐③❛❞♦ ❝♦♠ ❛ ♣r♦♣♦st❛ ❞❛ ❇◆❈❈✱ ❛❧é♠ ❞♦ q✉❡✱ é ❛tr❛❡♥t❡
❛♦ ❡st✉❞❛♥t❡ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ❢❡rr❛♠❡♥t❛s ❞✐❣✐t❛✐s q✉❡ ❧❡✈❡♠ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ❛✉t♦✲
♥♦♠✐❛✱ s❡❥❛ tr❛❜❛❧❤❛❞❛ ❞❡ ❢♦r♠❛ ❝♦❧❛❜♦r❛t✐✈❛ ♦✉ ✐♥❞✐✈✐❞✉❛❧✳ ❉❡ss❛ ❢♦r♠❛✱ ❡ ♣❛rt✐♥❞♦ ❞❛
❢❛♠✐❧✐❛r✐❞❛❞❡ ❡ ❞❡str❡③❛ q✉❡ ♦s ❥♦✈❡♥s ♣♦ss✉❡♠ ♥♦ ♠❛♥✉s❡✐♦ ❞❡ ❞✐s♣♦s✐t✐✈♦s ❡❧❡trô♥✐❝♦s
✭s♠❛rt♣❤♦♥❡s ❡ ❝♦♠♣✉t❛❞♦r❡s✮ ❡♠ ❥♦❣♦s✱ ❛❝❡ss♦ ❞❡ r❡❞❡s s♦❝✐❛✐s ♦✉ ❛té ❡♠ ♣❡sq✉✐s❛s✱ q✉❡
s✉❣❡r✐♠♦s ✉♠ ❛♣❧✐❝❛t✐✈♦ q✉❡ ♣♦❞❡ s❡r ❛ss✉♠✐❞♦ ❝♦♠ ❛ ✜♥❛❧✐❞❛❞❡ ❞❡ ✐♠♣r✐♠✐r r❛♣✐❞❡③ ♥♦s
❝á❧❝✉❧♦s ❞❡ ♦♣❡r❛çõ❡s ❡♥tr❡ ♠❛tr✐③❡s✿ ▼❛tr✐① ❈❛❧❝✉❧❛t♦r✳ ❆ss✐♠✱ é ❞❡ s❡ ❡s♣❡r❛r q✉❡ ❛ ❢❡r✲
r❛♠❡♥t❛✱ ❛❧é♠ ❞❡ ♣❡r♠✐t✐r q✉❡ ♦s ❛❧✉♥♦s ♣♦ss❛♠ ❛♣r♦❢✉♥❞❛r ❡ ❛♠♣❧✐❛r s❡✉ ❡♥t❡♥❞✐♠❡♥t♦
s♦❜r❡ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ ♠❛tr✐③❡s✱ ❛❜❛st❡ç❛ ❞❡ ♠♦t✐✈❛çã♦ ❛ ❞✐s❝✉ssã♦ ❛ s❛❧❛ ❞❡ ❛✉❧❛✳

❖ ▼❛tr✐① ❈❛❧❝✉❧❛t♦r é ✉♠❛ ❝❛❧❝✉❧❛❞♦r❛ ❞❡ ♠❛tr✐③ ♣❛r❛ s♦❧✉çõ❡s ❣r❛❞✉❛✐s ❞❡ ♦♣❡✲
r❛çõ❡s ♠❛tr✐❝✐❛✐s ❣r❛t✉✐t❛s✳ ❖s ❝♦♠❛♥❞♦s sã♦ s✐♠♣❧❡s ❝♦♠ ❡①♣❧✐❝❛çõ❡s ❞❡t❛❧❤❛❞❛s ♣❛r❛
t♦❞♦s ♦s ❝á❧❝✉❧♦s✳ P❡r♠✐t❡ q✉❡ ❢❛ç❛♠♦s ❛❞✐çã♦✱ s✉❜tr❛çã♦✱ ♠✉❧t✐♣❧✐❝❛çã♦ ❡ ♣♦tê♥❝✐❛ ❞❡
♠❛tr✐③❡s✱ ❡♥tr❡ ♦✉tr♦s ❝á❧❝✉❧♦s ❞✐s♣♦♥í✈❡✐s ♥♦ ❛♣❧✐❝❛t✐✈♦✳ P♦❞❡♠♦s ❡♥❝♦♥trá✲❧♦✱ ♥♦ ❝♦♠✲
♣✉t❛❞♦r✱ ♥♦ ❡♥❞❡r❡ç♦ ❤tt♣s✿✴✴♠❛tr✐①❝❛❧❝✳♦r❣✴♣t✴ ❡ ✉sá✲❧♦ ♦♥❧✐♥❡✳ ❖✉tr❛ ♦♣çã♦✱ ❜❛✐①❛r ♦
❛♣❧✐❝❛t✐✈♦ ♥♦ ❝❡❧✉❧❛r✱ q✉❡ ♣♦❞❡ s❡r ❢❡✐t♦ ❡♥tr❛♥❞♦ ♥❛ P❧❛② ❙t♦r❡✱ ❞✐❣✐t❛♥❞♦ ♥❛ ❥❛♥❡❧❛ ❞❡
♣❡sq✉✐s❛ ✏♠❛tr✐③ ❝❛❧❝✉❧❛❞♦r❛✑✱ ✈❛✐ ❛♣❛r❡❝❡r ✈ár✐♦s ❛♣❧✐❝❛t✐✈♦s✱ ♣♦ré♠ ❛ ✐♥t❡♥çã♦ é t❡r ✉♠❛
✈❡rsã♦ ❥á ❡♠ ♣♦rt✉❣✉ês ❡ q✉❡ t❡♥❤❛ ♦ ♠❡s♠♦ ❧❛②♦✉t ❞♦ ❞✐s♣♦♥í✈❡❧ ✈✐❛ ❝♦♠♣✉t❛❞♦r✱ ❞❛í ♦
❝❛♠✐♥❤♦ s❡❣✉❡ ✐❧✉str❛❞♦ ❛❜❛✐①♦✳

✶✾



❋✐❣✉r❛ ✶✳✷✿ ▲❛②♦✉t ▼❛tr✐① ❈❛❧❝✉❧❛t♦r ❈♦♠♣✉t❛❞♦r

❋✐❣✉r❛ ✶✳✸✿ ▲❛②♦✉t ▼❛tr✐① ❈❛❧❝✉❧❛t♦r ❙♠❛rt♣❤♦♥❡ ❙❡q✉ê♥❝✐❛ ❞❡ ❚❡❧❛

❉❡♥tr♦ ❞♦ s✐t❡✱ ♦✉ ❛♣❧✐❝❛t✐✈♦✱ ❛s ♠❛tr✐③❡s ❡stã♦ ♥♦ ❢♦r♠❛t♦ 3 ① 3✱ s❡ ❢♦r ♥❡❝❡ssár✐♦
❛✉♠❡♥t❛r ♦✉ ❞✐♠✐♥✉✐r ❛ ♦r❞❡♠ ❞❛ ♠❛tr✐③✱ ❜❛st❛ ❝❧✐❝❛r ♥❛s s❡t❛s ❞❡ ✰ ♦✉ ✲✱ ❝♦♥❢♦r♠❡
✐♥❞✐❝❛❞♦ ♥❛ ❋✐❣✉r❛ ✶✳✹✳

✷✵



❋✐❣✉r❛ ✶✳✹✿ ▲❛②♦✉t ▼❛tr✐① ❈❛❧❝✉❧❛t♦r ❛✉♠❡♥t❛r ❡ ❞✐♠✐♥✉✐r ♦r❞❡♠ ❞❛ ♠❛tr✐③

◆♦ t❡r❝❡✐r♦ ❝❛♣ít✉❧♦✱ ✈❡r❡♠♦s q✉❡ ♣❛r❛ ❛♣❧✐❝❛r ❛ ♣r♦♣♦st❛ ❞❡st❡ tr❛❜❛❧❤♦✱ t❡r❡♠♦s
q✉❡ ❝❛❧❝✉❧❛r ♣♦tê♥❝✐❛s ❞❡ ♠❛tr✐③❡s✳ ◆❡ss❡ s❡♥t✐❞♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♣❛r❛ ❝❛❧❝✉❧❛r ♦ ❝✉❜♦ ❞❡
✉♠❛ ♠❛tr✐③ q✉❛❞r❛❞❛ P

(

P 3
)

✱ t❡♠♦s q✉❡ ❞❛r ❡♥tr❛❞❛ ♥♦s ❡❧❡♠❡♥t♦s ♥♦s ❡s♣❛ç♦s ❝♦♥❢♦r♠❡
❛ ♦r❞❡♠ ❞❡s❡❥❛❞❛ ❡ ❝❧✐❝❛r ❡♠ ✏❊❧❡✈❛❞♦ ❛✑ ❡ ❝♦❧♦❝❛r ❛ ♣♦tê♥❝✐❛ ✸✱ ❝♦♥❢♦r♠❡ ✐❧✉str❛❞♦ ♥❛
❋✐❣✉r❛ ✶✳✺✳

❋✐❣✉r❛ ✶✳✺✿ ▲❛②♦✉t ▼❛tr✐① ❈❛❧❝✉❧❛t♦r ✲ ❈á❧❝✉❧♦ ❞❡ P♦tê♥❝✐❛

❊st❛♥❞♦ ❞❡♥tr♦ ❞♦ ▼❛tr✐① ❈❛❧❝✉❧❛t♦r✱ é ❡①♣❧♦r❛r ❛ ✜♠ ❞❡ ❢❛♠✐❧✐❛r✐③❛r ❡ ❞❡s❝♦✲
❜r✐r s❡✉ ♣♦t❡♥❝✐❛❧✳ ▲❡♠❜r❛♠♦s q✉❡ ♥ã♦ é ❛ ú♥✐❝❛ ❢❡rr❛♠❡♥t❛ q✉❡ ♣❡r♠✐t❡ ❡①❡❝✉t❛r ❛s
♦♣❡r❛çõ❡s ❡♥tr❡ ♠❛tr✐③❡s✱ ❡①✐st❡♠ ♠✉✐t❛s ♦✉tr❛s✳ ▼❛✐s ✉♠❛ ✈❡③ r❡✐t❡r❛♠♦s q✉❡ ♣❛rt✐♠♦s

✷✶



❞♦ ♣❡♥s❛♠❡♥t♦ ❞❡ q✉❡ ♦s ❡st✉❞❛♥t❡s ❝♦♠♣r❡❡♥❞❡♠ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ♠❛tr✐③❡s q✉❛❞r❛✲
❞❛s❀ ❛ss✐♠ ♦ ✉s♦ ❞♦ ❛♣❧✐❝❛t✐✈♦ ✈❡♠ ❛❞❡q✉❛❞❛♠❡♥t❡ ❛❥✉❞❛r ♥❛ ❛❣✐❧✐❞❛❞❡ ❞♦s ❝á❧❝✉❧♦s✱ ❜❡♠
❝♦♠♦ tr❛③❡r ❛ t❡❝♥♦❧♦❣✐❛ ❞✐s♣♦♥í✈❡❧ ♣❛r❛ ❝♦♥❤❡❝✐♠❡♥t♦ ❞♦s ♠❡s♠♦s✱ ❡s♣❡r❛♥❞♦ t❛♠❜é♠
q✉❡ ♣r♦❞✉③❛ ✐♥t❡r❡ss❡ ❞✉r❛♥t❡ ✉♠❛ ❛♣r❡s❡♥t❛çã♦ ❞♦ t❡♠❛✳

✶✳✸ Pr♦❜❛❜✐❧✐❞❛❞❡s

◆❡st❛ s❡çã♦✱ ❡❧❡♥❝❛♠♦s ❝♦♥❝❡✐t♦s ❡ ❞❡✜♥✐çõ❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ q✉❡ sã♦ ♥❡❝❡ssá✲
r✐♦s ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ❝❛❞❡✐❛s ❞❡ ▼❛r❦♦✈✳

❊①❡♠♣❧♦ ✶✼✳ ◆♦ ✜♥❛❧ ❞❡ ❝❛❞❛ ❛♥♦ é ❝♦♠✉♠ s❤♦♣♣✐♥❣ ❝❡♥t❡rs ♣r♦♠♦✈❡r❡♠ s♦rt❡✐♦s ❞❡
✈❡í❝✉❧♦s ❡♥tr❡ s❡✉s ❝♦♥s✉♠✐❞♦r❡s✳ ❏♦❛♥❛✱ ♥♦ ❞❡❝♦rr❡r ❞❡ s✉❛s ❝♦♠♣r❛s✱ ♣❡❣♦✉ s✉❛s ♥♦t❛s
✜s❝❛✐s ❡ tr♦❝♦✉ ♣♦r s❡t❡ ❝✉♣♦♥s ❡ ♦s ❞❡♣♦s✐t♦✉ ❡♠ ✉♠❛ ✉r♥❛ ♣❛r❛ ❝♦♥❝♦rr❡r✳ ❆♥❛ ❢❡③ ♦
♠❡s♠♦✱ ❡ ❞❡♣♦s✐t♦✉ ❞❡③ ❝✉♣♦♥s✳ ◆♦ ❞✐❛ ❞♦ s♦rt❡✐♦ ❝♦♥t❛❜✐❧✐③❛r❛♠ q✉✐♥③❡ ♠✐❧ ❝✉♣♦♥s✳ ➱
♣♦ssí✈❡❧ ♠❡❞✐r ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❝❛❞❛ ✉♠❛ ❣❛♥❤❛r ♦ ❝❛rr♦❄

❊st❡ ❡①❡♠♣❧♦ ♠♦str❛ ♦ q✉ã♦ ♥❛t✉r❛❧ ♥❛s❝❡ ❛ ♥♦çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡♠ s✐t✉❛çõ❡s
❞♦ ❝♦t✐❞✐❛♥♦✳ ❚♦❞❛✈✐❛ ✐r❡♠♦s ❢♦rt❛❧❡❝❡r ♥♦ss❛ ❜❛s❡ ♣❛r❛ ♥♦s r❡♠❡t❡r ❛♦ ❡st✉❞♦ ❞❡ ❝❛❞❡✐❛s
❞❡ ▼❛r❦♦✈✳

❆ ✏❚❡♦r✐❛ ❞❛ Pr♦❜❛❜✐❧✐❞❛❞❡✑✱ ✏❈á❧❝✉❧♦ ❞❡ Pr♦❜❛❜✐❧✐❞❛❞❡s✑ ♦✉ s✐♠♣❧❡s♠❡♥t❡ ✏Pr♦✲
❜❛❜✐❧✐❞❛❞❡✑ é ✉♠❛ r❛♠♦ ❞❛ ♠❛t❡♠át✐❝❛ q✉❡ ♠♦❞❡❧❛ ❢❡♥ô♠❡♥♦s ♥ã♦ ❞❡t❡r♠✐♥íst✐❝♦s✱ ♦✉
s❡❥❛✱ ❢❡♥ô♠❡♥♦s q✉❡ ♦ ❛❝❛s♦ ♣♦ss✉✐ ♣❛♣❡❧ ♣r❡♣♦♥❞❡r❛♥t❡✱ ♣♦✐s ♣♦ss✉✐ ❞✐✈❡rs❛s ❛♣❧✐❝❛çõ❡s ❡
❝❛❞❛ ❛✈❛♥ç♦ ❛✉♠❡♥t❛ s✉❛ ✐♥✢✉ê♥❝✐❛ ❡♠ ❞✐✈❡rs❛s ár❡❛s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ♣❛r❛ ❡st❛tíst✐❝❛
❡ ♣r♦❝❡ss♦s ❡st♦❝ást✐❝♦s✳

✶✳✸✳✶ ❆s♣❡❝t♦s ❤✐stór✐❝♦s

❆❝r❡❞✐t❛✲s❡ q✉❡ ❛ t❡♦r✐❛ ❞❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ t❡✈❡ ♦r✐❣❡♠ ❡♠ ♠❡❛❞♦s ❞♦ sé❝✉❧♦ ❳❱■■✱
t❡♥❞♦ ❝♦♠♦ ♠♦t✐✈❛çã♦ ♦s ❥♦❣♦s ❞❡ ❛③❛r✳ P❛r❛ r❡❢♦rç❛r ❡ss❛ ❝r❡♥ç❛✱ ❝✐t❛♠♦s ❊✈❡s ✭✷✵✶✶✱
♣✳✸✵✼✮ q✉❡ ❝♦❧♦❝❛✿ ✏❈♦♠♦ ❥♦❣❛❞♦r ✐♥✈❡t❡r❛❞♦✱ ❈❛r❞❛♥♦ ✭❏❡rô♥✐♠♦ ❈❛r❞❛♥♦ ✭✶✺✵✶✲✶✺✼✻✮✮
❡s❝r❡✈❡✉ ✉♠ ♠❛♥✉❛❧ ❞♦ ❥♦❣❛❞♦r ❡♠ q✉❡ ❛❜♦r❞♦✉ ❛❧❣✉♠❛s q✉❡stõ❡s ✐♥t❡r❡ss❛♥t❡s ❞❡ ♣r♦✲
❜❛❜✐❧✐❞❛❞❡✳✑ ❏á✱ ❇♦②❡r ✭✶✾✼✹✱ ♣✳✷✻✺✮✱ r❡❧❛t❛ q✉❡ ♦ ♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ ❞❛ ♠♦❞❡r♥❛ t❡♦r✐❛
❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s s❡ ❞❡✉ ❡♠ ♠❡❛❞♦s ❞♦ sé❝✉❧♦ ❳❱■■✱ q✉❛♥❞♦ ❈❤❡✈❛❧✐❡r ❞❡ ▼éré ✭✶✻✵✼
✲ ✶✻✽✹✮✱ ❛♠✐❣♦ ❞❡ ❇❧❛✐s❡ P❛s❝❛❧ ✭✶✻✷✸✲✶✻✻✷✮ ♣r♦♣ôs ❛❧❣✉♠❛s q✉❡stõ❡s ❞❡ ❝♦♠♦ ❞✐✈✐❞✐r
❛ ❛♣♦st❛ ♥✉♠ ❥♦❣♦ ❞❡ ❞❛❞♦s q✉❡ ♥❡❝❡ss✐t❡ s❡r ✐♥t❡rr♦♠♣✐❞♦✳ ❆ ♣r♦♣ós✐t♦ ❞♦ ♣r♦❜❧❡♠❛
❝♦❧♦❝❛❞♦ ♣❡❧♦ ❥♦❣❛❞♦r ❉❡ ▼éré ❛ P❛s❝❛❧✱ ✐♥✐❝✐♦✉✲s❡ ✉♠❛ tr♦❝❛ ❞❡ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡
P❛s❝❛❧ ❡ ♦ ♠❛t❡♠át✐❝♦ P✐❡rr❡ ❞❡ ❋❡r♠❛t✭✶✻✵✶ ✲ ✶✻✻✺✮✱ q✉❡ ♣♦st❡r✐♦r♠❡♥t❡ ♠♦t✐✈♦✉ ♦✉tr♦
♠❛t❡♠át✐❝♦✱ ❍✉②❣❡♥s✭❈❤r✐st✐❛❛♥ ❍✉②❣❡♥s ✭✶✻✷✾✲✶✻✾✺✮✮✱ q✉❡ ❡♠ ✶✾✺✼ ❢❡③ ✉♠❛ ♣✉❜❧✐❝❛çã♦
❝❤❛♠❛❞❛ ✏ ❉❡ r❛t✐♦♥❝✐♥✐✐s ✐♥ ❧✉❞♦ ❛❧❡❛❡✑✱ ❝✉❥❛ tr❛❞✉çã♦ é ✏ ❙♦❜r❡ ♦ r❛❝✐♦❝í♥✐♦ ❡♠ ❥♦❣♦s ❞❡
❞❛❞♦s✑✳ ❆♠❜♦s ❝♦❧♦❝❛♠ q✉❡ ♦s ❥♦❣♦s ❞❡ ❛③❛r ❝♦♠♦ ❢♦rç❛ ♠♦tr✐③✳ ◆❡ss❡ s❡♥t✐❞♦✱ ♥ã♦ ♣♦❞❡✲
♠♦s ❞❡✐①❛r ❞❡ ♠❡♥❝✐♦♥❛r ❛❧❣✉♥s ♦✉tr♦s ♠❛t❡♠át✐❝♦s q✉❡ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ ❛ ❝♦♥str✉çã♦
❞♦s ❝♦♥❝❡✐t♦s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ ❞❡♥tr❡ ❡❧❡s✿ ❏❛❝♦❜ ❇❡r♥♦✉❧❧✐ ✭✶✻✺✹ ✲ ✶✼✵✺✮✱ P✐❡rr❡✲❙✐♠♦♥
▲❛♣❧❛❝❡ ✭✶✼✹✾✲✶✽✷✼✮✱ ❈❛r❧ ❋r✐❡❞r✐❝❤ ●❛✉ss ✭✶✼✼✼✲✶✽✺✺✮ ❡ ▲❡♥✐s P♦✐ss♦♥ ✭✶✼✽✶ ✲ ✶✽✹✵✮✳

✶✳✸✳✷ ❈♦♥❝❡✐t♦s ✐♥✐❝✐❛✐s

❉❡✜♥✐çã♦ ✶✸✳ ❯♠ ❡①♣❡r✐♠❡♥t♦ é ❛❧❡❛tór✐♦ s❡✱ ❛♦ s❡r r❡♣❡t✐❞♦ ♥❛s ♠❡s♠❛s ❝♦♥❞✐çõ❡s✱
é ✐♠♣♦ssí✈❡❧ ♣r❡✈❡r ❛♥t❡❝✐♣❛❞❛♠❡♥t❡ ♦ r❡s✉❧t❛❞♦✳ ❊♠ ❝♦♥tr❛♣❛rt✐❞❛✱ ✉♠ ❡①♣❡r✐♠❡♥t♦ é
❞❡t❡r♠✐♥íst✐❝♦ s❡✱ q✉❛♥❞♦ r❡♣❡t✐❞♦ ♥❛s ♠❡s♠❛s ❝♦♥❞✐çõ❡s✱ ❝♦♥❞✉③ ❛♦ ♠❡s♠♦ r❡s✉❧t❛❞♦✳

✷✷



❊①❡♠♣❧♦ ✶✽✳ ❆s s✐t✉❛çõ❡s ❛❜❛✐①♦ sã♦ ❡①❡♠♣❧♦s ❞❡ ❡①♣❡r✐♠❡♥t♦s ❛❧❡❛tór✐♦s✳

✭✐✮ E1 : ❆ r❡t✐r❛❞❛ ❞❡ ✉♠❛ ❝❛rt❛ ❞❡ ✉♠ ❜❛r❛❧❤♦❀

✭✐✐✮ E2 : ▲❛♥ç❛r ✉♠ ❞❛❞♦ ❡ ♦❜s❡r✈❛r ♦ ♥ú♠❡r♦ ♥❛ ❢❛❝❡ s✉♣❡r✐♦r❀

✭✐✐✐✮ E3 : ▲❛♥ç❛r ✉♠❛ ♠♦❡❞❛ q✉❛tr♦ ✈❡③❡s ❡ ♦❜s❡r✈❛r ❛ s❡q✉ê♥❝✐❛ ♦❜t✐❞❛s ❞❡ ❝❛r❛s (K) ❡
❝♦r♦❛s (C)❀

✭✐✈✮ E4 : ❖ s♦rt❡✐♦ ❞❡ ✉♠ ❝✉♣♦♠ ❡♥tr❡ ✶✺✳✵✵✵ ✭❊①❡♠♣❧♦ ✶✽✮✳

❆s s✐t✉❛çõ❡s ❡st✉❞❛❞❛s ♥♦ ❡♥s✐♥♦ ♠é❞✐♦✱ ❜❡♠ ❝♦♠♦ ♦ ♥♦ss♦ tr❛❜❛❧❤♦ s❡ r❡str✐♥✲
❣❡♠ ❛ ❡s♣❛ç♦s ❛♠♦str❛✐s ✜♥✐t♦s✱ ♠❛s ❛ t❡♦r✐❛ ❞❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ tr❛t❛ t❛♠❜é♠ ❞❡ ❡s♣❛ç♦s
✐♥✜♥✐t♦s✳

■❞❡♥t✐✜❝❛❞❛ ❛ s✐t✉❛çã♦ ❞❡s❝r✐t❛ ♥♦ ❡①♣❡r✐♠❡♥t♦✱ ♦ ♣ró①✐♠♦ ♣❛ss♦ ❝♦♥s✐st❡ ❡♠
❞❡s❝r❡✈❡r t♦❞♦s ♦s ♣♦ssí✈❡✐s r❡s✉❧t❛❞♦s ❞♦ ❡①♣❡r✐♠❡♥t♦ ❡ ❝❛❧❝✉❧❛r ❡ss❡ ♥ú♠❡r♦ ✭❛s ✈❡③❡s
♥ã♦ é ✉♠ ♥ú♠❡r♦✱ ♣♦❞❡ s❡r ♣♦ssí✈❡❧ ✉♠❛ ✐♥✜♥✐❞❛❞❡ ❞❡ r❡s✉❧t❛❞♦s✮✱ ♦✉ s❡❥❛✱ ❡①♣❧✐❝✐t❛r q✉❛❧
é ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦ssí✈❡✐s r❡s✉❧t❛❞♦s ❞♦ ❡①♣❡r✐♠❡♥t♦✳

❉❡✜♥✐çã♦ ✶✹✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s r❡s✉❧t❛❞♦s ♣♦ssí✈❡✐s ❞❡ ✉♠ ❡①♣❡r✐♠❡♥t♦ é ❞❡♥♦♠✐✲
♥❛❞♦ ❡s♣❛ç♦ ❛♠♦str❛❧✳ ❯s❛♠♦s S✱ ♠❛s t❛♠❜é♠ s❡ ✉s❛ ❛ ❧❡tr❛ ❣r❡❣❛ Ω ♣❛r❛ ✐♥❞✐❝❛r ❡s♣❛ç♦
❛♠♦str❛❧✳

➱ ✐♠♣♦rt❛♥t❡ ❡st✉❞❛r♠♦s ♦ ♥ú♠❡r♦ ❞❡ r❡s✉❧t❛❞♦s ❡♠ ✉♠ ❡s♣❛ç♦ ❛♠♦str❛❧ S✱
♣❛r❛ ✐♥❞✐❝❛r ❡ss❡ ♥ú♠❡r♦ ✉s❛r❡♠♦s n(S)✳ ❆ss✐♠✱ ♣❡❧❛ ♥❛t✉r❡③❛ ❞♦ ❡s♣❛ç♦ ❛♠♦str❛❧✱ t❡♠♦s
três ♣♦ss✐❜✐❧✐❞❛❞❡s✿ ✜♥✐t♦✱ ✐♥✜♥✐t♦ ❡♥✉♠❡rá✈❡❧ ♦✉ ✐♥✜♥✐t♦ ♥ã♦✲❡♥✉♠❡rá✈❡❧✳ ◗✉❛♥❞♦ ♦
❡s♣❛ç♦ ❛♠♦str❛❧ é ✜♥✐t♦ ♦✉ ✐♥✜♥✐t♦ ❡♥✉♠❡rá✈❡❧✱ é ❝❤❛♠❛❞♦ ❡s♣❛ç♦ ❛♠♦str❛❧ ❞✐s❝r❡t♦✳ ❈❛s♦
❝♦♥trár✐♦✱ ✈❛♠♦s ❝❤❛♠á✲❧♦ ❞❡ ❡s♣❛ç♦ ❛♠♦str❛❧ ❝♦♥tí♥✉♦✳ ◆♦s ❡①♣❡r✐♠❡♥t♦s ❧✐st❛❞♦s ❛❝✐♠❛✱
t♦❞♦s ♣♦ss✉❡♠ ❡s♣❛ç♦ ❛♠♦str❛❧ ✜♥✐t♦✱ ❝♦♠♦ ✈❡r❡♠♦s ❧♦❣♦ ♠❛✐s✳ P❛r❛ ✈✐s✉❛❧✐③❛r♠♦s ✉♠
❡①❡♠♣❧♦ q✉❡ tr❛t❛ ❝♦♠ ❡s♣❛ç♦ ❛♠♦str❛❧ ✐♥✜♥✐t♦ ❡♥✉♠❡rá✈❡❧✱ s✉❣❡r✐♠♦s ▼♦r❣❛❞♦✭✷✵✶✺✱
♣✳✶✺✼✮✱ q✉❡ ❡❧✉❝✐❞❛ ❛ s❡❣✉✐♥t❡ s✐t✉❛çã♦✿

❊①❡♠♣❧♦ ✶✾✳ ❉♦✐s ❥♦❣❛❞♦r❡s✱ ❆ ❡ ❇✱ ❧❛♥ç❛♠ s✉❝❡ss✐✈❛♠❡♥t❡ ✉♠ ♣❛r ❞❡ ❞❛❞♦s ❛té q✉❡ ✉♠
❞❡❧❡s ♦❜t❡♥❤❛ s♦♠❛ ❞❡ ♣♦♥t♦s ✼✱ ❝❛s♦ ❡♠ q✉❡ ❛ ❞✐s♣✉t❛ t❡r♠✐♥❛ ❡ ♦ ✈❡♥❝❡❞♦r é ♦ ❥♦❣❛❞♦r
q✉❡ ♦❜t❡✈❡ s♦♠❛ ✼✳ ❙❡ ❆ é ♦ ♣r✐♠❡✐r♦ ❛ ❥♦❣❛r✱ q✉❛❧ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❆ s❡r ♦ ✈❡♥❝❡❞♦r❄

❱❡❥❛ q✉❡ é ♣♦ssí✈❡❧ ♥✉♥❝❛ s❛✐r s♦♠❛ ✼✱ ❞❛í ❡s♣❛ç♦ ❛♠♦str❛❧ ✐♥✜♥✐t♦✳

❉❡✜♥✐çã♦ ✶✺✳ ❊✈❡♥t♦ é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ r❡s✉❧t❛❞♦s ♣♦ssí✈❡✐s ❞❡ ✉♠ ❡①♣❡r✐♠❡♥t♦✱ ♦✉ s❡❥❛✱
é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞♦ ❡s♣❛ç♦ ❛♠♦str❛❧✳ ❖ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ ✉♠ ❡✈❡♥t♦ ❆ q✉❛❧q✉❡r
é r❡♣r❡s❡♥t❛❞♦ ♣♦r n(A)✳

❊①❡♠♣❧♦ ✷✵✳ ❉♦ ❊①❡♠♣❧♦ ✶✾ ❡ ♥❛ ♦r❞❡♠ ❞♦s ❡①♣❡r✐♠❡♥t♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ S1✱ S2✱
S3 ❡ S4✱ sã♦ ♦s ❝♦♥❥✉♥t♦s q✉❡ r❡♣r❡s❡♥t❛♠ ♦s ❡s♣❛ç♦s ❛♠♦str❛✐s✱ n(S1)✱ n(S2) ✱ n(S3) ❡
n(S4)✱ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥t♦s q✉❡ ❝❛❞❛ ❡s♣❛ç♦ ❛♠♦str❛❧ t❡♠✱ A✱ B✱ C ❡ D sã♦ ❡✈❡♥t♦s
❞❡✜♥✐❞♦s ❡ ♣♦r ✜♠ n(A)✱ n(B)✱ n(C) ❡ n(D) ♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s q✉❡ ❝❛❞❛ ❡✈❡♥t♦
♣♦ss✉✐✿

✭✐✮ S1 = ④➪s ❞❡ ❖✉r♦✱ ✷ ❞❡ ❖✉r♦✱ ✸ ❞❡ ❖✉r♦✱✳✳✳✱ ❱❛❧❡t❡ ❞❡ ❖✉r♦✱ ❘❡✐ ❞❡ ❖✉r♦✱ ➪s ❞❡
❊s♣❛❞❛s✱ ✷ ❞❡ ❊s♣❛❞❛s✱ ✸ ❞❡ ❊s♣❛❞❛s✱✳✳✳✱❱❛❧❡t❡ ❞❡ ❊s♣❛❞❛s✱ ❘❡✐ ❞❡ ❊s♣❛❞❛s✱ ➪s ❞❡
P❛✉s✱ ✷ ❞❡ P❛✉s✱ ✸ ❞❡ P❛✉s✱✳✳✳✱ ❱❛❧❡t❡ ❞❡ P❛✉s✱ ❘❡✐ ❞❡ P❛✉s✱ ➪s ❞❡ ❈♦♣❛s✱ ✷ ❞❡
❈♦♣❛s✱ ✸ ❞❡ ❈♦♣❛s✱✳✳✳✱ ❱❛❧❡t❡ ❞❡ ❈♦♣❛s✱ ❘❡✐ ❞❡ ❈♦♣❛s ⑥✱ ❛ss✐♠ n(S1) = 52 ❡ s❡ A é
♦ ❡✈❡♥t♦ s❛✐r ✉♠ ✾ ❞❡ ♣❛✉s✱ ❡♥tã♦ n(A) = 1✱ ♣♦✐s t❡♠♦s ❡♠ ✉♠ ❜❛r❛❧❤♦ ❛♣❡♥❛s ✉♠
✾ ❞❡ ♣❛✉s❀

✷✸



✭✐✐✮ S2 = {1, 2, 3, 4, 5, 6}✱ ❡♥tã♦ n(S2) = 6 ❡ s❡ B é ♦ ❡✈❡♥t♦ ❞❡✜♥✐❞♦ ♣♦r s❛✐r ✉♠ ♥ú♠❡r♦
í♠♣❛r ♠❡♥♦r q✉❡ 4✱ ❡♥tã♦ B = ④✶✱ ✸⑥✱ ❞❛í n(B) = 2❀

✭✐✐✐✮ S3 = ④t♦❞❛s ❛s s❡q✉ê♥❝✐❛s ♣♦ssí✈❡✐s ❞❛ ❢♦r♠❛ (a1, a2, a3, a4)⑥✱ ♦♥❞❡ ❝❛❞❛ ai = (K)
♦✉ (C)✱ ♥❛ ✐✲és✐♠❛ ❥♦❣❛❞❛✳ ◆❡ss❡ s❡♥t✐❞♦✱ n(S3) = 16 ❡ D é ♦ ❡✈❡♥t♦ s❛✐r ♠❛✐s ❝❛r❛s
❞♦ q✉❡ ❝♦r♦❛s✱ ❡♥tã♦

D = {(K,K,K,K), (K,K,K,C), (K,K,C,K),

(K,C,K,K), (C,K,K,K)},

❞❛í✱ n(C) = 5❀

✭✐✈✮ S4 = {1, 2, 3, 4, ..., 14998, 14999, 15000}✱ ❧♦❣♦ n(S4) = 15.000 ❡ s❡♥❞♦ S ♦ ❡✈❡♥t♦
❞❡✜♥✐❞♦ ♣♦r s❛✐r ❜✐❧❤❡t❡s ❞❡♣♦s✐t❛❞♦s ♣♦r ❆♥❛✱ ❡♥tã♦ n(S) = 10✳

❊♠ S1 ❡ S3✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ♦ r❡s✉❧t❛❞♦ ❞❡ ✉♠ ❡①♣❡r✐♠❡♥t♦ ♥❡♠ s❡♠♣r❡
é ✉♠ ♥ú♠❡r♦✳

■r❡♠♦s✱ ❛❣♦r❛✱ ❞❡✜♥✐r ♦s ✈ár✐♦s t✐♣♦s ❞❡ ❡✈❡♥t♦s✱ ♣❛r❛ t❛❧✱ s❡❥❛

❉❡✜♥✐çã♦ ✶✻✳ ❙❡❥❛ S ❙ ✉♠ ❡s♣❛ç♦ ❛♠♦str❛❧✱ n(S) > ✵ ✱ ❆ ❡ ❇ ❡✈❡♥t♦s q✉❛✐sq✉❡r ❞❡ ❙✱
❡♥tã♦✿

✶✳ ❯♠ ❡✈❡♥t♦ é ❞✐t♦ ❊❧❡♠❡♥t❛r q✉❛♥❞♦ é ✉♠ s✉❜❝♦♥❥✉♥t♦ ✉♥✐tár✐♦ ❞❡ ❙✳

✷✳ ❯♠ ❡✈❡♥t♦ ❆ é ❝❤❛♠❛❞♦ ❞❡ ❈❡rt♦ s❡ ❆ ❢♦r ♦ ♣ró♣r✐♦ ❙✳

✸✳ ❯♠ ❡✈❡♥t♦ ❆ é ■♠♣♦ssí✈❡❧ s❡ A = ∅✳

✹✳ ❯♠ ❡✈❡♥t♦ ❆ é ❝❤❛♠❛❞♦ ❯♥✐ã♦ s❡ ❆ ❢♦r ❛ r❡✉♥✐ã♦ ❞❡ ♦✉tr♦s ❡✈❡♥t♦s✳

✺✳ ❯♠ ❡✈❡♥t♦ ❆ é ❝❤❛♠❛❞♦ ■♥t❡rs❡çã♦ s❡ ❆ ❢♦r ❛ ✐♥t❡rs❡çã♦ ❞❡ ♦✉tr♦s ❡✈❡♥t♦s✳

✻✳ ❉♦✐s ❡✈❡♥t♦s ❆ ❡ ❇ sã♦ ❝❤❛♠❛❞♦s ▼✉t✉❛♠❡♥t❡ ❊①❝❧✉s✐✈♦s q✉❛♥❞♦ A ∩ B ❂ ∅✳ ❊♠
♦✉tr❛s ♣❛❧❛✈r❛s✱ ❆ ❡ ❇ sã♦ ♠✉t✉❛♠❡♥t❡ ❡①❝❧✉s✐✈♦s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♥ã♦ ♣♦❞❡♠
♦❝♦rr❡r s✐♠✉❧t❛♥❡❛♠❡♥t❡✳

✼✳ ❯♠ ❡✈❡♥t♦ Ā é ❝♦♠♣❧❡♠❡♥t❛r ❞♦ ❡✈❡♥t♦ ❆✱ s❡ Ā = {x ∈ S|x /∈ A}✱ ♦✉ ❛✐♥❞❛✱ S−A.

❊①❡♠♣❧♦ ✷✶✳ ❆ s❡❣✉✐r✱ ✈❡r❡♠♦s ♦s t✐♣♦s ❞❡ ❡✈❡♥t♦s q✉❡ ❛❝❛❜❛♠♦s ❞❡ ❞❡✜♥✐r✳
❈♦♥s✐❞❡r❡ ♦ ❧❛♥ç❛♠❡♥t♦ ❞❡ ✉♠ ❞❛❞♦ ❝♦♠✉♠ ✭♥ã♦ ✈✐❝✐❛❞♦✮ ❡ ❛ ♦❜s❡r✈❛çã♦ ❞❛ ❢❛❝❡

✈♦❧t❛❞❛ ♣❛r❛ ❝✐♠❛✳ ❖ ❡s♣❛ç♦ ❛♠♦str❛❧ ❞❡ss❡ ❡①♣❡r✐♠❡♥t♦ é S = {1, 2, 3, 4, 5, 6}✳

✭✐✮ ❊✈❡♥t♦ ❊❧❡♠❡♥t❛r✿ ❆ ♦❝♦rrê♥❝✐❛ ❞❡ ✉♠ ♥ú♠❡r♦ ♠ú❧t✐♣❧♦ ❞❡ ✹✱ A = ④✹⑥❀

✭✐✐✮ ❊✈❡♥t♦ ❈❡rt♦✿ ❛ ♦❝♦rrê♥❝✐❛ ❞❡ ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ ♠❡♥♦r q✉❡ ✼✱ B = ④✶✱ ✷✱ ✸✱ ✹✱ ✺✱ ✻⑥❀

✭✐✐✐✮ ❊✈❡♥t♦ ■♠♣♦ssí✈❡❧✿ ❆ ♦❝♦rrê♥❝✐❛ ❞❡ ✉♠ ♥ú♠❡r♦ ♠ú❧t✐♣❧♦ ❞❡ ✼✱ C = ∅❀

✷✹



✭✐✈✮ ❊✈❡♥t♦ ❯♥✐ã♦✿ ❙❡❥❛ ❉ ❛ ♦❝♦rrê♥❝✐❛ ❞❡ ✉♠ ♥ú♠❡r♦ ♣❛r✱ D = ④✷✱✹✱✻⑥ ❡ ❊ s❡♥❞♦ ❛
♦❝♦rrê♥❝✐❛ ❞❡ ✉♠ ♥ú♠❡r♦ ♣r✐♠♦✱ E = ④✷✱ ✸✱ ✺⑥✱ ❡♥tã♦ ❆∪❇❂ ④✷✱ ✸✱ ✹✱ ✺✱ ✻⑥❀

✭✈✮ ❊✈❡♥t♦ ✐♥t❡rs❡çã♦✿ ❝♦♥s✐❞❡r❡♠♦s ♦s ♠❡s♠♦s ❡✈❡♥t♦s ❉ ❡ ❊ ❞♦ ❊✈❡♥t♦ ❯♥✐ã♦✳ ❖
❡✈❡♥t♦ D ∩ E ❂ ④✷⑥

✭✈✐✮ ❊✈❡♥t♦s ▼✉t✉❛♠❡♥t❡ ❊①❝❧✉s✐✈♦s✿ ❙❡❥❛ ❉ ❛ ♦❝♦rrê♥❝✐❛ ❞❡ ✉♠ ♥ú♠❡r♦ ♣❛r✱ D = ④✷✱
✹✱ ✻⑥ ❡ ● ❛ ♦❝♦rrê♥❝✐❛ ❞❡ ✉♠ ♥ú♠❡r♦ í♠♣❛r✱ G = ④✶✱ ✸✱ ✺⑥✱ ❡♥tã♦ ❉ ❡ ● sã♦ ▼✉t✉✲
❛♠❡♥t❡ ❊①❝❧✉s✐✈♦s✱ ♣♦✐s D ∩G ❂ ∅❀

✭✈✐✐✮ ❊✈❡♥t♦ ❈♦♠♣❧❡♠❡♥t❛r✿ ❙❡❥❛ ● ♦ ♠❡s♠♦ ❡✈❡♥t♦ ❞♦ ✐t❡♠ ❛♥t❡r✐♦r✳ ❖ ❡✈❡♥t♦ Ḡ✱ s❡♥❞♦
❛ ♦❝♦rrê♥❝✐❛ ❞❡ ✉♠ ♥ú♠❡r♦ ♥ã♦ í♠♣❛r✱ ♦✉ s❡❥❛✱ ✉♠ ♥ú♠❡r♦ ♣❛r✱ Ḡ ❂ ④✷✱ ✹✱ ✻⑥ é ✉♠
❡✈❡♥t♦ ❝♦♠♣❧❡♠❡♥t❛r ✉♠❛ ✈❡③ q✉❡ Ḡ = ❙ ✲ ●✳

❉❡✜♥✐çã♦ ✶✼✳ ❉✐③❡♠♦s q✉❡ ✉♠ ❡s♣❛ç♦ ❛♠♦str❛❧ é ❡q✉✐♣r♦✈á✈❡❧ q✉❛♥❞♦ ❛ ❝❤❛♥❝❡ ❞❡
♦❝♦rrê♥❝✐❛ ❞❡ ❝❛❞❛ ✉♠ ❞❡ s❡✉s ❡✈❡♥t♦s ❡❧❡♠❡♥t❛r❡s é s❡♠♣r❡ ❛ ♠❡s♠❛✳

❖ ❡①♣❡r✐♠❡♥t♦ E2 ❞♦ ❊①❡♠♣❧♦ ✶✾ ❣❡r❛ ✉♠ ❡s♣❛ç♦ ❡q✉✐♣r♦✈á✈❡❧✱ ✉♠❛ ✈❡③ q✉❡
q✉❛❧q✉❡r ❢❛❝❡ t❡♠ ❝❤❛♥❝❡s ✐❣✉❛✐s ❞❡ ♦❝♦rr❡✳ ❆ ♠❡♥♦s q✉❡ s❡ ❡s♣❡❝✐✜q✉❡ ♦ ❝♦♥trár✐♦✱ t♦❞♦s
♦s ❡s♣❛ç♦s ❛♠♦str❛✐s ❛q✉✐ ❝✐t❛❞♦s s❡rã♦ ❝♦♥s✐❞❡r❛❞♦s ❡q✉✐♣r♦✈á✈❡✐s✳

❉❡✜♥✐çã♦ ✶✽ ✭Pr♦❜❛❜✐❧✐❞❛❞❡ ❈❧áss✐❝❛✮✳ ✭❈❛r❞❛♥♦✹✱ P❛s❝❛❧ ❡ ▲❛♣❧❛❝❡✮ ❙❡❥❛♠ S ✉♠
❡s♣❛ç♦ ❛♠♦str❛ ✜♥✐t♦✱ ❡q✉✐♣r♦✈á✈❡❧ ❡ ♥ã♦✲✈❛③✐♦✱ ❡ A ✉♠ ❞❡ s❡✉s ❡✈❡♥t♦s✳ ❉❡✜♥❡✲s❡ ❛
♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❡✈❡♥t♦ A ❝♦♠♦

P (A) =
♥ú♠❡r♦s ❞❡ ❝❛s♦s ❢❛✈♦rá✈❡✐s
♥ú♠❡r♦ ❞❡ ❝❛s♦s ♣♦ssí✈❡✐s

=
n(A)

n(S)
,

♦♥❞❡ n(A) ❡ n(S) ✐♥❞✐❝❛♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ A ❡ ❞❡ S✱ ❝♦♠♦ ❥á
♠❡♥❝✐♦♥❛❞♦ ❧♦❣♦ ❛♣ós ❛s ❞❡✜♥✐çõ❡s ❞❡ ❡s♣❛ç♦ ❛♠♦str❛ ❡ ❡✈❡♥t♦✳

✶✳✸✳✸ Pr♦♣r✐❡❞❛❞❡s

❙❡❥❛♠ ❙ ✉♠ ❡s♣❛ç♦ ❛♠♦str❛❧✱ n(S) > ✵ ✱ ❆ ❡ ❇ ❡✈❡♥t♦s q✉❛✐sq✉❡r ❞❡ ❙✱ ❡♥tã♦❀

✭✐✮ A ⊂ B ⇒ P (A) ≤ P (B)❀

✭✐✐✮ 0 ≤ P (A) ≤ 1❀

✭✐✐✐✮ P (S) = 1❀

✭✐✈✮ ❙❡ A ❡ B sã♦ ❡✈❡♥t♦s ♠✉t✉❛♠❡♥t❡ ❡①❝❧✉❞❡♥t❡s✱ ❡♥tã♦

P (A ∪ B) = P (A) + P (B).

✹❆ ❞❡✜♥✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♠♦ q✉♦❝✐❡♥t❡ ❞♦ ♥ú♠❡r♦ ❞❡ ✏❝❛s♦s ❢❛✈♦rá✈❡✐s✑ ❢♦✐ ❛ ♣r✐♠❡✐r❛ ❞❡✜♥✐çã♦
❢♦r♠❛❧ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ ❡ ❛♣❛r❡❝❡✉ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ❡♠ ❢♦r♠❛ ❝❧❛r❛ ♥❛ ♦❜r❛ ▲✐❜❡r ❞❡ ❧✉❞♦ ❆❧❡❛❡ ❞❡
❏❡rô♥✐♠♦ ❈❛r❞❛♥♦ ✭✶✺✵✶✲✶✺✼✻✮✳✭▼♦r❣❛❞♦ ❡ ❈❛r✈❛❧❤♦✱ ✷✵✶✺✱ ♣✳✶✶✷✮

✷✺



❉❡♠♦♥str❛çã♦✳ ✭✐✮ ❚❡♠♦s q✉❡ A ⊂ B, ❡♥tã♦ n(A) ≤ n(B)✳

❈♦♠♦ n(S) > 0✱ ♣♦❞❡♠♦s ❞✐✈✐❞✐r t❛♥t♦ n(A) q✉❛♥t♦ n(B) ♣♦r n(S)✱ ❧♦❣♦✿

n(A)

n(S)
≤

n(B)

n(S)

P♦rt❛♥t♦✱ P (A) ≤ P (B).

✭✐✐✮ Pr♦✈❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ P✭❆✮≥ 0✳

❚❡♠♦s q✉❡ n(A) ≥ 0 ❡ n(S) > 0✱ ❞❛í
n(A)

n(S)
≥ 0✱ ❧♦❣♦

P (A) ≥ 0. ✭✶✳✹✮

❆❣♦r❛✱ ♣r♦✈❡♠♦s q✉❡ 1 ≥ P (A).

❈♦♠♦ n(S) > 0 ❡ n(S) ≥ n(A) ✱ ❡♥tã♦
n(S)

n(S)
≥

n(A)

n(S)
✱ s❡❣✉❡ ❡♥tã♦

P (S) ≥ P (A). ✭✶✳✺✮

❉❛s ❡①♣r❡ssõ❡s (1.4) ❡ (1.5)✱ t❡♠♦s q✉❡ 0 ≤ P (A) ≤ 1✳

✭✐✐✐✮ P♦r ❞❡✜♥✐çã♦ P (S) =
n(S)

n(S)
= 1.

✭✐✈✮ ❈♦♠♦ A ❡ B sã♦ ♠✉t✉❛♠❡♥t❡ ❡①❝❧✉❞❡♥t❡s✱ ❡♥tã♦ n(A ∩ B) = ∅✱ ❡♥tã♦ A ∪ B =
n(A) + n(B)✱ ❝♦♠♦ n(S) > 0✱ s❡❣✉❡ ❡♥tã♦ q✉❡✿

P (A ∪ B) =
n(A ∪ B)

n(S)
=

n(A) + n(B)

n(S)
=

n(A)

n(S)
+

n(B)

n(S)
= P (A) + P (B).

P♦rt❛♥t♦✱
P (A ∪ B) = P (A) + P (B).

❊①❡♠♣❧♦ ✷✷✳ ◆♦ ❧❛♥ç❛♠❡♥t♦ ❞❡ ✉♠❛ ♠♦❡❞❛ ❤♦♥❡st❛✱ t❡♠♦s ❛s três ❝♦♥❞✐çõ❡s ❞❛ ❞❡✜♥✐çã♦
s❛t✐s❢❡✐t❛s✱ ❝♦♥s✐❞❡r❛♥❞♦ A ♦ ❡✈❡♥t♦ s❛✐r ❝❛r❛ ❡ B✱ s❛✐r ❝♦r♦❛✳ ❚❡♠♦s q✉❡ ♦ ❡s♣❛ç♦ ❛♠♦str❛❧
S é ❞❛❞♦ ♣♦r ④ ❝❛r❛✱ ❝♦r♦❛⑥✱ ❧♦❣♦ ♥S = ✷✳ ❆ss✐♠✿

✭✐✮ 0 ≤ P (A) =
1

2
≤ 1 ❡ 0 ≤ P (B) =

1

2
≤ 1❀

✭✐✐✮ P (S) = 1✱ ♣♦✐s P (S) =
n(S)

n(S)
❂

2

2
= 1❀

✭✐✐✐✮ ❙❛❜❡♠♦s q✉❡ s✐♠✉❧t❛♥❡❛♠❡♥t❡ ♥ã♦ ♦❝♦rr❡ ❝❛r❛ ❡ ❝♦r♦❛✱ ❡♥tã♦

P (A ∪ B) = P (A) + P (B) = 0, 5 + 0, 5 = 1✳

❊①❡♠♣❧♦ ✷✸✳ ◆♦ ❧❛♥ç❛♠❡♥t♦ ❞❡ ✉♠ ❞❛❞♦ ♥ã♦ ✈✐❝✐❛❞♦✱ q✉❛❧ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s❡ ♦❜t❡r
❢❛❝❡ ♠❛✐♦r q✉❡ ✹❄

❖ ❡s♣❛ç♦ ❛♠♦str❛❧ é ❞❛❞♦ ♣♦r✿ S = ④✶✱ ✷✱ ✸✱ ✹✱ ✺✱ ✻⑥✱ ❛ss✐♠✱ n(S) = 6 ❡ ♦
s✉❜❝♦♥❥✉♥t♦ B : ♦❜t❡r ❢❛❝❡ ♠❛✐♦r q✉❡ 4 é ♦ ♥♦ss♦ ❡✈❡♥t♦✱ ❧♦❣♦ B = ④✺✱✻⑥ ❡ n(B) = 2❀

❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ❛ ❞❡✜♥✐çã♦✱ ♦❜t❡♠♦s✿ P (B) =
n(B)

n(S)
❂

2

6
✱ ❧♦❣♦ P (B) =

1

3
✳

✷✻



❊①❡♠♣❧♦ ✷✹✳ ❈♦♥s✐❞❡r❡ ✉♠ ❜❛r❛❧❤♦ ✉s✉❛❧ ❝♦♠♣♦st♦ ❞❡ ✺✷ ❝❛rt❛s ❞✐✈✐❞✐❞❛s ❡♠ ✹ ♥❛✐♣❡s✱
❝❛❞❛ ♥❛✐♣❡ ❝♦♠ ✶✸ ❝❛rt❛s✱❝♦♠♦ ❞❡s❝r✐t♦ ♥♦ ❊①❡♠♣❧♦ ✷✶✳ ❙❛❜❡♠♦s q✉❡ ❛s ❝❛rt❛s ❞❡ ❞♦✐s
♥❛✐♣❡s sã♦ ✈❡r♠❡❧❤❛s ❡ ❞♦✐s sã♦ ♣r❡t❛s✳ ❘❡t✐r❛♥❞♦ ❛♦ ❛❝❛s♦ ✉♠❛ ❝❛rt❛ ❞❡ss❡ ❜❛r❛❧❤♦✱ q✉❛❧
é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ q✉❡ s❡❥❛ ✉♠❛ ✜❣✉r❛❄ ❯♠❛ ❝❛rt❛ ♣r❡t❛❄

❖ ❡s♣❛ç♦ ❛♠♦str❛❧ S é ❡①❛t❛♠❡♥t❡ ♦ ❞❡s❝r✐t♦ ♣♦r S1 ✭❊①❡♠♣❧♦ ✷✶✮✳ ❊♥tã♦ n(S) =
52 ❡ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❡✈❡♥t♦ C : r❡t✐r❛r ✉♠❛ ✜❣✉r❛✱ ❞❡ss❡ ♠♦❞♦✱ n(C) = 12✱ ❝❛❧❝✉❧❛♥❞♦ ❛

♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❈ ♦❝♦rr❡r✱ t❡♠♦s✿ P (C) =
n(C)

n(S)
❂

12

52
✱ ❧♦❣♦ P (C) =

3

13
❀

❆❣♦r❛ ❝♦♥s✐❞❡r❡♠♦s ♦ s✉❜❝♦♥❥✉♥t♦ ❉✱ ❞❡✜♥✐❞♦D : r❡t✐r❛r ✉♠❛ ❝❛rt❛ ♣r❡t❛✳ ❊♥tã♦

n(D) = 26✳ ❙❡❣✉❡ ❡♥tã♦ q✉❡✱ P (D) =
n(D)

n(S)
❂

26

52
✱ ♣♦rt❛♥t♦ P (D) =

1

2
❀

❡ D : r❡t✐r❛r ✉♠❛ ❝❛rt❛ ♣r❡t❛✱ ❞❡ss❡ ♠♦❞♦ ❀ n(D) = 26✳

✶✳✸✳✹ ❉✐❛❣r❛♠❛ ❞❡ ár✈♦r❡

❈❡rt♦s ❡①♣❡r✐♠❡♥t♦s ❞✐s❝r❡t♦s ♣♦❞❡♠ s❡r ✈✐s✉❛❧✐③❛❞♦s ♣♦r ❞✐❛❣r❛♠❛s✳ ❊①♣❡r✐✲
♠❡♥t♦s r❡♣❡t✐❞♦s t❛♠❜é♠✳ ◆❡ss❡ ❝❛s♦✱ ♣♦r ✉♠ ❞✐❛❣r❛♠❛ ♥♦ ❢♦r♠❛t♦ ❞❡ ár✈♦r❡ ♣♦❞❡ s❡r ♦
♠❛✐s ❞✐❞át✐❝♦✳ ❚❛❧ ❞✐❛❣r❛♠❛ é ❝♦♥❤❡❝✐❞♦ ♣♦r ár✈♦r❡ ❞❡ ♣♦ss✐❜✐❧✐❞❛❞❡s✳ ❊ss❡ t✐♣♦ ❞❡ ❞✐❛✲
❣r❛♠❛ é út✐❧ ♥♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞♦ ❡s♣❛ç♦ ❛♠♦str❛❧ ❞♦ ❡①♣❡r✐♠❡♥t♦✱ ♣♦✐s ♣❡r♠✐t❡ ✈✐s✉❛❧✐③❛r
❝♦♠♦ s❡ ❞á ❛ ♦❜t❡♥çã♦ ❞♦s ✈❛❧♦r❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❛ss♦❝✐❛❞♦s ❛♦s ❡✈❡♥t♦s✳ ➱ ✉♠❛ ót✐♠❛
❢❡rr❛♠❡♥t❛ ♣❛r❛ ✈✐s✉❛❧✐③❛r ❛ ❡str✉t✉r❛ ❞❡ ✉♠ ♣r♦❜❧❡♠❛✳

❖ ❝❛♠♣♦ ❞❡ ❡st✉❞♦ ❞♦ ❞✐❛❣r❛♠❛ ❞❡ ár✈♦r❡ ♣❡r♠✐t❡ ❛ ✈✐s✉❛❧✐③❛çã♦ ❣rá✜❝❛ ❞❡
❞✐❢❡r❡♥t❡s ♥í✈❡✐s ❞❡ ❞❡t❛❧❤❛♠❡♥t♦ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❡ é s✐♠♣❧❡s ❡ ♥❛t✉r❛❧ ❞❡ s❡ ❝♦♥str✉✐r✳
P♦r ✐ss♦✱ tr❛t❛✲s❡ ❞❡ ✉♠❛ ❢❡rr❛♠❡♥t❛ ❝♦♠✉♠❡♥t❡ ✉s❛❞❛ ♣❛r❛ ♦r❣❛♥✐③❛r ✐♥❢♦r♠❛çã♦✳ ❊❧❡
é ❢❡✐t♦ ❞❡s❡♥✈♦❧✈❡♥❞♦✲s❡ ♦s ❣❛❧❤♦s ❞❛ ár✈♦r❡ ❡♠ ❞✐❢❡r❡♥t❡s ♥í✈❡✐s ❞❡ ❞❡t❛❧❤❡✱ ♣♦❞❡♥❞♦ s❡r
❞❡s❡♥✈♦❧✈✐❞♦ t❛♥t♦ ❤♦r✐③♦♥t❛❧♠❡♥t❡ q✉❛♥t♦ ✈❡rt✐❝❛❧♠❡♥t❡ ♥❛ ♣á❣✐♥❛✳

❊①❡♠♣❧♦ ✷✺✳ ❯♠❛ ✉r♥❛ ❝♦♥té♠ ✷ ❜♦❧❛s ❛③✉✐s✱ ✻ ❜r❛♥❝❛s ❡ ✹ ❝✐♥③❛s✳ ❙❡ ❞✉❛s ❜♦❧❛s sã♦
r❡t✐r❛❞❛s ❛♦ ❛❝❛s♦✱ s❡q✉❡♥❝✐❛❧♠❡♥t❡✱ s❡♠ r❡♣♦s✐çã♦ ❞❛ ♣r✐♠❡✐r❛✱ q✉❛❧ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡
q✉❡ ❛♠❜❛s s❡❥❛♠ ❜r❛♥❝❛s❄ ❊ ❞❡ q✉❡ ❛♠❜❛s s❡❥❛♠ ❞❛ ♠❡s♠❛ ❝♦r❄

P❛r❛ ♠♦♥t❛r♠♦s ♥♦ss♦ ❞✐❛❣r❛♠❛✱ ♣❛rt✐♠♦s ❞♦ ❝á❧❝✉❧♦ ❞❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♣❛r❛ ❛
♣r✐♠❡✐r❛ r❡t✐r❛❞❛ ❞❡ ✉♠ ❜♦❧❛ ❞❡ ❝❛❞❛ ❝♦r✳ ❆ss✐♠✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ❡s♣❛ç♦ ❛♠♦str❛❧✿

S = {A1, A2, B1, B2, B3, B4, B5, B6, C1, C2, C3, C4},

♦ q✉❡ ♥♦s ❞á✱ n(S) = 12.

A : ❜♦❧❛ ❛③✉❧✱ n(A) = ✷✱ ❡♥tã♦ P (A) =
2

12
=

1

6
.

B : ❜♦❧❛ ❜r❛♥❝❛✱ ❡♥tã♦ P (B) =
6

12
=

1

2
.

C : ❜♦❧❛ ❝✐♥③❛✱ ❡♥tã♦ P (C) =
4

12
=

1

3
.

❈♦♠♦ ❛s ❜♦❧❛s sã♦ r❡t✐r❛❞❛s s❡♠ r❡♣♦s✐çã♦✱ ❡♥tã♦ ♣❛r❛ ❛ s❡❣✉♥❞❛ r❡t✐r❛❞❛ t❡♠♦s
r❡❞✉③✐r ♥♦ss♦ ❡s♣❛ç♦ ❛♠♦str❛❧✱ q✉❡ ♣❛ss❛ ❛ s❡r n(A) = 11✱ ❡ ♦s ❝á❧❝✉❧♦s ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s
t❛♠❜é♠ ♠✉❞❛♠✳ ❱❡❥❛♠♦s ♥♦ ❞✐❛❣r❛♠❛ ✶✳✻✳

❖❜s❡r✈❛♥❞♦ ♦ ❞✐❛❣r❛♠❛✱ ❋✐❣✉r❛ ✶✳✻✱ ✜❝❛ ❢á❝✐❧ ♦❜t❡r ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡s❡❥❛❞❛s✳
❱❡❥❛♠♦s s❛✐r ❛♠❜❛s ❜r❛♥❝❛s✿

✷✼



❋✐❣✉r❛ ✶✳✻✿ ❉✐❛❣r❛♠❛ ❞❡ ♣♦ss✐❜✐❧✐❞❛❞❡s

❱❡r✐✜❝❛♥❞♦ ♥♦ ❞✐❛❣r❛♠❛✱ ♥♦t❛♠♦s q✉❡ ❡①✐st❡ ❛♣❡♥❛s ✉♠ ❝❛♠✐♥❤♦ ♣❛r❛ s❛✐r ❛♠❜❛s

❜r❛♥❝❛s✱ ♣❛ss❛♥❞♦ ♣♦r
6

12
❡

5

11
✳ ▲♦❣♦✿

P (BB) =
6

12
·
5

11
=

30

132
.

▲♦❣♦✱ P (BB) =
5

22
.

❆❣♦r❛✱ ♦❜t❡r❡♠♦s ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s❛✐r ❛♠❜❛s ❞❛ ♠❡s♠❛ ❝♦r✿ ❱❡❥❛ q✉❡ q✉❛♥❞♦
❝♦♥s✐❞❡r❛♠♦s s❛✐r ❞❛ ♠❡s♠❛ ❝♦r✱ ❞❡✈❡♠♦s ❧❡✈❛r ❡♠ ❝♦♥s✐❞❡r❛çã♦ s❛✐r ❛♠❜❛s ❛③✉ís✱ ♦✉
❛♠❜❛s ❜r❛♥❝❛s✱ ♦✉ ❛✐♥❞❛✱ ❛♠❜❛s ❝✐♥③❛s✳ ❇✉s❝❛♥❞♦ ♥♦ ❞✐❛❣r❛♠❛✱ t❡♠♦s três r❛♠♦s ❡♠ q✉❡
✐ss♦ ❛❝♦♥t❡❝❡✿

❼ ♦ r❛♠♦ q✉❡ ♣❛ss❛ ♣❡❧♦ ❝❛♠✐♥❤♦ ❜♦❧❛ ❛③✉❧ ❡ ❜♦❧❛ ❛③✉❧✿
2

12
❡

1

11
❀

❼ ♦ r❛♠♦ q✉❡ ♣❛ss❛ ♣❡❧♦ ❝❛♠✐♥❤♦ ❜♦❧❛ ❜r❛♥❝❛ ❡ ❜♦❧❛ ❜r❛♥❝❛✿
6

12
❡

5

11
❡

❼ ♦ r❛♠♦ q✉❡ ♣❛ss❛ ♣❡❧♦ ❝❛♠✐♥❤♦ ❜♦❧❛ ❝✐♥③❛ ❡ ❜♦❧❛ ❝✐♥③❛ é
4

12
❡

3

11
✳

❙❡❣✉❡ ❡♥tã♦✱ q✉❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♦❜t❡r ❛♠❜❛s ❛③✉✐s é✿

P (AA) =
2

12
·
1

11
=

2

132
;

✷✽



❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♦❜t❡r t❛♥t♦ ♥❛ ♣r✐♠❡✐r❛ r❡t✐r❛❞❛✱ q✉❛♥t♦ ♥❛ s❡❣✉♥❞❛ ❜♦❧❛s ❜r❛♥❝❛s
é✿

P (BB) =
30

132
;

❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♦❜t❡r ❛s ❞✉❛s ❝✐♥③❛s é✿

P (CC) =
4

12
·
3

11
=

12

132
;

P♦rt❛♥t♦✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♣❡❞✐❞❛ é✿ P ✭❛♠❜❛s ❞❛ ♠❡s♠❛ ❝♦r✮❂
2

132
+

30

132
+

12

132
=

44

132
=

1

3
.

✶✳✸✳✺ Pr♦❜❛❜✐❧✐❞❛❞❡ ❈♦♥❞✐❝✐♦♥❛❧

❆ s✐t✉❛çã♦ ❛ s❡❣✉✐r ❛❥✉❞❛ ❛ ❝♦♠♣r❡❡♥❞❡r♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥❞✐✲
❝✐♦♥❛❧✱ q✉❡✱ ❝♦♠♦ ♦ ♥♦♠❡ s✉❣❡r❡✱ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♦❝♦rr❡r ✉♠ ❡✈❡♥t♦ ❝♦♥❞✐❝✐♦♥❛❞♦ à
♦❝♦rrê♥❝✐❛ ❞❡ ♦✉tr♦ ❡✈❡♥t♦✳

❊①❡♠♣❧♦ ✷✻✳ ❉❡③ ❛♠✐❣❛s s❡ r❡✉♥✐r❛♠ ♣❛r❛ ❢❛③❡r ✉♠ ❝♦♥sór❝✐♦ ❞❡ ✈✐❛❣❡♠✱ ♦♥❞❡ ❝❛❞❛
✉♠❛ r❡❝❡❜❡✉ ✉♠❛ ✜❝❤❛ ❝♦♠ ♥ú♠❡r♦ ❞❡ ✉♠ ❛ ❞❡③✳ ❚♦❞♦ ♠ês✱ ❞✉r❛♥t❡ ✶✵ ♠❡s❡s✱ r❡❝❡❜❡rá
♦ ♣rê♠✐♦ ❛q✉❡❧❛ q✉❡ ❢♦r ❝♦♥t❡♠♣❧❛❞❛ ❝♦♠ ❛ ✜❝❤❛ ❝♦rr❡s♣♦♥❞❡♥t❡ à ❜♦❧✐♥❤❛ ❡♠ s♦rt❡✐♦
♥♦ ♠ês✳ ◆♦ ♠♦♠❡♥t♦ ❞♦ ♣r✐♠❡✐r♦ s♦rt❡✐♦✱ ❛ ♣❡ss♦❛ q✉❡ ✜❝♦✉ r❡s♣♦♥sá✈❡❧ ❞❡❝❧❛r♦✉✱ ❛♣ós
s♦rt❡❛r ❛ ❜♦❧✐♥❤❛✱ q✉❡ ♦ ♥ú♠❡r♦ q✉❡ s❛✐✉ é ♣❛r✳ ◗✉❛❧ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ q✉❡ ♦ ♥ú♠❡r♦
s♦rt❡❛❞♦ s❡❥❛ ♠❛✐♦r ♦✉ ✐❣✉❛❧ q✉❡ ✻❄

❱❡❥❛♠♦s q✉❡ ❛♥t❡s ❞♦ s♦rt❡✐♦ ❞❛ ❜♦❧✐♥❤❛✱ t♦❞❛s ❞♦ ❣r✉♣♦ t✐♥❤❛♠ ❡s♣❡r❛♥ç❛ ❞❡ s❡r
❝♦♥t❡♠♣❧❛❞❛s ✱ ♣♦✐s ♦ ❡s♣❛ç♦ ❛♠♦str❛❧ ❡r❛ S = ④ ✶✱ ✷✱ ✸✱ ✹✱ ✺✱ ✻✱ ✼✱ ✽✱ ✾✱ ✶✵⑥✱ ♣♦ré♠ q✉❛♥❞♦
❛ r❡s♣♦♥sá✈❡❧ ♣❡❧♦ s♦rt❡✐♦ ❛✜r♠♦✉ q✉❡ ♦ ♥ú♠❡r♦ s♦rt❡❛❞♦ ❡r❛ ♣❛r✱ ♦ ❡s♣❛ç♦ ❛♠♦str❛❧ ✜❝♦✉
r❡❞✉③✐❞♦ ❛ A = ④ ✷✱ ✹✱ ✻✱ ✽✱ ✶✵⑥✳ ❯♠❛ ❜♦❛ ♠❛♥❡✐r❛ ❞❡ ✈✐s✉❛❧✐③❛r♠♦s ❛ s✐t✉❛çã♦ ❡ ✉t✐❧✐③❛r
✉♠ ❞✐❛❣r❛♠❛✱ ❝♦♠♦ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✶✳✼✳

❈♦♥s✐❞❡r❛♥❞♦ ♦ s✉❜❝♦♥❥✉♥t♦ B ❝♦♠♦ ♦ ❡✈❡♥t♦ s❛✐r ♥ú♠❡r♦ ♠❛✐♦r ♦✉ ✐❣✉❛❧ q✉❡
s❡✐s✳ ❆ ❣❛r❛♥t✐❛ ❞❡ q✉❡ ♦ ♥ú♠❡r♦ s♦rt❡❛❞♦ é ♣❛r r❡❞✉③ ♦ ❡s♣❛ç♦ ❛♠♦str❛❧ ❛♦ ❡✈❡♥t♦ A✳
▲♦❣♦✱ ✉♠ ❡❧❡♠❡♥t♦ ❞♦ s✉❜❝♦♥❥✉♥t♦ B só ♣♦❞❡rá ♦❝♦rr❡r ♥❛ ✐♥t❡rs❡çã♦ ❞❡ A ❡ B✳ ❉❡ss❛
❢♦r♠❛✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ P ❞❡ ♦❝♦rr❡r B✱ ❞❛❞♦ q✉❡ ❥á ♦❝♦rr❡✉ A✱ é

P =
n(A ∩ B)

n(A)
=

3

5
.

❉❡✜♥✐çã♦ ✶✾ ✭Pr♦❜❛❜✐❧✐❞❛❞❡ ❈♦♥❞✐❝✐♦♥❛❧✮✳ ❉❛❞♦s ❞♦✐s ❡✈❡♥t♦s A ❡ B✱ ❝♦♠ P (A) > 0✱

❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧ ❞❡ B ❞❛❞♦ A é ♦ ♥ú♠❡r♦

P (A ∩ B)

P (A)
,

q✉❡ é ❞❡♥♦t❛❞♦ ♣♦r

P (B|A) =
P (A ∩ B)

P (A)
. ✭✶✳✻✮

✷✾



❋✐❣✉r❛ ✶✳✼✿ ❉✐❛❣r❛♠❛ ❞❡ ❱❡♥♥

❉❡ (1.6) ♣♦❞❡♠♦s ❡s❝r❡✈❡r✿

P (B|A) =
P (A ∩B)

P (A)
=

n(A ∩ B)

n(S)

n(A)

n(S)

.

❊①❡♠♣❧♦ ✷✼✳ ❆♦ ❧❛♥ç❛r ✉♠ ❞❛❞♦ ❤♦♥❡st♦✱ s❡ ♦ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ❢♦✐ ♣❛r✱ q✉❛❧ ❛ ♣r♦❜❛❜✐✲
❧✐❞❛❞❡ ❞❡❧❡ s❡r ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ ✺❄

❖ ❡①♣❡r✐♠❡♥t♦ ❞♦ ❧❛♥ç❛♠❡♥t♦ ❞❡ ✉♠ ❞❛❞♦ ♣r♦❞✉③ ♦ s❡❣✉✐♥t❡ ❡s♣❛ç♦ ❛♠♦str❛❧✿
S = {1, 2, 3, 4, 5, 6} ✱ ❡♥tã♦ n(S) = 6. ❆❣♦r❛✱ ✈❡❥❛♠♦s ♦s ❡✈❡♥t♦s✿
A : s❛✐r r❡s✉❧t❛❞♦ ♣❛r✱ ❡♥tã♦ A = ④✷✱✹✱✻⑥ ❡ n(A) = 3 ❡
B : s❛✐r ✉♠ ♥ú♠❡r♦ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ ✺✱ s❡❣✉❡ ❡♥tã♦ q✉❡✱ B = ④✺✱✻⑥ ❡ ❞❡ss❡ ♠♦❞♦✱
n(B) = 2. ◗✉❡r❡♠♦s ❝❛❧❝✉❧❛r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ r❡s✉❧t❛❞♦ s❡r ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ ✺✱ ❛ss✐♠✿

P (B|A) =
P (A ∩ B)

P (A)
,

❱❡❥❛ q✉❡✱ (A ∩ B) = ④✻⑥✱ ❡♥tã♦ n(A ∩ B) = ✶ ❞❡ss❛ ❢♦r♠❛✱

P (A ∩ B) =
n(A ∩ B)

n(S)
=

1

6
❡P (A) =

n(A)

n(S)
=

3

6
,

♣♦rt❛♥t♦✱

P (B|A) =
P (A ∩ B)

P (A)
=

1

6
3

6

=
1

6
·
6

3
=

1

3
.

✸✵



❉❡✜♥✐çã♦ ✷✵ ✭■♥❞❡♣❡♥❞ê♥❝✐❛✮✳ ❉❛❞♦s ❞♦✐s ❡✈❡♥t♦s A ❡ B✱ A ❡ B sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s s❡

P (A ∩ B) = P (A) · P (B). ✭✶✳✼✮

❊①❡♠♣❧♦ ✷✽✳ ❯♠❛ ♠♦❡❞❛ é ❧❛♥ç❛❞❛ ❞✉❛s ✈❡③❡s✳ ❖❜t❡♠♦s ♥❡ss❡ ❝❛s♦ ♦ ❡s♣❛ç♦ ❛♠♦str❛❧
❡q✉✐♣r♦✈á✈❡❧ S ❞❛❞♦ ♣♦r

S = ④❈❈✱ ❈❑✱ ❑❈✱ ❑❑⑥✱ ❡♠ q✉❡ ❑ r❡♣r❡s❡♥t❛ ❝❛r❛ ❡ ❈ r❡♣r❡s❡♥t❛ ❝♦r♦❛✳

❈♦♥s✐❞❡r❡♠♦s ♦ ❡✈❡♥t♦ ❆ ❡♠ q✉❡ ❝♦r♦❛ ♦❝♦rr❛ ♥♦ ♣r✐♠❡✐r♦ ❧❛♥ç❛♠❡♥t♦ ❡ ❇ ♦
❡✈❡♥t♦ ❡♠ q✉❡ ❝❛r❛ ♦❝♦rr❛ ♥♦ s❡❣✉♥❞♦ ❧❛♥ç❛♠❡♥t♦✳ ❚❡♠♦s q✉❡

P (A) =
2

4
=

1

2
❡ P (B) =

2

4
=

1

2
P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ q✉❡ ❝♦r♦❛ ♦❝♦rr❛ ♥♦ ♣r✐♠❡✐r♦ ❡ ❝❛r❛ ♦❝♦rr❛ ♥♦

s❡❣✉♥❞♦ ❧❛♥ç❛♠❡♥t♦ é ❞❛❞❛ ♣♦r

P (A ∩ B) =
1

4
.

P♦rt❛♥t♦✱
P (A ∩ B) = P (A) · P (B).

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ A ❡ B sã♦ ❡✈❡♥t♦s ✐♥❞❡♣❡♥❞❡♥t❡s✳

✶✳✸✳✻ ❚❡♦r❡♠❛ ❞❛ Pr♦❜❛❜✐❧✐❞❛❞❡ ❚♦t❛❧

❚❡♦r❡♠❛ ✹✳ ✭❈❛str♦✱ ✷✵✶✺✱ ♣✳✶✹✮ ❙❡❥❛♠ A1, A2, · · ·An ✉♠❛ ♣❛rt✐çã♦ ✺ ❞♦ ❡s♣❛ç♦ ❛♠♦str❛❧
S ❡ B ✉♠ ❡✈❡♥t♦ q✉❛❧q✉❡r ❞❡ S✱ ❡♥tã♦

P (B) =
n
∑

i=1

P (B | Ai) · P (Ai) ✭✶✳✽✮

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ∪n
i=1Ai = S✱ s❡❣✉❡ q✉❡ B ❂ (A1 ∩ B) ∪ (A2 ∩ B) ∪ · · · ∪ (An ∩B)✳

❖s ❡✈❡♥t♦s (Ai ∩B) sã♦ ♠✉t✉❛♠❡♥t❡ ❡①❝❧✉s✐✈♦s ❞♦✐s ❛ ❞♦✐s✱ ♦✉ s❡❥❛✱ ♥ã♦ ❤á ✐♥t❡rs❡❝çã♦
❡♥tr❡ ❡❧❡s✱ ♣♦✐s Ai ∩ Aj = ∅, ∀ i ̸= j✳ ❉❛í✱

P (B) = P ((A1 ∩ B) ∪ (A2 ∩B) ∪ · · · ∪ (An ∩ B))
= P (A1 ∩ B) + P (A2 ∩ B) + · · ·+ P (An ∩ B)
= P (A1) · P (B | A1) + P (A2) · P (B | A2) + · · ·+ P (An) · P (B | An))

=
n
∑

i=1

P (B | Ai) · P (Ai).

❚❡♦r❡♠❛ ✺✳ ✭❈❛str♦✱ ✷✵✶✺✱ ♣✳✶✺✮ ❙❡❥❛♠ A1, A2, · · ·An ✉♠❛ ♣❛rt✐çã♦ ❞♦ ❡s♣❛ç♦ ❛♠♦str❛❧
S✱ B ❡ C ❞♦✐s ❡✈❡♥t♦s q✉❛✐sq✉❡r ❞❡ S✱ ❡♥tã♦

P (B | C) =
n
∑

i=1

P (B | Ai ∩ C) · P (Ai | C) ✭✶✳✾✮

✺❙❡ Ai ∩Aj = ∅, ∀ i ̸= j ❡
n
⋃

i=1

Ai = S.

✸✶



❉❡♠♦♥str❛çã♦✳ ❱❡❥❛♠♦s q✉❡

P (B | C) = P
(

B ∩
(

n
⋃

i=1

Ai

)

| C
)

=
P
(

B ∩
(

⋃n

i=1 Ai

))

∩ C

P (C)

=
P
(

⋃n

i=1

(

B ∩ Ai

)

∩ C
)

P (C)

=
n
∑

i=1

P (B ∩ Ai ∩ C)

P (C)

=
n
∑

i=1

P (B ∩ Ai ∩ C)

P (C)
·
P (Ai ∩ C)

P (Ai ∩ C)

=
n
∑

i=1

P (B ∩ Ai ∩ C)

P (Ai ∩ C)
·
P (Ai ∩ C)

P (C)

=
n
∑

i=1

P (B | Ai ∩ C) · P (Ai | C)

.

✶✳✸✳✼ ❱❛r✐á✈❡✐s ❆❧❡❛tór✐❛s

◆♦ ❊①❡♠♣❧♦ ✷✼✱ ♦ ❞❛❞♦ ❡r❛ ❧❛♥ç❛❞♦ ✉♠❛ ú♥✐❝❛ ✈❡③✳ ❆ s❡❣✉✐r✱ ♣r♦♣♦♠♦s ♦✉tr♦
❡①♣❡r✐♠❡♥t♦✱ ❛❣♦r❛ ❧❛♥ç❛♥❞♦ ♦ ❞❛❞♦ ❞✉❛s ✈❡③❡s✳

❊①❡♠♣❧♦ ✷✾✳ ❖ ♥♦ss♦ ❡①♣❡r✐♠❡♥t♦ é ❧❛♥çá✲❧♦ ❞✉❛s ✈❡③❡s✱ ❛ss✐♠ ♦ ♥♦ss♦ ❡s♣❛ç♦ ❛♠♦str❛
é ♦ s❡❣✉✐♥t❡✿ S =④✭✶✱✶✮ ✭✷✱✶✮ ✭✸✱✶✮ ✭✹✱✶✮ ✭✺✱✶✮ ✭✻✱✶✮ ✭✶✱✷✮ ✭✷✱✷✮ ✭✸✱✷✮ ✭✹✱✷✮ ✭✺✱✷✮ ✭✻✱✷✮ ✭✶✱✸✮
✭✷✱✸✮ ✭✸✱✸✮ ✭✹✱✸✮ ✭✺✱✸✮ ✭✻✱✸✮ ✭✶✱✹✮ ✭✷✱✹✮ ✭✸✱✹✮ ✭✹✱✹✮ ✭✺✱✹✮ ✭✻✱✹✮ ✭✶✱✺✮ ✭✷✱✺✮ ✭✸✱✺✮ ✭✹✱✺✮ ✭✺✱✺✮
✭✻✱✺✮ ✭✶✱✻✮ ✭✷✱✻✮ ✭✸✱✻✮ ✭✹✱✻✮ ✭✺✱✻✮ ✭✻✱✻✮⑥

P❛r❛ ❝❛❞❛ ♣❛r❛ (x, y) ❞❡ S✱ s❡❥❛ ❳ ♦ ♥ú♠❡r♦ ❞❡ ✈❡③❡s q✉❡ ✺ ❛♣❛r❡❝❡✳ ◆❡st❡ ❝❛s♦✱
X ∈ {0, 1, 2}✱ ♣♦✐s ❳ ♣♦❞❡ ❛♣❛r❡❝❡r ♦✉ ♥ã♦ ♥♦ ♣❛r✱ ♣♦r ❡①❡♠♣❧♦✿ ❡♠ (6, 6) ❡❧❡ ♥ã♦ ❛♣❛r❡❝❡✱
❥á ❡♠ (5, 1)✱ ❛♣❛r❡❝❡ ✉♠❛ ✈❡③✳ ◆❡ss❡ s❡♥t✐❞♦✱ é ♣♦ssí✈❡❧ ❞❡✜♥✐r ✉♠❛ ❢✉♥çã♦ ❳✱ ♥❛ q✉❛❧
♣♦❞❡♠♦s ❛ss♦❝✐❛r ❝❛❞❛ ♣❛r ❞♦ ❡s♣❛ç♦ ❛♠♦str❛❧ ❝♦♠ ✉♠ ❡❧❡♠❡♥t♦ ❞♦ ❝♦♥❥✉♥t♦ {0, 1, 2}✳

❉♦ ♠❡s♠♦ ♠♦❞♦✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r ♦s ❡①❡♠♣❧♦s ❛❜❛✐①♦ ❡ ❞❡✜♥✐r ❢✉♥çõ❡s ❳ ♣❛r❛
❝❛❞❛ ❡①♣❡r✐♠❡♥t♦✳

❊①❡♠♣❧♦ ✸✵✳ ◆❛ ❞❡s❝r✐çã♦ ❞❡ ✉♠❛ ♣❡ç❛ ♠❛♥✉❢❛t✉r❛❞❛ sã♦ ❡♠♣r❡❣❛❞❛s ❡♠♣r❡❣❛♥❞♦
❛♣❡♥❛s ❛s ❝❛t❡❣♦r✐❛s ❞❡❢❡✐t✉♦s❛ ❡ ♥ã♦ ❞❡❢❡✐t✉♦s❛✳ P♦❞❡♠♦s ❞❡✜♥✐r ✉♠❛ ❢✉♥çã♦ ❳✱ ♦♥❞❡
❛ss♦❝✐❛r❡♠♦s ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞♦ ❡s♣❛ç♦ ❛♠♦str❛❧✱ ✉♠❛ ❞❛s ❝❛t❡❣♦r✐❛s✱ ❝♦♠ ✉♠ ❡❧❡♠❡♥t♦
❞♦ ❝♦♥❥✉♥t♦ X ∈ {0, 1}✳

❊①❡♠♣❧♦ ✸✶✳ ❯♠❛ ✉r♥❛ ❝♦♥té♠ ❞✉❛s ❜♦❧❛s ✈❡r♠❡❧❤❛s ✭❱✮ ❡ ♦✐t♦ ❜♦❧❛s ♣r❡t❛s ✭P✮✳ ❙ã♦
s♦rt❡❛❞❛s ❞✉❛s ❜♦❧❛s ❛♦ ❛❝❛s♦✱ s❡♠ r❡♣♦s✐çã♦✳ ◆❡st❡ ❝❛s♦✱ S = ④✭❱✱❱✮✱ ✭❱✱P✮✱ ✭P✱P✮✱
✭P✱❱✮⑥✱ ❛ ❝❛❞❛ ♣❛r ♣♦❞❡♠♦s ❛ss♦❝✐❛r ✉♠ ❡❧❡♠❡♥t♦ ❞♦ ❝♦♥❥✉♥t♦ ④✵✱✶✱✷⑥ ❛tr❛✈és ❞❛ ❢✉♥çã♦
❳✱ s❡♥❞♦ ❳✿ ♥ú♠❡r♦ ❞❡ ❜♦❧❛s ✈❡r♠❡❧❤❛s r❡t✐r❛❞❛s✳

P♦❞❡♠♦s r❡♣r❡s❡♥t❛r ❛ s✐t✉❛çã♦ ♣♦r ✉♠❛ ár✈♦r❡ ❞❡ ♣♦ss✐❜✐❧✐❞❛❞❡s✱ ❝♦♥❢♦r♠❡ ❛
❋✐❣✉r❛✶✳✽✳

✸✷



❋✐❣✉r❛ ✶✳✽✿ ❉✐❛❣r❛♠❛ ❞❡ ♣♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛ s♦rt❡✐♦ ❞❡ ❞✉❛s ❜♦❧❛s

❯s❛r❡♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧✱ ✉♠❛ ✈❡③ q✉❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡
❞❛ s❡❣✉♥❞❛ r❡t✐r❛❞❛ ❞❡♣❡♥❞❡ ❞❛ ♣r✐♠❡✐r❛ ❜♦❧❛ q✉❡ s❛✐✱ q✉❛♥❞♦ ❝❛❧❝✉❧❛♠♦s ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡
❞❛ s❡❣✉♥❞❛ ❜♦❧❛✱ ♦ ❡s♣❛ç♦ ❛♠♦str❛❧ r❡❞✉③✐rá✱ ♦✉ s❡❥❛✱ s❡♠♣r❡ q✉❡ ❝❛❧❝✉❧❛♠♦s P (A|B)✱
❡st❛r❡♠♦s ❝❛❧❝✉❧❛♥❞♦ P (B) ❡♠ r❡❧❛çã♦ ❛♦ ❡s♣❛ç♦ ❛♠♦str❛❧ r❡❞✉③✐❞♦ A✱ ❡♠ ❧✉❣❛r ❞❡ ❢❛③ê✲
❧♦ ❡♠ r❡❧❛çã♦ ❛♦ ❡s♣❛ç♦ ❛♠♦str❛❧ ♦r✐❣✐♥❛❧✱ ❛ss✐♠✿

❆ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r❡t✐r❛r ❛ s❡❣✉♥❞❛ ❜♦❧❛ ✈❡r♠❡❧❤❛✱ ❞❛❞❛ q✉❡ ❛ ♣r✐♠❡✐r❛ ❜♦❧❛
r❡t✐r❛❞❛ t❛♠❜é♠ ❢♦✐ ✈❡r♠❡❧❤❛ ❡ ❞❛❞❛ ♣♦r✿

P (V |V ) =
2

10
·
1

9
=

2

90
=

1

45
.

❉♦ ♠❡s♠♦ ♠♦❞♦ ♦❝♦rr❡ ♣❛r❛ ❝❛❧❝✉❧❛r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r❡t✐r❛r ❛ s❡❣✉♥❞❛ ❜♦❧❛ ✈❡r♠❡❧❤❛✱
❞❛❞❛ q✉❡ ❛ ♣r✐♠❡✐r❛ ❜♦❧❛ r❡t✐r❛❞❛ ❢♦✐ ♣r❡t❛✿

P (V |P ) =
8

10
·
2

9
=

16

90
=

8

45.

❈❛❧❝✉❧❛♥❞♦ ❞❡ ♠♦❞♦ s❡♠❡❧❤❛♥t❡ ❛s ❞❡♠❛✐s ♣r♦❜❛❜✐❧✐❞❛❞❡s✱ t❡♠♦s

P (P |P ) =
8

10
·
7

9
=

56

90
=

28

45
;

P (P |V ) =
2

10
·
8

9
=

16

90
=

8

45

❊♠ ♠✉✐t❛s s✐t✉❛çõ❡s ❡①♣❡r✐♠❡♥t❛✐s✱ ♦ ✐♥t❡r❡ss❡ é ♥❛ ♠❡♥s✉r❛çã♦ ❞❡ ❛❧❣✉♠❛ ❝♦✐s❛ ❡
♥♦ s❡✉ r❡❣✐str♦ ❝♦♠♦ ✉♠ ♥ú♠❡r♦✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ♦ ❡s♣❛ç♦ ❛♠♦str❛❧ s❡r ♦✉ ♥ã♦ ❢♦r♠❛❞♦
♣♦r r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s✱ ❝♦♠♦ ❛❝♦♥t❡❝❡ ♥♦ s❡❣✉♥❞♦ ❡①❡♠♣❧♦ ❛❝✐♠❛✿ ❛tr✐❜✉í♠♦s ✉♠
♥ú♠❡r♦ ❛ ❝❛❞❛ r❡s✉❧t❛❞♦ ❞♦ ❡①♣❡r✐♠❡♥t♦✱ ❛ss♦❝✐❛♠♦s ③❡r♦ às ♣❡ç❛s s❡♠ ❞❡❢❡✐t♦ ❡ ✉♠
♣❛r❛ ❛s ♣❡ç❛s ❝♦♠ ❞❡❢❡✐t♦✳ P♦rt❛♥t♦✱ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s sã♦ ✈❛r✐á✈❡✐s ♥✉♠ér✐❝❛s às q✉❛✐s
✐r❡♠♦s ❛ss♦❝✐❛r ♠♦❞❡❧♦s ❛❧❡❛tór✐♦s✳ ❱❡r❡♠♦s q✉❡ ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ t❡♠ ✉♠ ♥ú♠❡r♦
♣❛r❛ ❝❛❞❛ r❡s✉❧t❛❞♦ ❞❡ ✉♠ ❡①♣❡r✐♠❡♥t♦✳

✸✸



❉❡✜♥✐çã♦ ✷✶ ✭❱❛r✐á✈❡❧ ❆❧❡❛tór✐❛✮✳ ❙❡❥❛♠ E ✉♠ ❡①♣❡r✐♠❡♥t♦ ❡ S ✉♠ ❡s♣❛ç♦ ❛♠♦str❛❧
❛ss♦❝✐❛❞♦ ❛♦ ❡①♣❡r✐♠❡♥t♦✳ ❯♠❛ ❢✉♥çã♦ X✱ q✉❡ ❛ss♦❝✐❡ ❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ s ∈ S ✉♠ ♥ú♠❡r♦
r❡❛❧✱ X(s)✱ é ❞❡♥♦♠✐♥❛❞❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛✳

❆ss✐♠✱ q✉❛♥❞♦ ❞❡s❡❥❛♠♦s ❛tr✐❜✉✐r ✉♠ ♥ú♠❡r♦ r❡❛❧ x ❛ t♦❞♦ ❡❧❡♠❡♥t♦ s ❞❡ ❡s♣❛ç♦
❛♠♦str❛❧ S✱ q✉❡r❡♠♦s x = X(s)✱ q✉❡ é ♦ ✈❛❧♦r ❞❡ ✉♠❛ ❢✉♥çã♦ X ❞♦ ❡s♣❛ç♦ ❛♠♦str❛❧ ♥♦s
♥ú♠❡r♦s r❡❛✐s✱ ✐ss♦ é ❢❡✐t♦ ❛tr❛✈és ❞❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛✱ q✉❡ é ✉♠❛ r❡❣r❛ ❞❡ ❛ss♦❝✐❛çã♦
❞❡ ✉♠ ✈❛❧♦r ♥✉♠ér✐❝♦ ❛ ❝❛❞❛ ♣♦♥t♦ ❞♦ ❡s♣❛ç♦ ❛♠♦str❛❧✳ ❚❡♠♦s ❞♦✐s t✐♣♦s ❞❡ ✈❛r✐á✈❡✐s
❛❧❡❛tór✐❛s✿ ❞✐s❝r❡t❛s ❡ ❝♦♥tí♥✉❛s✳ ❉❡✜♥✐r❡♠♦s ❛♣❡♥❛s ❛s ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ❞✐s❝r❡t❛s✱
✉♠❛ ✈❡③ q✉❡ é ❡❧❛ q✉❡ s❡rá ✉t✐❧✐③❛❞❛ ♥♦ ❡st✉❞♦ ❞❡ ❝❛❞❡✐❛s ❞❡ ▼❛r❦♦✈✳

❉❡✜♥✐çã♦ ✷✷ ✭❱❛r✐á✈❡❧ ❆❧❡❛tór✐❛ ❉✐s❝r❡t❛✮✳ ❙❡❥❛ X ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛✳ ❙❡ ♦
♥ú♠❡r♦ ❞❡ ✈❛❧♦r❡s ♣♦ssí✈❡✐s ❞❡ X ❢♦r ✜♥✐t♦ ♦✉ ✐♥✜♥✐t♦ ❡♥✉♠❡rá✈❡❧✱ ❞❡♥♦♠✐♥❛✲s❡ X ❞❡
✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ❞✐s❝r❡t❛✳

■st♦ é✱ ♦s ✈❛❧♦r❡s ♣♦ssí✈❡✐s ❞❡X✱ ♣♦❞❡♠ s❡r ♣♦st♦s ❡♠ ❧✐st❛ ❝♦♠♦ x1, x2, . . . , xn✳ ◆♦
❝❛s♦ ✜♥✐t♦✱ ❛ ❧✐st❛ ❛❝❛❜❛✱ ❡ ♥♦ ❝❛s♦ ✐♥✜♥✐t♦ ❡♥✉♠❡rá✈❡❧✱ ❛ ❧✐st❛ ❝♦♥tí♥✉❛ ✐♥❞❡✜♥✐❞❛♠❡♥t❡✳

❱❡❥❛♠♦s ❛❜❛✐①♦ ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ❞✐s❝r❡t❛s✿

❊①❡♠♣❧♦ ✸✷✳ ❖ s❡❣✉✐♥t❡ ❡①♣❡r✐♠❡♥t♦ ❛❧❡❛tór✐♦ ❝♦♥s✐st❡ ❡♠ ♦❜s❡r✈❛r ❛ ❢❛❝❡ s✉♣❡r✐♦r ♥♦
❧❛♥ç❛♠❡♥t♦ ❞❡ ❞✉❛s ♠♦❡❞❛s✳

◆❡ss❡ ❝❛s♦✱ ♦ ❡s♣❛ç♦ ❛♠♦str❛❧ ♣♦❞❡ s❡r ❞❡✜♥✐❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

S = {s1, s2, s3, s4} ,

❡♠ q✉❡ s1 = (cara, cara)✱ s2 = (cara, coroa)✱ s3 = (coroa, cara) ❡ s4 = (coroa, coroa)✳ ❙❡
❞❡✜♥✐♠♦s ❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ X✿ ♥ú♠❡r♦ ❞❡ ❝❛r❛s ♥♦ ❧❛♥ç❛♠❡♥t♦ ❞❡ ❞✉❛s ♠♦❡❞❛s✱ ❡♥tã♦
♦❜t❡♠♦s✿ X(s1) = 2✱ X(s2) = 1✱ X(s3) = 1 ❡ X(s4) = 0✱ ♦✉ s❡❥❛✱ ❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ X
❛ss✉♠❡ ♦s ✈❛❧♦r❡s X ∈ {0, 1, 2}✳ ❆ss✐♠✱

❼ X = 0❀ ❝♦rr❡s♣♦♥❞❡ ❛♦ ❡✈❡♥t♦ (s4)✳ ❱❡❥❛ q✉❡ P (X = 0) = P (X = {s4}) =
1

4
✳

❼ X = 1, ❝♦rr❡s♣♦♥❞❡ ❛♦ ❡✈❡♥t♦ (s2) ∪ (s3)✳ ❖❜s❡r✈❡ q✉❡ P (X = 1) = P (X =

{s2, s3}) =
1

4
+

1

4
=

2

4
=

1

2
✳

❼ X = 2, ❝♦rr❡s♣♦♥❞❡ ❛♦ ❡✈❡♥t♦ (s1), ❡ P (X = 2) = P (X = {s4}) =
1

4
✳

❱❡❥❛♠♦s ❡ss❛ ❛ss♦❝✐❛çã♦ ♥❛ ❋✐❣✉r❛✶✳✾✳

❊①❡♠♣❧♦ ✸✸✳ ◆✉♠ ❡①♣❡r✐♠❡♥t♦ ❛❧❡❛tór✐♦ ♦❜s❡r✈❛✲s❡ ♦ ❣ê♥❡r♦ ❞❛s ❝r✐❛♥ç❛s ❡♠ ❢❛♠í❧✐❛s
❝♦♠ três ✜❧❤♦s ✭▼✿ ♠❛s❝✉❧✐♥♦ ❡ ❋✿ ❢❡♠✐♥✐♥♦✮✳ ❖ ❡s♣❛ç♦ ❛♠♦str❛❧ ✜❝❛ ❞❛❞♦ ♣♦r ♦❜s❡r✈❛çã♦
❞♦ s❡①♦ ✭▼✿ ♠❛s❝✉❧✐♥♦ ❡ ❋✿ ❢❡♠✐♥✐♥♦✮ ❞❛s ❝r✐❛♥ç❛s ❡♠ ❢❛♠í❧✐❛s ❝♦♠ três ✜❧❤♦s✳

S = {(MMM), (MMF ), (MFM), (FMM), (MFF ), (FMF ), (FFM), (FFF )}

❡st❛❜❡❧❡❝❡♥❞♦ ❛ ❛ss♦❝✐❛çã♦ s1 = ✭▼▼▼✮❀ s2 = ✭▼▼❋✮❀ s3 =✭▼❋▼✮❀ s4 =✭❋▼▼✮❀s5 =
✭▼❋❋✮✱ s6 =✭❋▼❋✮❀ s7 = ✭❋❋▼✮ ❡ s8 =✭❋❋❋✮✳ ❉❡✜♥✐♠♦s X : ♥ú♠❡r♦ ❞❡ ❝r✐❛♥ç❛s ❞♦
s❡①♦ ♠❛s❝✉❧✐♥♦ ✭▼✮✳ ❊♥tã♦ ❳ ❛ss✉♠❡ ✈❛❧♦r❡s ♥♦ ❝♦♥❥✉♥t♦ ④✵✱ ✶✱ ✷✱ ✸⑥✳ P♦rt❛♥t♦ ❳ é ✉♠❛
✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ❞✐s❝r❡t❛✳
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❋✐❣✉r❛ ✶✳✾✿ ❉❡s❝r✐çã♦ ❞❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ X✿ ♥ú♠❡r♦ ❞❡ ❝❛r❛s ♥♦ ❧❛♥ç❛♠❡♥t♦ ❞❡ ❞✉❛s
♠♦❡❞❛s✳

❋✐❣✉r❛ ✶✳✶✵✿ ❉✐❛❣r❛♠❛ ❞❡ P♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛ ❧❛♥ç❛♠❡♥t♦ ❞❡ ✉♠❛ ♠♦❡❞❛ três ✈❡③❡s

❊①❡♠♣❧♦ ✸✹✳ ❈♦♥s✐❞❡r❡ ♦ ❡①♣❡r✐♠❡♥t♦ ❞❡ ❧❛♥ç❛r ✉♠❛ ♠♦❡❞❛ ❤♦♥❡st❛ três ✈❡③❡s ❡ ♦❜s❡r✈❛r
❛s ❢❛❝❡s q✉❡ ♦❝♦rr❡♠✳

❖❜s❡r✈❡♠♦s ♦ ❉✐❛❣r❛♠❛ ❞❡ ♣♦ss✐❜✐❧✐❞❛❞❡s✱ ❋✐❣✉r❛ ✶✳✶✵✿
❆ss✐♠✱ ✉♠ ❡s♣❛ç♦ ❛♠♦str❛❧ é ♦ ❝♦♥❥✉♥t♦

S = {(K,K,K), (K,K,C), (K,C,K), (K,C,C),

(C,K,K), ((K,C,K), (C,C,K), (C,C,C)}.

P❛r❛ ❝❛❞❛ s ❡♠ S✱ ❞❡✜♥✐♠♦s X(s) ❝♦♠♦ ♦ ♥ú♠❡r♦ ❞❡ ❝❛r❛s✭❑✮ ♦❝♦rr✐❞❛✭s✮ ♥♦s
três ❧❛♥ç❛♠❡♥t♦s✳ ▲♦❣♦✱ ♦s ✈❛❧♦r❡s ♣♦ssí✈❡✐s ♣❛r❛ ❳✱ sã♦✿ ✵✱ ✶✱ ✷ ♦✉ ✸✳ P♦rt❛♥t♦ ❳ é ✉♠❛
✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ❞✐s❝r❡t❛✳

❊①❡♠♣❧♦ ✸✺✳ ▲❛♥ç❛♠❡♥t♦ ❞❡ ✉♠❛ ♠♦❡❞❛ ❤♦♥❡st❛ r❡♣❡t✐❞❛♠❡♥t❡ ❛té q✉❡ ♦❝♦rr❛ ❛ ❢❛❝❡
❝♦r♦❛✭❈✮✳ ❖ r❡s✉❧t❛❞♦ é ❛ ♦❜s❡r✈❛çã♦ ❞❛s ❢❛❝❡s q✉❡ ♦❝♦rr❡♠✳

❯♠ ❡s♣❛ç♦ ❛♠♦str❛❧ ♣❛r❛ ♦ ❡①♣❡r✐♠❡♥t♦ ♣♦❞❡ s❡r ❞❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦✿ S =④✭❑✮✱
✭❑✱❈✮✱ ✭❑✱❑✱❈✮✱✭❑✱❑✱❑✱❈✮✱✭❑✱❑✱❑✱❑✱❈✮✱✭❑✱❑✱❑✱❑✱❑✱❈✮✱ · · · ⑥

❉❡✜♥✐♥❞♦ X(s) ❝♦♠♦ ♦ ♥ú♠❡r♦ ❞❡ ❝❛r❛s ♦❝♦rr✐❞❛s ❡♠ s✱ ♣❛r❛ ❝❛❞❛ s ❡♠ S✱ t❡♠♦s
❝♦♠♦ ✐♠❛❣❡♠ ♦ ❝♦♥❥✉♥t♦ SX =④✵✱✶✱✷✱✸✱✹✱✺✱· · · ⑥✳ ▲♦❣♦✱ X é ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ❞✐s❝r❡t❛✱
t♦❞❛✈✐❛ ❝♦♠ ✐♠❛❣❡♠ ✐♥✜♥✐t❛ ❡♥✉♠❡rá✈❡❧✳

✸✺



❈❛♣ít✉❧♦ ✷

●r❛❢♦s

▼✉✐t❛s s✐t✉❛çõ❡s ♣♦❞❡♠ s❡r ❞❡s❝r✐t❛s ♣♦r ❣r❛❢♦s✳ ◆❡ss❡ s❡♥t✐❞♦✱ ❛♣r❡s❡♥t❛♠♦s
❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❞❡st❛ t❡♦r✐❛ ❞❡ ♠♦❞♦ q✉❡ ✈❡♥❤❛ ❝♦♥tr✐❜✉✐r ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ❝❛❞❡✐❛s ❞❡
▼❛r❦♦✈✱ ❡ ♣♦r q✉❡ ♥ã♦✱ ❡♠ ♦✉tr❛s ❛♣❧✐❝❛çõ❡s✱ ✈✐st♦ q✉❡ é ✉♠❛ t❡♦r✐❛ q✉❡ ❛❜r❛♥❣❡ ♠✉✐t❛s
ár❡❛s✳ ◆❡st❡ ❝❛♣ít✉❧♦✱ ♦ ♦❜❥❡t✐✈♦ é ❛♣r❡s❡♥t❛r t❡♦r✐❛ ❜ás✐❝❛ ❞❡ ❣r❛❢♦s✳
P❛r❛ ♣❡♥s❛r♠♦s✿

❊①❡♠♣❧♦ ✸✻✳ ✶✳ Pr♦❜❧❡♠❛ ✶ ✭❛❞❛♣t❛❞♦ ❏✉r❦✐❡✇✐❝③✱ ✷✵✶✾ ♣✳✸✮✿ ▲✐❣✉❡ ❊❧❡tr✐✲
❝✐❞❛❞❡✱ ●ás ❡ ❙❛♥❡❛♠❡♥t♦ ❜ás✐❝♦ às três ❝❛s❛s ✻ s❡♠ q✉❡ ❛s ❧✐♥❤❛s s❡ ❝r✉③❡♠✳ ➱
♣♦ssí✈❡❧❄

❋✐❣✉r❛ ✷✳✶✿ ❖ ♣r♦❜❧❡♠❛ ❞❛s três ❝❛s❛s
❋♦♥t❡✿ ❆✉t♦r❛✱ ✷✵✷✷

Pr♦❜❧❡♠❛ ✷ ✭❛❞❛♣t❛❞♦ P❘■▼❊■❘❆ ❋❆❙❊ ✲ ◆❮❱❊▲ ✸ ✲ ❖❇▼❊P ✷✵✵✾✮✿
❆ ❋✐❣✉r❛ ✷✳✷ ♠♦str❛ ❛ ♣❧❛♥t❛ ❞❡ ✉♠ s❤♦♣♣✐♥❣ q✉❡ t❡♠ s❡✐s s❡t♦r❡s✱ ✐♥❞✐❝❛❞❛s ♣❡❧❛s
❧❡tr❛s ❞❡ ❆ ❛té ❋✳ ❏♦ã♦ ❡♥tr♦✉ ♥♦ s❤♦♣♣✐♥❣✱ ♣❡r❝♦rr❡✉ t♦❞❛s ♦s s❡t♦r❡s ❡ ❢♦✐ ❡♠❜♦r❛
t❡♥❞♦ ♣❛ss❛❞♦ ❡①❛t❛♠❡♥t❡ ❞✉❛s ✈❡③❡s ♣♦r ✉♠ ❞♦s ❛❝❡ss♦s ❡ ✉♠❛ ú♥✐❝❛ ✈❡③ ♣♦r ❝❛❞❛
✉♠ ❞♦s ♦✉tr♦s✳ ❖ ❛❝❡ss♦ ♣❡❧♦ q✉❛❧ ❏♦ã♦ ♣❛ss♦✉ ❞✉❛s ✈❡③❡s ❧✐❣❛ q✉❛✐s s❡t♦r❡s❄

✻Pr♦❜❧❡♠❛ ❝❧áss✐❝♦ ✐♥t✐t✉❧❛❞♦ ✧Pr♦❜❧❡♠❛ ❞❛s três ❝❛s❛s✧✱ ❝✉❥❛ s♦❧✉çã♦ ♥ã♦ ❡①✐st❡ ♥❛s ❝♦♥❞✐çõ❡s ❞❛❞❛s✳

✸✻



❋✐❣✉r❛ ✷✳✷✿ P❛ss❡✐♦ ♥♦ ❙❤♦♣♣✐♥❣
❋♦♥t❡✿ ❖❇▼❊P ✭✷✵✵✾✮

❖s ❞♦✐s ♣r♦❜❧❡♠❛s ❛♣r❡s❡♥t❛❞♦s ♣♦❞❡♠ s❡r tr❛t❛❞♦s ❞♦ ♠❡s♠♦ ♠♦❞♦✿ ✉♠ ❝♦♥✲
❥✉♥t♦ ❞❡ ♣♦♥t♦s ❡ ❧✐❣❛çõ❡s ❡♥tr❡ ❡❧❡s✳ ❊ss❛ ❡str✉t✉r❛ ❝❤❛♠❛♠♦s ❞❡ ❣r❛❢♦✳ ❖ t❡①t♦✱ ❛ s❡❣✉✐r
❢♦✐ ❝♦♥str✉í❞♦ ❛ ♣❛rt✐r ❞❡ ❆ss✐s ✭✷✵✶✻✮ ✱ ❄✱ ▲✉❝❛s ✭✷✵✶✾✮ ✱ ◆♦❣✉❡✐r❛ ✭✷✵✶✺✮ ❡ ❋❛✈❛r♦ ✭✷✵✶✼✮✳

✷✳✶ ❇r❡✈❡ ❤✐stór✐❝♦

❆ ❢♦r♠❛❧✐③❛çã♦ ❞❛ t❡♦r✐❛ ❞❡ ❣r❛❢♦s é r❡❝❡♥t❡✿ ♦ ♣r✐♠❡✐r♦ t❡♦r❡♠❛ r❡❣✐str❛❞♦ ❡stá
❞❛t❛❞♦ ❞❡ ✶✼✸✻✱ ❢❡✐t♦ ♣♦r ❊✉❧❡r✼ ♣❛r❛ s♦❧✉❝✐♦♥❛r ♦ ♣r♦❜❧❡♠❛ ❝❤❛♠❛❞♦ ❞❛s P♦♥t❡s ❞❡
❑♦♥✐❣s❜❡r❣✳

❖ ♣r♦❜❧❡♠❛ ♠❡♥❝✐♦♥❛❞♦ tr❛t❛ ❞❛ ❝✐❞❛❞❡ ❞♦ ❑♦♥✐❣s❜❡r❣✱ q✉❡ é ❝♦rt❛❞❛ ♣❡❧♦ r✐♦
Pr❡❣ó❧✐❛✱ ❢♦r♠❛♥❞♦ ❛ss✐♠✱ ❞✉❛s ✐❧❤❛s✱ q✉❡ ♥❛ é♣♦❝❛ ❡r❛♠ ❧✐❣❛❞❛s ♣♦r s❡t❡ ♣♦♥t❡s✱ ❝♦♥❢♦r♠❡
❛ ❋✐❣✉r❛ ✷✳✸✳

❋✐❣✉r❛ ✷✳✸✿ ❆s s❡t❡ ♣♦♥t❡s ❞❡ ❑♦♥✐❣s❜❡r❣
❋♦♥t❡✿ ●✐✉s❝ã ✭✷✵✵✺✮

❖ ❈❡♥tr♦ ❞❡ ❉✐❢✉sã♦ ❡ ❊♥s✐♥♦ ▼❛t❡♠❛t❡❝❛ ❞♦ ■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛ ❡ ❊s✲
t❛tíst✐❝❛ ✭■▼❊✮ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❞❡ ❙ã♦ P❛✉❧♦ ✭❯❙P✮ ♣♦ss✉✐ ✉♠ ❛❝❡r✈♦ ❞❡ ♦❜❥❡t♦s ♣❛r❛

✼▲❡♦♥❤❛r❞ ❊✉❧❡r ✭✶✼✵✼✲✶✼✽✸✮ ❢♦✐ ✉♠ ✐♠♣♦rt❛♥t❡ ♠❛t❡♠át✐❝♦ ❡ ❝✐❡♥t✐st❛ s✉íç♦✱ é ✉♠ ❞♦s ❣r❛♥❞❡s ♠❛t❡✲
♠át✐❝♦s ❞❛ ❤✐stór✐❛ ❡✱ ❝❡rt❛♠❡♥t❡✱ ♦ ♠❛✐s ♣r♦❧í✜❝♦ ❞❡ t♦❞♦s ♦s t❡♠♣♦s✳ ❙❡✉s tr❛❜❛❧❤♦s ❝♦♥tê♠ ✐♥ú♠❡r❛s
❝♦♥tr✐❜✉✐çõ❡s ❢✉♥❞❛♠❡♥t❛✐s ❛ ❞✐✈❡rs❛s ár❡❛s ❞❛ ♠❛t❡♠át✐❝❛ ✭❞❛ t❡♦r✐❛ ❞♦s ♥ú♠❡r♦s ❛té ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡✮✱
❞❛ ❢ís✐❝❛ ✭❛❝úst✐❝❛✱ ót✐❝❛✮✱ ❞❛ ❛str♦♥♦♠✐❛ ✭❞♦ ♠♦✈✐♠❡♥t♦ ♣❧❛♥❡t❛s ❡ ❝♦♠❡t❛s ❛té ❛ ❣❡♦❢ís✐❝❛ ❡ ♦ ❡st✉❞♦ ❞❛s
♠❛rés✮✱ ❞❛ ♠❡❝â♥✐❝❛ ✭❞❛ t❡♦r✐❛ ❞♦s ❝♦r♣♦s rí❣✐❞♦s à ❝✐ê♥❝✐❛ ♥❛✈❛❧✮✱ ❞❛ ❧ó❣✐❝❛✱ ❞❛ ✜❧♦s♦✜❛ ❡ ❛té ❞❛ ♠ús✐❝❛✳
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❞✐✈✉❧❣❛çã♦ ❞❛ ♠❛t❡♠át✐❝❛✱ ❝♦❧♦❝❛♥❞♦ ❝♦♠♦ ♦❜❥❡t✐✈♦ ♣r❡st❛r s❡r✈✐ç♦s r❡❢❡r❡♥t❡s à ❞✐✈✉❧✲
❣❛çã♦ ❞❛ ▼❛t❡♠át✐❝❛ ♣❛r❛ ♦ ♣ú❜❧✐❝♦ ❡♠ ❣❡r❛❧ ❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ ❡st✉❞❛♥t❡s ❞❡ t♦❞♦s
♦s ♥í✈❡✐s ❞❡ ❡♥s✐♥♦✳ ◆❡ss❡ s❡♥t✐❞♦✱ ✉♠ ❞♦s ♠❛t❡r✐❛✐s ❡♠ s❡✉ ❛❝❡r✈♦ é ✉♠ t❛❜✉❧❡✐r♦ ✐♥t❡r❛✲
t✐✈♦ ♣❛r❛ s✐♠✉❧❛r ♦ ♣r♦❜❧❡♠❛ ❡♠ q✉❡stã♦✱ ♣♦❞❡♥❞♦ ❝♦❧♦❝❛r s❡t❡✱ ♠❡♥♦s ♦✉ ♠❛✐s ♣♦♥t❡s✱
❞✐s♣♦♥❞♦✲❛s ♦♥❞❡ ❞❡s❡❥❛r✳ ❖❜s❡r✈❡ ❛ ❋✐❣✉r❛ ✷✳✹✳

❋✐❣✉r❛ ✷✳✹✿ ✏❆s s❡t❡ ♣♦♥t❡s ❞❡ ❑♦♥✐❣s❜❡r❣✑ ✲ ❚❛❜✉❧❡✐r♦ r❡♣r❡s❡♥t❛♥❞♦ ❛s s❡t❡ ♣♦♥t❡s ❞❡
❑ö♥✐❣s❜❡r❣ ✲ ❛❝❡r✈♦ ❞❛ ▼❛t❡♠❛t❡❝❛ ■▼❊✲❯❙P

❋♦♥t❡✿ ❆r❣❡♥t♦♠ ✭✷✵✶✼✮

❋✐❣✉r❛ ✷✳✺✿ ▼♦❞❡❧♦ ♠❛t❡♠át✐❝♦ ❞♦ Pr♦❜❧❡♠❛ ✏❆s s❡t❡ ♣♦♥t❡s ❞❡ ❑♦♥✐❣s❜❡r❣✑
❋♦♥t❡✿ ❆✉t♦r❛✱ ✷✵✷✷

❆ sí♥t❡s❡ ❞♦ ❞❡s❛✜♦ ❡r❛ ❛tr❛✈❡ss❛r t♦❞❛s ❛s ♣♦♥t❡s ❞❛ ❝✐❞❛❞❡ ♣❛ss❛♥❞♦ ✉♠❛ ú♥✐❝❛
✈❡③ ❡♠ ❝❛❞❛ ✉♠❛ ❞❡❧❛s✳

❖✉tr♦s ♠❛t❡♠át✐❝♦s ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ t❡♦r✐❛ ❞♦s ❣r❛❢♦s

✸✽



❞✉r❛♥t❡ ♦ sé❝✉❧♦ ❳■❳✿ ❑✐r❝❤❤♦✛✽✱ ❈❛②❧❡②✾ ❡ ❍❛♠✐❧t♦♥✶✵✳ ❚❛♠❜é♠ ♥♦ sé❝✉❧♦ ❳■❳✱ ♦
♠❛t❡♠át✐❝♦ ❙②❧✈❡st❡r✶✶ ❛♣r❡s❡♥t❛✱ ❞❡ ♠♦❞♦ ♣✐♦♥❡✐r♦ ♦ t❡r♠♦ ❣r❛♣❤ ♥♦ s❡♥t✐❞♦ ❞❡ ❣r❛❢♦✳ ◆♦
sé❝✉❧♦ s❡❣✉✐♥t❡✱ ❛♣ós ✶✾✼✵✱ ❛ t❡♦r✐❛ ❝r❡s❝❡✉✱ ✐♠♣✉❧s✐♦♥❛❞❛ ♣❡❧♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❛❝❡❧❡r❛❞♦
❞♦s ❝♦♠♣✉t❛❞♦r❡s✳

✷✳✷ ❖ q✉❡ é ✉♠ ●r❛❢♦❄

◆❛ ❋✐❣✉r❛ ✷✳✺✱ t❡♠♦s ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❜❡♠ s✉❝✐♥t❛ ❞♦ ♣r♦❜❧❡♠❛ ❞❛s ♣♦♥t❡s ❞❡
❑♦♥✐❣s❜❡r❣✱ q✉❡ ♥♦s ♣❡r♠✐t❡ ✈✐s✉❛❧✐③❛r ♦ ♣r♦❜❧❡♠❛ ❞❡ ♠♦❞♦ ♠❛✐s s✐♠♣❧❡s✳ ❊ss❛ r❡♣r❡✲
s❡♥t❛çã♦ s✉❣❡r❡ ❝♦♠♦ ❊✉❧❡r r❡♣r❡s❡♥t♦✉ ♦ ♣r♦❜❧❡♠❛✿ ❡❧❡ ✉t✐❧✐③♦✉ ♣♦♥t♦s ♣❛r❛ ❝❛❞❛ r❡❣✐ã♦
❞❡ t❡rr❛ ❡ s❡❣♠❡♥t♦s ❞❡ r❡t❛s ♣❛r❛ ❧✐❣❛r ♦s ♣♦♥t♦s✱ ✐♥❞✐❝❛♥❞♦✱ ❛ss✐♠ ❛s ♣♦♥t❡s✳ ◆❡ss❛
❞❡s❝r✐çã♦ t❡♠♦s ✉♠ ❣r❛❢♦✳ ❙❡❣✉♥❞♦ ✭❆ss✐s✱ ✷✵✶✻✱ ♣✳✶✹✮ ✏➱ ✉♠ ♠♦❞❡❧♦ ♦✉ ❡str✉t✉r❛ ♠❛✲
t❡♠át✐❝❛ q✉❡ r❡♣r❡s❡♥t❛ r❡❧❛çõ❡s ❡♥tr❡ ♦❜❥❡t♦s✳ ●r❛❢♦s ♣♦❞❡♠ s❡r ✉t✐❧✐③❛❞♦s ♥❛ ❞❡✜♥✐çã♦
♦✉ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❡♠ ❞✐✈❡rs❛s ár❡❛s✳✑

❊①❡♠♣❧♦ ✸✼✳ ✭❋❛✈❛r♦✱ ✷✵✶✼✱ ♣✳✶✺✮✿
❆ ❡s❝♦❧❛ XX ♣r♦♠♦✈❡rá ✉♠ ❝❛♠♣❡♦♥❛t♦ ❞❡ ❢✉t❡❜♦❧ ❡♥tr❡ ❛s t✉r♠❛s 6A✱ 6B✱ 7A✱

7B✱ 8A ❡ 8B✳ ◆❛ ♣r✐♠❡✐r❛ r♦❞❛❞❛✱ ❝❛❞❛ t✉r♠❛ ❡❢❡t✉❛rá ❛♣❡♥❛s ✉♠ ❥♦❣♦ ❝♦♠ ❝❛❞❛ ✉♠❛ ❞❛s
♦✉tr❛s t✉r♠❛s✳ ◆❡ss❡ s❡♥t✐❞♦✱ ♣❛r❛ ♦❜t❡r ♦ ♥ú♠❡r♦ ❞❡ ❥♦❣♦s ❞❡ss❛ r♦❞❛❞❛ ❜❛st❛ ❧✐stá✲❧♦s
♦✉ ❡♥tã♦✱ ❢❛③❡r ✉♠❛ ❛ss♦❝✐❛çã♦ ❞❡ ♣♦♥t♦s ♣❛r❛ ❝❛❞❛ t✉r♠❛ ❡ ♦s ❥♦❣♦s s❡rã♦ r❡♣r❡s❡♥t❛❞♦s
♣♦r ❧✐♥❤❛s ✭❋✐❣✉r❛ ✷✳✻✮

❋✐❣✉r❛ ✷✳✻✿ ❘❡♣r❡s❡♥t❛çã♦ ❥♦❣♦s ❛ s❡r❡♠ r❡❛❧✐③❛❞♦s ♥♦ ❝❛♠♣❡♦♥❛t♦ ❞❡ ❢✉t❡❜♦❧
❋♦♥t❡✿ ❆✉t♦r❛✱ ✷✵✷✷

❉❡ss❡s ❡①❡♠♣❧♦s✱ é ♣♦ssí✈❡❧ t✐r❛r♠♦s ❛s ♣r✐♠❡✐r❛s ♥♦çõ❡s ❞❡ ✉♠ ❣r❛❢♦✳ ❈♦♥t✉❞♦✱ ♣❛r❛ q✉❡
✉♠ ❣r❛❢♦ s❡❥❛ ❜❡♠ ❞❡✜♥✐❞♦✱ sã♦ ♥❡❝❡ssár✐♦ ❞♦✐s ❝♦♥❥✉♥t♦s✿

✶✳ V : ♦ ❝♦♥❥✉♥t♦ ❞♦s ✈ért✐❝❡s❀

✽❖ ❢ís✐❝♦ ❛❧❡♠ã♦ ●✉st❛✈ ❑✐r❝❤❤♦✛ ✭✶✽✷✹✲✶✽✽✼✮ ❢♦✐ ♦ ♣r✐♠❡✐r♦ ❛ ✉t✐❧✐③❛r ♠♦❞❡❧♦s ❞❡ ❣r❛❢♦s ♥♦ ❡st✉❞♦
❞❡ ❝✐r❝✉✐t♦s ❡❧étr✐❝♦s✳

✾❖ ♠❛t❡♠át✐❝♦ ✐♥❣❧ês ❆rt❤✉r ❈❛②❧❡② ✭✶✽✷✶✲✶✽✾✺✮ ❢❡③ ✉s♦ ❞❛ t❡♦r✐❛ ❞❛s ár✈♦r❡s ♣❛r❛ ❡♥✉♠❡r❛r t♦❞♦s
♦s ✐sô♠❡r♦s ♣❛r❛ ❝❡rt♦s ❤✐❞r♦❝❛r❜♦♥❡t♦s✳

✶✵❖ ♠❛t❡♠át✐❝♦ ✐r❧❛♥❞ês ❲✐❧❧✐❛♠ ❍❛♠✐❧t♦♥ ✭✶✽✵✺✲✶✽✻✺✮ ❝♦♥tr✐❜✉✐✉ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ ó♣t✐❝❛✱
❞✐♥â♠✐❝❛✱ á❧❣❡❜r❛ ❡ t❡♦r✐❛ ❞♦s ❣r❛❢♦s✳

✶✶❖ ♠❛t❡♠át✐❝♦ ✐♥❣❧ês ❏❛♠❡s ❏♦s❡♣❤ ❙②❧✈❡st❡r ✭✶✽✶✹✲✶✽✾✼✮

✸✾



✷✳ A : ♦ ❝♦♥❥✉♥t♦ ❞❛s ❛r❡st❛s❀

❆❧é♠ ❞❡ss❡s ❝♦♥❥✉♥t♦s✱ t❛♠❜é♠ é ♥❡❝❡ssár✐♦✿

✸✳ ❧❡✐ ♣❛r❛ ❡st❛❜❡❧❡❝❡r ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ V ❡ A✳

◆♦ ❊①❡♠♣❧♦ ✸✾✱ V é ❢♦r♠❛❞♦ ♣❡❧❛s t✉r♠❛s✱ ❡♥q✉❛♥t♦ q✉❡ A é ❢♦r♠❛❞♦ ♣❡❧♦s ❥♦❣♦s
❛ s❡r❡♠ r❡❛❧✐③❛❞♦s✳

✷✳✸ ❉❡✜♥✐çã♦✱ r❡♣r❡s❡♥t❛çõ❡s ❡ ♦✉tr♦s ❝♦♥❝❡✐t♦s

❖ ❛❧✉♥♦ ❞♦ ❊♥s✐♥♦ ▼é❞✐♦ ♥❡♠ s❡♠♣r❡ s❡ ❛♣r♦♣r✐❛ ❞❛s ❞❡✜♥✐çõ❡s✱ t❡♦r❡♠❛s✱ ❞♦s
♦❜❥❡t♦s ♠❛t❡♠át✐❝♦s ❞♦ ♠♦❞♦ q✉❡ ♦s t❡①t♦s ❛♣r❡s❡♥t❛♠✱ s❡❥❛ ♣♦r ❢❛❧t❛ ❞❡ ♣r❡♣❛r❛çã♦
♦✉ ♣♦r ♥ã♦ t❡r ❞❡s❡♥✈♦❧✈✐❞♦ ❛ ❛❜str❛çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ ❝♦♠♣r❡❡♥sã♦✳ ❆ss✐♠✱ s❡ ❢❛③
♥❡❝❡ssár✐♦ q✉❡✱ ❡♠ t❡①t♦s ✈♦❧t❛❞♦s ♣❛r❛ ❡ss❡ ♣ú❜❧✐❝♦✱ ❛♣r❡s❡♥t❡♠ ❛ t❡♦r✐❛ ❞❡ ✉♠ ♠♦❞♦
♠❛✐s ✐♥t✉✐t✐✈♦✱ ✉s❛♥❞♦ ❡①❡♠♣❧♦s ♦✉ r❡❧❛❝✐♦♥❛♥❞♦ ♦s ♥♦✈♦s ♦❜❥❡t♦s ❛ ♦✉tr♦s ❥á ❛ss✐♠✐❧❛❞♦s✱
♥❛ ❝❛s♦ ❞❡ ❣r❛❢♦s✱ ❣❡♦♠❡tr✐❛ ❜ás✐❝❛✳

❉❡✜♥✐çã♦ ✷✸✳ ❯♠ ❣r❛❢♦ é ✉♠ tr✐♣❧❛ G = (V,A, f) é ❞❡✜♥✐❞♦ ♣❡❧♦ ♣❛r ❞❡ ❝♦♥❥✉♥t♦s V ❡
A✱ ♦♥❞❡✿

❼ V é ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦✱ ❝✉❥♦s ❡❧❡♠❡♥t♦s sã♦ ❝❤❛♠❛♠♦s ❞❡ ✈ért✐❝❡s ✭♦✉ ♥ós✮❀

❼ A é ✉♠ ❝♦♥❥✉♥t♦ ✭♣♦❞❡♥❞♦ s❡r ✈❛③✐♦✮✱ ❝✉❥♦s ❡❧❡♠❡♥t♦s sã♦ ❞❡♥♦♠✐♥❛❞♦s ❛r❡st❛s
✭♦✉ ❛r❝♦s✮❀

❼ f é ✉♠❛ ❢✉♥çã♦ q✉❡ ❛ss♦❝✐❛ ❝❛❞❛ ❛r❡st❛ ❛ ✉♠ ♣❛r ♥ã♦✲♦r❞❡♥❛❞♦ ❞❡ ✈ért✐❝❡s ❡♠ ❱✳

❈❛❞❛ ❛r❡st❛ t❡♠ ✉♠ ♦✉ ❞♦✐s ✈ért✐❝❡s ❛ss♦❝✐❛❞♦s ❛ ❡❧❛✱ ❝❤❛♠❛❞♦s ❞❡ s✉❛s ❡①tr❡✲
♠✐❞❛❞❡s✳ ❉✐③✲s❡ q✉❡ ❝❛❞❛ ❛r❡st❛ ❧✐❣❛ ♦✉ ❝♦♥❡❝t❛ s✉❛s ❡①tr❡♠✐❞❛❞❡s✳

❉❡✜♥✐çã♦ ✷✹✳ ❉♦✐s ✈ért✐❝❡s sã♦ ❛❞❥❛❝❡♥t❡s ♦✉ ✈✐③✐♥❤♦s q✉❛♥❞♦ ❡st❡s ❢♦r❡♠ ❡①tr❡♠♦s ❞❡
✉♠❛ ♠❡s♠❛ ❛r❡st❛✳

❉❡✜♥✐çã♦ ✷✺✳ ❉✉❛s ❛r❡st❛s sã♦ ❛❞❥❛❝❡♥t❡s ♦✉ ✈✐③✐♥❤❛s q✉❛♥❞♦ ♣♦ss✉ír❡♠ ♦ ♠❡s♠♦ ❡①✲
tr❡♠♦✳

❊①❡♠♣❧♦ ✸✽✳ ◆❛ s❛❧❛ ❞❡ ❛✉❧❛ X✱ ❝♦♠ ♦✐t♦ ❛❧✉♥♦s s❡❧❡❝✐♦♥❛❞♦s✱ ❞❡❝✐❞✐✉✲s❡ ❢❛③❡r ✉♠❛ ♣❡s✲
q✉✐s❛ ♣❛r❛ ❛✈❛❧✐❛r q✉❡♠ ❞❡✈❡r✐❛ s❡r ♦ ❧í❞❡r ❞❡ ✉♠❛ ❛t✐✈✐❞❛❞❡✳ ❈♦♠♦ ❆♥❛ ❡ ❋❡r♥❛♥❞♦ ❡r❛♠
♦s ♠❛✐s ❛♣❧✐❝❛❞♦s✱ ♦ ♣r♦❢❡ss♦r ♣❡❞✐✉ ♣❛r❛ q✉❡ ❡❧❡s ♥♦♠❡❛ss❡♠ ❞♦✐s ♣♦ssí✈❡✐s ❝❛♥❞✐❞❛t♦s
♣❛r❛ ❛ ❢✉♥çã♦✳

❈❡rt♦ q✉❡ ♦s ❛❧✉♥♦s ✐♥❞✐❝❛❞♦s ♣♦r ❡❧❡s s❡r✐❛♠ ❛♠✐❣♦s ❡♠ ❝♦♠✉♠ ❛♦s ❞♦✐s✱ ❡
s❛❜❡♥❞♦ ❞♦s ❡❧♦s ❞❡ ❛♠✐③❛❞❡ ❡♥tr❡ ❡st❡s ❛❧✉♥♦s✱ ❡❧❡ ❧✐st♦✉✿

❼ ❆♥❛ é ❛♠✐❣❛ ❞❡ ❇❡t✐♥❛✱ ❈❛r❧♦s✱ ❊❞✉❛r❞❛ ❡ ●❡♥✐❀

❼ ❇❡t✐♥❛ é ❛♠✐❣❛ ❞❡ ❆♥❛✱ ❋❡r♥❛♥❞♦ ❡ ●❡♥✐❀

❼ ❈❛r❧♦s é ❛♠✐❣♦ ❞❡ ❆♥❛ ❡ ❉♦✉❣❧❛s❀

❼ ❉♦✉❣❧❛s é ❛♠✐❣♦ ❞❡ ❈❛r❧♦s ❡ ❊❞✉❛r❞❛❀

❼ ❊❞✉❛r❞❛ é ❛♠✐❣❛ ❞❡ ❆♥❛✱ ❉♦✉❣❧❛s ❡ ●❡♥✐❀

✹✵



❼ ❋❡r♥❛♥❞♦ é ❛♠✐❣♦ ❞❡ ❇❡t✐♥❛ ❡ ●❡♥✐❀

❼ ●❡♥✐ é ❛♠✐❣❛ ❞❡ ❆♥❛✱ ❇❡t✐♥❛✱ ❊❞✉❛r❞❛ ❡ ❋❡r♥❛♥❞♦✳

❆♥❛❧✐s❛♥❞♦ ❡ss❛s r❡❧❛çõ❡s ❞❡ ❛♠✐③❛❞❡s✱ ♣r♦✈❛✈❡❧♠❡♥t❡✱ q✉❛✐s ❞❡✈❡♠ s❡r ♦s ❞♦✐s
✐♥❞✐❝❛❞♦s ❞❡ ❆♥❛ ❡ ❋❡r♥❛♥❞♦❄

◆✉♠ ♣r✐♠❡✐r♦ ♠♦♠❡♥t♦✱ ♣♦❞❡♠♦s ❢❛③❡r ❛ s❡❣✉✐♥t❡ r❡♣r❡s❡♥t❛çã♦ ✐❧✉str❛❞❛ ♥❛
❋✐❣✉r❛ ✷✳✼✿

❋✐❣✉r❛ ✷✳✼✿ ❘❡♣r❡s❡♥t❛çã♦ ❞♦s ❊❧♦s ❞❡ ❛♠✐③❛❞❡
❋♦♥t❡✿ ❆✉t♦r❛✱ ✷✵✷✷

◆❛ ♣ró①✐♠❛ ✜❣✉r❛✱ ❛ss♦❝✐❛♠♦s ♦s ♥♦♠❡s ❞❡ ❝❛❞❛ ❛❧✉♥♦ ❛ ✉♠ ♣♦♥t♦ ✐❞❡♥t✐✜❝❛❞♦
♣❡❧❛ ❧❡tr❛ ✐♥✐❝✐❛❧ ❞♦ s❡✉ ♥♦♠❡✳

❋✐❣✉r❛ ✷✳✽✿ ●r❛❢♦ q✉❡ r❡♣r❡s❡♥t❛ ♦s ❡❧♦s ❞❡ ❛♠✐③❛❞❡
❋♦♥t❡✿ ❆✉t♦r❛✱ ✷✵✷✷

◆❛ ❋✐❣✉r❛ ✷✳✽✱ ♦s ♣♦♥t♦s sã♦ ♦s ✈ért✐❝❡s ✭❧❡tr❛s ♠❛✐ús❝✉❧❛s✮✱ ♦s s❡❣♠❡♥t♦s✱ sã♦
❛s ❛r❡st❛s✱ ✐❞❡♥t✐✜❝❛❞❛s ♣❡❧❛s ❧❡tr❛s ♠✐♥ús❝✉❧❛s✳ ❆❣♦r❛✱ ✐❞❡♥t✐✜❝❛r❡♠♦s ♦s ❝♦♥❝❡✐t♦s ❞❡
✈ért✐❝❡s ❡ ❛r❡st❛s ❛❞❥❛❝❡♥t❡s✳

❼ ❖s ✈ért✐❝❡s B ❡ E sã♦ ❛❞❥❛❝❡♥t❡s✱ ❛ss✐♠ ❝♦♠♦✱ C ❡ D✱ A ❡ G✱ B ❡ A✳
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❼ ❛s ❛r❡st❛s l ❡ g sã♦ ❛❞❥❛❝❡♥t❡s✱ ❛ss✐♠ ❝♦♠♦✱ ♣ ❡ ♥✱ ♠ ❡ ❢✱ ✐ ❡ ❤✳

❖❜s❡r✈❛♥❞♦ ❡ss❛ ú❧t✐♠❛ ✜❣✉r❛✱ ♣♦❞❡♠♦s ❛♣♦♥t❛r ♦s ❛❧✉♥♦s ✐♥❞✐❝❛❞♦s ❞❡ ❆♥❛ ❡
❋❡r♥❛♥❞♦✿ ❇❡t✐♥❛ ❡ ●❡♥✐✳

◆♦s ❡①❡♠♣❧♦s ❛♣r❡s❡♥t❛❞♦s ♥❡st❡ ❝❛♣ít✉❧♦✱ ❛té ♦ ♣r❡s❡♥t❡ ♠♦♠❡♥t♦✱ tr♦✉①❡♠♦s
❡sq✉❡♠❛s q✉❡ r❡♣r❡s❡♥t❛♠ ❣r❛❢♦s✱ ♠❛s ❡st❡s✱ ♣♦r s✉❛ ✈❡③✱ ♥ã♦ s❡ ❛♣r❡s❡♥t❛♠ ❛♣❡♥❛s ♣♦r
❡sq✉❡♠❛s✱ ♣♦ss✉❡♠ ♦✉tr❛s ❢♦r♠❛s ❞❡ r❡♣r❡s❡♥t❛çã♦✳

✷✳✹ ❘❡♣r❡s❡♥t❛çõ❡s

❉❡st❛❝❛♠♦s ❛s s❡❣✉✐♥t❡s r❡♣r❡s❡♥t❛çõ❡s✿

❉❡✜♥✐çã♦ ✷✻ ✭❊sq✉❡♠❛s ♦✉ ❉✐❛❣r❛♠❛s✮✳ ❆ r❡♣r❡s❡♥t❛çã♦ ❞❡ ✉♠ ❣r❛❢♦ ♣♦r ❊sq✉❡♠❛s
♦✉ ❉✐❛❣r❛♠❛s é ❛q✉❡❧❛ ❡♠ q✉❡ ♦s ✈ért✐❝❡s sã♦ s✐♠❜♦❧✐③❛❞♦s ♣♦r ♣♦♥t♦s ❡ ❛s ❛r❡st❛s ♣♦r
s❡❣♠❡♥t♦s ❞❡ r❡t❛s✳

P♦❞❡♠♦s ❱✐s✉❛❧✐③❛r ❡ss❛ r❡♣r❡s❡♥t❛çã♦ ♥❛ ❋✐❣✉r❛ ✷✳✼✳ ◆❡ss❡ ❡①❡♠♣❧♦✱ t❡♠♦s ❝♦♠♦
♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s

V = {❆♥❛,❇❡t✐♥❛,❈❛r❧♦s,❉♦✉❣❧❛s,❊❞✉❛r❞❛,❋❡r♥❛♥❞♦,●❡♥✐} ,

q✉❡ ♣♦❞❡ s❡r tr❛❞✉③✐❞♦✱ ✈❡❥❛ ❋✐❣✉r❛ ✷✳✽ ♣♦r V = {A,B,C,D,E, F,G}, ❡ ♦ ❝♦♥❥✉♥t♦ ❞❡
❛r❡st❛s

T = {(A,B), (A,C), (A,E), (A,G), (B,F ), (B,G), (C,D), (D,E), (E,G), (F,G)} ✶✷

❡ ❛ss✐♠✱ t❡♠♦s ♦ ❣r❛❢♦ G = (V, T, f) ✱ ♦♥❞❡ f é ❞❛❞❛ ♣❡❧❛ r❡❧❛çã♦ ❞❡ ❛♠✐③❛❞❡s✳

❉❡✜♥✐çã♦ ✷✼ ✭❈♦♥❥✉♥t♦s✮✳ ❯♠ ❣r❛❢♦ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ❢♦r♠❛ ❞❡ ❈♦♥❥✉♥t♦s s❡ ❡st✐✈❡r
♥❛ ❢♦r♠❛ t❛❜✉❧❛r✱ ♦✉ s❡❥❛✱ ♦s ❡❧❡♠❡♥t♦s ❡♥tr❡ ❝❤❛✈❡s ❡ s❡♣❛r❛❞♦s ♣♦r ✈ír❣✉❧❛s✳ ❯t✐❧✐③❛✲s❡
✉♠ ❝♦♥❥✉♥t♦ ♣❛r❛ ❝❛❞❛ ✈ért✐❝❡✱ ❡♠ q✉❡ ♦s ❡❧❡♠❡♥t♦s sã♦ ♦s ✈ért✐❝❡s ❛❞❥❛❝❡♥t❡s ♦✉ ✈✐③✐♥❤♦s
✭✈ért✐❝❡s q✉❡ ❡stã♦ ❧✐❣❛❞♦s ♣♦r✱ ♣❡❧♦ ♠❡♥♦s✱ ✉♠❛ ❛r❡st❛✮✱ ♦✉ ❛✐♥❞❛ ♦s ❝♦♥❥✉♥t♦s ❞❛s ❛r❡st❛s
❞❡ ❝❛❞❛ ✈ért✐❝❡✳

❱♦❧t❛♥❞♦ ❛♦ ❊①❡♠♣❧♦ ✸✽✱ t❡♠♦s✿

✭✐✮ ❈♦♥❥✉♥t♦ ❞❡ ❛❞❥❛❝ê♥❝✐❛s ❞❡ ❝❛❞❛ ✈ért✐❝❡❀

❼ VA = {B,C,E,G}

❼ VB = {A,F,G}

❼ VC = {A,D}

❼ VD = {C,E}

❼ VE = {A,D,G}

❼ VF = {B,G}

❼ VG = {A,B, F}

❊st❛♠♦s ✐❞❡♥t✐✜❝❛♥❞♦ VA, VB, VC , VD, VE, VF , ❡ VG ❝♦♠♦ s❡♥❞♦ ♦s ❝♦♥❥✉♥t♦s ❢♦r♠❛✲
❞♦s ♣❡❧♦s ✈ért✐❝❡s q✉❡ ✐♥❝✐❞❡♠ s♦❜r❡ A,B,C,D,E, F ❡ G✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✭✐✐✮ ❈♦♥❥✉♥t♦ ❞❡ ❛r❡st❛s ✐♥❝✐❞❡♥t❡s ❞❛ ❝❛❞❛ ✈ért✐❝❡❀

✶✷◆❡st❡ ❝❛s♦ ♥ã♦ é ♥❡❝❡ssár✐♦ ❛♣r❡s❡♥t❛r ❛ ❛r❡st❛ (B,A)✱ ✉♠❛ ✈❡③ q✉❡ ❡❧❛ ❥á ❢♦✐ r❡♣r❡s❡♥t❛❞❛ ♣♦r (A,B)✳

✹✷



❼ AA = {f, g, l,m}

❼ AB = {j, k, l}

❼ AC = {m, p}

❼ AD = {n, p}

❼ AE = {g, h, n}

❼ AF = {i, j}

❼ AG = {f, h, i, k}

❉♦ ♠❡s♠♦ ♠♦❞♦✱ ✐❞❡♥t✐✜❝❛♠♦s AA, AB, AC , AD, AE, AF ❡ AG✱ ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❛s
❛r❡st❛s ✐♥❝✐❞❡♥t❡s ♥♦s ✈ért✐❝❡s ♥♦♠❡❛❞♦s ♣♦r A,B,C,D,E ❡ F ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡✜♥✐çã♦ ✷✽ ✭❱❡t♦r❡s✮✳ ❯♠ ❣r❛❢♦ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ❢♦r♠❛ ❞❡ ❱❡t♦r❡s✱ q✉❛♥❞♦ s❡
✐♥❞✐❝❛ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ s✉❛ ♣♦r ❧✐❣❛çõ❡s q✉❡ ♦❝♦rr❡♠ ❡♥tr❡ ♦ ✈ért✐❝❡ r❡♣r❡s❡♥t❛❞♦ ♣❡❧♦
✈❡t♦r ❡ ♦ ❞❡♠❛✐s ✈ért✐❝❡s✳

❉❡✜♥✐çã♦ ✷✾ ✭▼❛tr✐③❡s ♦✉ ❚❛❜❡❧❛s✮✳ ▼❛tr✐③❡s ❡ ❚❛❜❡❧❛s sã♦ r❡♣r❡s❡♥t❛çõ❡s ❞❡
t♦❞♦s ♦s ✈❡t♦r❡s ❞❡ ✐♥❝✐❞ê♥❝✐❛✱ ♦✉ s❡❥❛ é ❛ r❡♣r❡s❡♥t❛çã♦ ♥❛ ❢♦r♠❛ ❞❡ ♠❛tr✐③ ♦✉ t❛❜❡❧❛ ❞♦s
✈❡t♦r❡s q✉❡ ✐♥❞✐❝❛♠ s❡ ❡①✐st❡ ♦✉ ♥ã♦ ❧✐❣❛çã♦ ❡♥tr❡ ♦s ✈ért✐❝❡s✱ ✉t✐❧✐③❛♥❞♦ ♦s ♥ú♠❡r♦s ③❡r♦
❡ ✉♠✳

❆❜❛✐①♦✱ ❞❛♠♦s ❡①❡♠♣❧♦ ❞❛ r❡♣r❡s❡♥t❛çã♦ ♣♦r ✈❡t♦r❡s✱ ♠❛tr✐③ ❡ t❛❜❡❧❛✳

✭✐✮ vA(0, 1, 1, 0, 1, 0, 1), vB = (1, 0, 0, 0, 0, 1, 1) ❡ vC = (1, 0, 0, 1, 0, 0, 0) : ✈❡❥❛ q✉❡ vA
r❡♣r❡s❡♥t❛ ♦ ✈❡t♦r ❞❛s ✐♥❝✐❞ê♥❝✐❛s ❡♥tr❡ ♦ ✈ért✐❝❡ ❆ é ♦s ❞❡♠❛✐s✳ ◆❡ss❡ s❡♥t✐❞♦✱ ❛
♣r✐♠❡✐r❛ ❝♦♠♣♦♥❡♥t❡ ③❡r♦ ❞♦ ✈❡t♦r s✐❣♥✐✜❝❛ q✉❡ ♥ã♦ ❡①✐st❡ ❧✐❣❛çã♦ ❡♥tr❡ ♦ ✈ért✐❝❡ ❆
❡ ❡❧❡ ♣ró♣r✐♦✱ ❡ ♦ 1 ✐♥❞✐❝❛ q✉❡ ❡❧❡ t❡♠ ❧✐❣❛çã♦ ❝♦♠ ♦ ✈ért✐❝❡ q✉❡ ❛ ❝♦♠♣♦♥❡♥t❡ ❡stá
❛ss♦❝✐❛❞❛✳ ❖❜s❡r✈❡ q✉❡ ♦ ✈❡t♦r t❡♠ ✼ ❝♦♠♣♦♥❡♥t❡s✱ ♦♥❞❡ ❝❛❞❛ ✉♠❛ ✐♥❞✐❝❛ s❡ t❡♠
❧✐❣❛çã♦ ❝♦♠ ♦s ✈ért✐❝❡s A,B,C,D,E, F ❡ G✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✭✐✐✮ ▼❛tr✐③ ❞❡ ✐♥❝✐❞ê♥❝✐❛s✿ r❡♣r❡s❡♥t❛ s❡ ❡①✐st❡ ♦✉ ♥ã♦ ❧✐❣❛çã♦ ❡♥tr❡ ♦s ✈ért✐❝❡s✱ ❡①♣❧✐❝✐✲
t❛♥❞♦ ❝❛❞❛ ✈ért✐❝❡ ♥❛ ❧✐♥❤❛ ❡ ♥❛ ❝♦❧✉♥❛✳ ❖❜s❡r✈❡ ❛✐♥❞❛ q✉❡✱ ❝❛❞❛ ❧✐♥❤❛ ♦✉ ❝♦❧✉♥❛ é
✉♠ ✈❡t♦r✱ ❝♦♠♣❛r❡ ❝♦♠ ❛ r❡♣r❡s❡♥t❛çã♦ ❡♠ ✈❡t♦r❡s✳





















0 1 1 0 1 0 1
1 0 0 0 0 1 1
1 0 0 1 0 0 0
0 0 1 0 1 0 0
1 0 0 1 0 0 1
0 1 0 0 0 0 1
1 1 0 0 1 1 0





















✭✐✐✐✮ ❚❛❜❡❧❛✿ ❛s ❧✐♥❤❛s ❡ ❝♦❧✉♥❛s r❡♣r❡s❡♥t❛♠ ♦s ✈ért✐❝❡s ❞♦ ❣r❛❢♦ ❞♦ ❊①❡♠♣❧♦ ✸✽

❚❛❜❡❧❛ ✷✳✶✿ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❣r❛❢♦s ♣♦r t❛❜❡❧❛
❱ért✐❝❡s ❆ ❇ ❈ ❉ ❊ ❋ ●

❆ ✵ ✶ ✶ ✵ ✶ ✵ ✶
❇ ✶ ✵ ✵ ✵ ✵ ✶ ✶
❈ ✶ ✵ ✵ ✶ ✵ ✵ ✵
❉ ✵ ✵ ✶ ✵ ✶ ✵ ✵
❊ ✶ ✵ ✵ ✶ ✵ ✵ ✶
❋ ✵ ✶ ✵ ✵ ✵ ✵ ✶
● ✶ ✶ ✵ ✵ ✶ ✶ ✵

✹✸



✷✳✺ ❖✉tr❛s ❞❡✜♥✐çõ❡s✱ ❝♦♥❝❡✐t♦s ❢✉♥❞❛♠❡♥t❛✐s ❡ s✉❛s

❡①❡♠♣❧✐✜❝❛çõ❡s

❉❡✜♥✐çã♦ ✸✵ ✭▲❛ç♦ ♦✉ ▲♦♦♣✮✳ ➱ ✉♠❛ ❛r❡st❛ q✉❡ ❧✐❣❛ ✉♠ ✈ért✐❝❡ ❛ ❡❧❡ ♠❡s♠♦✳

❈♦♠♦ ❡①❡♠♣❧♦✱ ✈❡❥❛ ❛ ❋✐❣✉r❛ ✷✳✾

❋✐❣✉r❛ ✷✳✾✿ ●r❛❢♦ ❝♦♠ ❧❛ç♦s
❋♦♥t❡✿ ❆✉t♦r❛✱ ✷✵✷✷

❉❡✜♥✐çã♦ ✸✶ ✭▼✉❧t✐❣r❛❢♦✮✳ ▼✉❧t✐❣r❛❢♦ é ✉♠ ❣r❛❢♦ ❡♠ q✉❡ ♣❡❧♦ ♠❡♥♦s ✉♠ ♣❛r ❞❡ ✈ért✐❝❡s
t❡♠ ♠❛✐s ❞❡ ✉♠❛ ❛r❡st❛ q✉❡ ♦s ❝♦♥❡❝t❛✳

P❛r❛ ❡①❡♠♣❧✐✜❝❛r ✉♠ ♠✉❧t✐❣r❛❢♦✱ ♦❜s❡r✈❡♠♦s ❛ ❋✐❣✉r❛ ✷✳✶✵✳

❋✐❣✉r❛ ✷✳✶✵✿ ▼✉❧t✐❣r❛❢♦
❋♦♥t❡✿ ❆✉t♦r❛✱ ✷✵✷✷

❉❡✜♥✐çã♦ ✸✷ ✭●r❛❢♦ ❙✐♠♣❧❡s✮✳ ❯♠ ❣r❛❢♦ ❙✐♠♣❧❡s é ✉♠ ❣r❛❢♦ q✉❡ ♥ã♦ ❝♦♥té♠ ♥❡♠
❧❛ç♦s ♥❡♠ ❛r❡st❛s ♠ú❧t✐♣❧❛s✳ ❱❡❥❛♠♦s ❡①❡♠♣❧♦s ❞❡ ❣r❛❢♦s s✐♠♣❧❡s ♥❛ ❋✐❣✉r❛ ✷✳✶✶✳ ✳

✹✹



❋✐❣✉r❛ ✷✳✶✶✿ ●r❛❢♦s ❙✐♠♣❧❡s
❋♦♥t❡✿ ❆✉t♦r❛✱ ✷✵✷✷

❉❡✜♥✐çã♦ ✸✸ ✭●r❛❢♦ ❈♦♠♣❧❡t♦✮✳ ❯♠ ●r❛❢♦ ❈♦♠♣❧❡t♦ é ❞❡✜♥✐❞♦ ❝♦♠♦ ✉♠ ❣r❛❢♦ ♦♥❞❡
t♦❞♦ ♣❛r ❞❡ ✈ért✐❝❡s ❞✐st✐♥t♦s é ❧✐❣❛❞♦ ♣♦r ✉♠❛ ❛r❡st❛✳ ❯♠ ❣r❛❢♦ ❝♦♠♣❧❡t♦ ❝♦♠ n ✈ért✐❝❡s
é ❞❡♥♦t❛❞♦ ♣♦r Kn✳

P❛r❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞❡st❡ ❝♦♥❝❡✐t♦✱ ♣♦❞❡✲s❡ ❛ss♦❝✐❛r ✉♠ ♣♦❧í❣♦♥♦ ❝♦♥✈❡①♦ ❝♦♠
t♦❞❛s ❛s s✉❛s ❞✐❛❣♦♥❛✐s✱ ❝♦♠♦ ♦ tr✐â♥❣✉❧♦ ❡ ♦ ♣❡♥tá❣♦♥♦✱ ♥❛ ❋✐❣✉r❛ ✷✳✶✶✳

❉❡✜♥✐çã♦ ✸✹ ✭❖r❞❡♠✮✳ ❆ ❖r❞❡♠ ❞❡ ✉♠ ❣r❛❢♦ é ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✈ért✐❝❡s q✉❡ ❡❧❡ ♣♦ss✉✐✳
❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ é ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥t♦s ❞♦ ❝♦♥❥✉♥t♦ ❱✳

❖s ❣r❛❢♦s ❞❛ ❋✐❣✉r❛ ✷✳✶✶✱ t❡♠ ♦r❞❡♠ ✹✱ ✸ ❡ ✺ ✈ért✐❝❡s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ q✉❡
✐♥❞✐❝❛♠ ❛ ♦r❞❡♠ ❞❡ ❝❛❞❛ ✉♠✳

❉❡✜♥✐çã♦ ✸✺ ✭●r❛✉ ❞❡ ✉♠ ✈ért✐❝❡✮✳ ❖ ●r❛✉ ❞❡ ✉♠ ✈ért✐❝❡ é ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❛r❡st❛s
q✉❡ ✐♥❝✐❞❡♠ ♥♦ ✈ért✐❝❡ ❡♠ q✉❡stã♦✳

◆❡ss❡ s❡♥t✐❞♦✱ ♦ ❣r❛✉ ❞❡ q✉❛❧q✉❡r ✈ért✐❝❡ ❞♦ ●r❛❢♦ r❡♣r❡s❡♥t❛❞♦ ♣❡❧♦ ♣❡♥tá❣♦♥♦
♥❛ ❋✐❣✉r❛ ✷✳✶✶ é ✹✳

❉❡✜♥✐çã♦ ✸✻ ✭❉✐♠❡♥sã♦✮✳ ❆ ❉✐♠❡♥sã♦ ❞❡ ✉♠ ❣r❛❢♦ é ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❛r❡st❛s ❞❡ ✉♠
❣r❛❢♦ ♦✉ ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ ❞❛s ❛r❡st❛s✳

❆s ❞✐♠❡♥sã♦ ❞♦s ❣r❛❢♦s ❞❛ ❋✐❣✉r❛ ✷✳✶✶ sã♦ ✹✱ ✸ ❡ ✶✵✳
P❛r❛ ❥✉st✐✜❝❛r ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛ ♦r❞❡♠ ❡ ❞✐♠❡♥sã♦ ❞❡ ✉♠ ❣r❛❢♦ ♥♦s ❛♣♦✐❛♠♦s ❡♠

▲✉❝❛s ✭✷✵✶✾✱ ♣✳ ✷✽✮✿

❆ ♦r❞❡♠ ❡ ❛ ❞✐♠❡♥sã♦ ❞❡ ✉♠ ❣r❛❢♦ sã♦ ✐♠♣♦rt❛♥t❡s
q✉❛♥❞♦ tr❛t❛✲s❡ ❞❡ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛✱ ❥á q✉❡ ✉♠❛
❞❛s ❢♦r♠❛s ❞❡ s♦❧✉❝✐♦♥❛r ♣r♦❜❧❡♠❛s ❡♥✈♦❧✈❡♥❞♦ ❣r❛❢♦s
é ❢❛③❡r ♣♦r ♠❡✐♦ ❞❡ ✉♠ ❝♦♠♣✉t❛❞♦r s✉❛s ✈ár✐❛s ♣♦s✲
s✐❜✐❧✐❞❛❞❡s✳ ◆❡ss❡ ❝❛s♦✱ ❛ ♦r❞❡♠ ❡ ❛ ❞✐♠❡♥sã♦ ❞❡ ✉♠
❣r❛❢♦ ❞❡t❡r♠✐♥❛♠ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣♦ss✐❜✐❧✐❞❛❞❡s ♣♦ssí✲
✈❡✐s✱ ♣❡r♠✐t✐♥❞♦✱ ❛ss✐♠✱ ❝❛❧❝✉❧❛r ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣♦ss✐✲
❜✐❧✐❞❛❞❡s ♣❛r❛ ❞❡t❡r♠✐♥❛❞❛s s✐t✉❛çõ❡s✳

✹✺



❚❡♦r❡♠❛ ✻✳ ✭❏✉r❦✐❡✇✐❝③✱ ✷✵✶✾✱ ♣✳✶✵✮ ❆ s♦♠❛ ❞♦s ❣r❛✉s ❞♦s ✈ért✐❝❡s ❞❡ ✉♠ ❣r❛❢♦ é s❡♠♣r❡
♦ ❞♦❜r♦ ❞♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s✳

∑

v∈V (G)

d(v) = 2m.

♦♥❞❡ d(v) é ♦ ❣r❛✉ ❞♦ ❣r❛❢♦ ❡ m é ❛ ❞✐♠❡♥sã♦✳

❉❡♠♦♥str❛çã♦✳ ❆♦ ❝♦♥t❛r ♦s ❣r❛✉s ❞♦s ✈ért✐❝❡s✱ ❡st❛♠♦s ❝♦♥t❛♥❞♦ ❛s ❡①tr❡♠✐❞❛❞❡s ❞❛s
❛r❡st❛s✳ ❙❛❜❡♥❞♦ q✉❡ ❝❛❞❛ ❛r❡st❛ t❡♠ ❞✉❛s ❡①tr❡♠✐❞❛❞❡s✱ ❝❛❞❛ ❛r❡st❛ ❢♦✐ ❝♦♥t❛❞❛ ❞✉❛s
✈❡③❡s✳

❆ ❞❡✜♥✐çã♦ ❛ s❡❣✉✐r é ✉♠❛ ❢♦r♠❛ ❞❡ s❡ ✏❛♥❞❛r✑ ❡♠ ✉♠ ❣r❛❢♦✳

❉❡✜♥✐çã♦ ✸✼ ✭P❛ss❡✐♦✮✳ ❖ P❛ss❡✐♦ é ✉♠❛ s❡q✉ê♥❝✐❛ ❛❧t❡r♥❛❞❛ ❞❡ ✈ért✐❝❡s ❡ ❛r❡st❛s
q✉❡ ❝♦♠❡ç❛ ❡ ❛❝❛❜❛ ❝♦♠ ✈ért✐❝❡✱ t❛❧ q✉❡✱ q✉❛✐sq✉❡r ❞♦✐s ❡❧❡♠❡♥t♦s ❝♦♥s❡❝✉t✐✈♦s✱ ♥❡ss❛
s❡q✉ê♥❝✐❛✱ sã♦ ✐♥❝✐❞❡♥t❡s✳ ❈❛s♦ ♦ ♣r✐♠❡✐r♦ ❡ ♦ ú❧t✐♠♦ ✈ért✐❝❡ ❞❡ss❛ s❡q✉ê♥❝✐❛ s❡❥❛♠ ♦
♠❡s♠♦✱ ❞✐③❡♠♦s q✉❡ é ✉♠ ♣❛ss❡✐♦ ❢❡❝❤❛❞♦✳

❉❡✜♥✐çã♦ ✸✽ ✭❚r✐❧❤❛✮✳ ❙❡ t♦❞❛s ❛s ❛r❡st❛s ❞♦ ♣❛ss❡✐♦ sã♦ ❞✐st✐♥t❛s✱ ♦ ♣❛ss❡✐♦ é ❝❤❛♠❛❞♦
tr✐❧❤❛✳

❉❡✜♥✐çã♦ ✸✾ ✭P❛ss❡✐♦ ❊✉❧❡r✐❛♥♦✮✳ ➱ ✉♠ ♣❛ss❡✐♦ q✉❡ ✈✐s✐t❛ t♦❞❛s ❛s ❛r❡st❛s ✉♠❛ ú♥✐❝❛
✈❡③✳ ❯♠ ♣❛ss❡✐♦ ❡✉❧❡r✐❛♥♦ é ❞✐t♦ ❢❡❝❤❛❞♦✱ q✉❛♥❞♦ ❝♦♠❡ç❛ ❡ t❡r♠✐♥❛ ♥♦ ♠❡s♠♦ ✈ért✐❝❡✳

❉❡✜♥✐çã♦ ✹✵ ✭●r❛❢♦ ❊✉❧❡r✐❛♥♦✮✳ ➱ ✉♠ ❣r❛❢♦ q✉❡ ♣♦ss✉✐ ✉♠ ♣❛ss❡✐♦ ❡✉❧❡r✐❛♥♦✱ s❡ ♦ ❣r❛❢♦
♥ã♦ é ❡✉❧❡r✐❛♥♦✱ ♠❛s t❡♠ ✉♠ ♣❛ss❡✐♦ ❛❜❡rt♦✱ ♦✉ s❡❥❛ ♣❡r❝♦rr❡ t♦❞❛s ❛s ❛r❡st❛s ❛♣❡♥❛s ✉♠❛
✈❡③✱ ♠❛s ♥ã♦ r❡t♦r♥❛ ❛♦ ♠❡s♠♦ ♣♦♥t♦✱ ❞✐③❡♠♦s q✉❡ é s❡♠✐❡✉❧❡r✐❛♥♦✳

❱❡❥❛♠♦s ❝♦♠♦ ❡①❡♠♣❧♦s ♣❛r❛ ❣r❛❢♦ ❡✉❧❡r✐❛♥♦ ❡ ❣r❛❢♦ s❡♠✐❡✉❧❡r✐❛♥♦ ✱ ❛s ❋✐❣✉r❛s
✷✳✶✷ ❡ ✷✳✶✸✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❱❡❥❛ q✉❡ ❋✐❣✉r❛ ✷✳✶✷ t❛♠❜é♠ r❡♣r❡s❡♥t❛ ✉♠❛ tr✐❧❤❛✳

❋✐❣✉r❛ ✷✳✶✷✿ ●r❛❢♦ ❊✉❧❡r✐❛♥♦
❋♦♥t❡✿ ❆✉t♦r❛✱ ✷✵✷✷

❉❡✜♥✐çã♦ ✹✶ ✭●r❛❢♦s ❜✐♣❛rt✐❞♦s✮✳ ➱ ✉♠ ❣r❛❢♦ ❡♠ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❱ ❞❡ ✈ért✐❝❡s ♣♦❞❡
s❡r ♣❛rt✐❝✐♦♥❛❞♦ ❡♠ ❞♦✐s s✉❜❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s V1 ❡ V2 t❛❧ q✉❡ t♦❞❛ ❛r❡st❛ ❞❡ ● t❡♠ ✉♠❛
❡①tr❡♠✐❞❛❞❡ ❡♠ V1 ❡ ♦✉tr❛ ❡♠ V2✳

✹✻



❋✐❣✉r❛ ✷✳✶✸✿ ●r❛❢♦ ❙❡♠✐❡✉❧❡r✐❛♥♦
❋♦♥t❡✿ ❆✉t♦r❛✱ ✷✵✷✷

❋✐❣✉r❛ ✷✳✶✹✿ ●r❛❢♦ ❇✐♣❛rt✐❞♦
❋♦♥t❡✿ ❆✉t♦r❛✱ ✷✵✷✷

P♦❞❡♠♦s ✈✐s✉❛❧✐③❛r ✉♠ ❣r❛❢♦ ❜✐♣❛rt✐❞♦ ♥❛ ❋✐❣✉r❛ ✷✳✶✹✳

❉❡✜♥✐çã♦ ✹✷ ✭●r❛❢♦ ❜✐♣❛rt✐❞♦ ❝♦♠♣❧❡t♦✮✳ ➱ ✉♠ ❣r❛❢♦ ❜✐♣❛rt✐❞♦ ❡♠ q✉❡ t♦❞♦s ♦s
✈ért✐❝❡s ❞❡ V1 sã♦ ❧✐❣❛❞♦s ❛ t♦❞♦s ♦s ✈ért✐❝❡s ❞❡ V2✳ ◆♦t❛çã♦✿ K(p,q)✳

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ sã♦ ❣r❛❢♦s ♥♦s q✉❛✐s ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ♣♦❞❡ s❡r ♣❛r✲
t✐❝✐♦♥❛❞♦ ❡♠ ❞♦✐s s✉❜❝♦♥❥✉♥t♦s ❞❡ t❛❧ ♠❛♥❡✐r❛ q✉❡ ✈ért✐❝❡s ❞❡ ✉♠ ♠❡s♠♦ s✉❜❝♦♥❥✉♥t♦
♥ã♦ s❡❥❛♠ ❛❞❥❛❝❡♥t❡s✳❚♦♠❡♠♦s ❝♦♠♦ ❡①❡♠♣❧♦ ♦ ❣r❛❢♦ q✉❡ r❡♣r❡s❡♥t❡ ♦ ♣r♦❜❧❡♠❛ ✷ ♥❛
✐♥tr♦❞✉çã♦ ❞❡st❡ ❝❛♣ít✉❧♦✱ ❝❛s♦ ❛s ❧✐♥❤❛s ♣✉❞❡ss❡♠ ❝r✉③❛r✳ ❱❡❥❛♠♦s ❛ ✜❣✉r❛ ✷✳✶✺ ♥❡ss❛
♣❡rs♣❡❝t✐✈❛✱ q✉❡ ♥❡st❡ ❝❛s♦ r❡♣r❡s❡♥t❛ ✉♠ ❣r❛❢♦ K2,3✳ ❆ ❋✐❣✉r❛ ✷✳✶✺ ❡①❡♠♣❧✐✜❝❛ ✉♠ ❣r❛❢♦
❜✐♣❛rt✐❞♦ ❝♦♠♣❧❡t♦✳

❉❡✜♥✐çã♦ ✹✸ ✭●r❛❢♦ ❈♦♥❡①♦ ❡ ❉❡s❝♦♥❡①♦✮✳ ❉✐③❡♠♦s q✉❡ ❣r❛❢♦ é ❈♦♥❡①♦ s❡ ❡①✐st✐r
✉♠ ❝❛♠✐♥❤♦ ❡♥tr❡ q✉❛❧q✉❡r ♣❛r ❞❡ ✈ért✐❝❡s✱ ❡ s❡ ❤♦✉✈❡r ♣❡❧♦ ♠❡♥♦s ✉♠ ♣❛r ❞❡ ✈ért✐❝❡s
q✉❡ ♥ã♦ ❡stá ❧✐❣❛❞♦✱ ❡♥tã♦ ❡❧❡ é ❞❡s❝♦♥❡①♦✳

◆❛s ❋✐❣✉r❛s ✷✳✶✻ ❡ ✷✳✶✼✱ t❡♠♦s ✉♠ ❣r❛❢♦ ❝♦♥❡①♦ ❡ ❞❡s❝♦♥❡①♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✹✼



❋✐❣✉r❛ ✷✳✶✺✿ ●r❛❢♦ ❇✐♣❛rt✐❞♦ ❈♦♠♣❧❡t♦
❋♦♥t❡✿ ❆✉t♦r❛✱ ✷✵✷✷

❋✐❣✉r❛ ✷✳✶✻✿ ●r❛❢♦ ❈♦♥❡①♦
❋♦♥t❡✿ ❆✉t♦r❛✱ ✷✵✷✷

❋✐❣✉r❛ ✷✳✶✼✿ ●r❛❢♦ ❉❡s❝♦♥❡①♦
❋♦♥t❡✿ ❆✉t♦r❛✱ ✷✵✷✷

▲❡♠❛ ✼✳ ❙❡ t♦❞♦ ✈ért✐❝❡ ❞❡ ✉♠ ❣r❛❢♦ ✭♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ s✐♠♣❧❡s✮ ● t❡♠ ❣r❛✉ ♠❛✐♦r
♦✉ ✐❣✉❛❧ ❛ ✷✱ ❡♥tã♦ ● ❝♦♥té♠ ✉♠ ❝✐❝❧♦✶✸✳

❉❡♠♦♥str❛çã♦✳ ❙❡ ● ❝♦♥té♠ ❧❛ç♦s ♦✉ ❛r❡st❛s ♠ú❧t✐♣❧❛s✱ ♥ã♦ ❤á ♦ q✉❡ ♣r♦✈❛r✱ ♣♦✐s✱ ❛✉t♦✲
♠❛t✐❝❛♠❡♥t❡✱ ● ❝♦♥té♠ ✉♠ ❝✐❝❧♦✳ ❈♦♥s✐❞❡r❛♠♦s✱ ♣♦rt❛♥t♦✱ ❛♣❡♥❛s ♦s ❣r❛❢♦s s✐♠♣❧❡s✳ ❆
♣❛rt✐r ❞❡ ✉♠ ✈ért✐❝❡ V0✱ q✉❛❧q✉❡r✱ ✐♥✐❝✐❛♠♦s ♥♦ss❛ tr✐❧❤❛✳ ◗✉❛♥❞♦ ❝❤❡❣❛♠♦s ❛ ✉♠ ✈ért✐❝❡
q✉❛❧q✉❡r✱ ♦✉ ♦ ❡st❛♠♦s ✈✐s✐t❛♥❞♦ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ❡ ♣♦❞❡♠♦s ❝♦♥t✐♥✉❛r✱ ♦✉ ❝❤❡❣❛♠♦s ❛
✉♠ ✈ért✐❝❡ ❥á ✈✐s✐t❛❞♦✱ ♣r♦❞✉③✐♥❞♦ ✉♠ ❝✐❝❧♦✳ ❈♦♠♦ ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s é ✜♥✐t♦✱ ♦ ❧❡♠❛
❡stá ♣r♦✈❛❞♦✳

✶✸❯♠ ❝✐❝❧♦ ❡♠ ✉♠ ❣r❛❢♦ é ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦✳ ❈❛♠✐♥❤♦✱ ♣♦r s✉❛ ✈❡③ é ✉♠ ♣❛ss❡✐♦ s❡♠ ❛r❡st❛s
r❡♣❡t✐❞❛s✱ ♦✉ s❡❥❛✱ ✉♠ ♣❛ss❡✐♦ ❡♠ q✉❡ ❛s ❛r❡st❛s sã♦ t♦❞❛s ❞✐❢❡r❡♥t❡s ❡♥tr❡ s✐✳

✹✽



❚❡♦r❡♠❛ ✽✳ ❯♠ ❣r❛❢♦ ❝♦♥❡①♦✭♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ s✐♠♣❧❡s✮ ● é ❡✉❧❡r✐❛♥♦ s❡✱ ❡ s♦♠❡♥t❡
s❡✱ t♦❞♦s ♦s s❡✉s ✈ért✐❝❡s t❡♠ ❣r❛✉ ♣❛r✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s✱ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ● t❡♥❤❛ tr✐❧❤❛ ❢❡❝❤❛❞❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦
♠✳ ❈❛❞❛ ✈❡③ q✉❡ ❛ tr✐❧❤❛ ♣❛ss❛ ♣♦r ✉♠ ✈ért✐❝❡ ✉t✐❧✐③❛ ❞✉❛s ♥♦✈❛s ❛r❡st❛s✱ ✉♠❛ ♣❛r❛
❡♥tr❛r ❡ ♦✉tr❛ ♣❛r❛ s❛✐r✳ ▲♦❣♦✱ ♦ ❣r❛✉ ❞❡ ❝❛❞❛ ✈ért✐❝❡ ❞❡✈❡ s❡r ♦❜r✐❣❛t♦r✐❛♠❡♥t❡ ♣❛r✳
P❛r❛ ❞❡♠♦♥str❛r q✉❡ s❡ ✉♠ ❣r❛❢♦ t❡♠ ❣r❛✉ ♣❛r✱ ❡♥tã♦ ❡❧❡ é ❡✉❧❡r✐❛♥♦✱ ✉s❛r❡♠♦s ✐♥❞✉çã♦
s♦❜r❡ ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s ♠ ❞♦ ❣r❛❢♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ♦ t❡♦r❡♠❛ s❡❥❛ ✈á❧✐❞♦ ♣❛r❛ t♦❞♦s
♦s ❣r❛❢♦s ❝♦♠ ♠❡♥♦s ❞♦ q✉❡ ♠ ❛r❡st❛s✳ ❙❡♥❞♦ ● ❝♦♥❡①♦✱ t♦❞♦s ♦s ✈ért✐❝❡s tê♠ ❣r❛✉
♠❛✐♦r ❞♦ q✉❡ ✷✱ ♣♦✐s ♦s ❣r❛✉s sã♦ ♣❛r❡s✳ P❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ ● ❝♦♥té♠ ✉♠ ❝✐❝❧♦ ✭q✉❡
é ✉♠❛ tr✐❧❤❛ ❢❡❝❤❛❞❛✮✳ ❉❡♥tr❡ t♦❞♦s ❛s tr✐❧❤❛s ❢❡❝❤❛❞❛s ❡♠ ● ❡s❝♦❧❤❡♠♦s ✉♠❛ tr✐❧❤❛
❚ ❝♦♠ ❝♦♠♣r✐♠❡♥t♦ ♠á①✐♠♦✳ ❙❡ ❚ t❡♠ ❝♦♠♣r✐♠❡♥t♦ ♠✱ ♦ t❡♦r❡♠❛ ❡stá ♣r♦✈❛❞♦✳ ❈❛s♦
❝♦♥trár✐♦✱ ❝♦♥s✐❞❡r❛♠♦s ♦ ❣r❛❢♦ ❍ r❡s✉❧t❛♥t❡ ❞❛ r❡t✐r❛❞❛ ❞❛s ❛r❡st❛s ❞❡ ❚✳ ❈♦♠♦ r❡t✐r❛♠♦s
✉♠ ♥ú♠❡r♦ ♣❛r ❞❡ ❛r❡st❛s ❞❡ ❝❛❞❛ ✈ért✐❝❡ ❞❡ ❚✱ ❡ t♦❞♦s ♦s ✈ért✐❝❡s ❞♦ ❣r❛❢♦ t❡♠ ❣r❛✉
♣❛r ✭♣❡❧❛ ❤✐♣ót❡s❡✮✱ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❍ t❡♠ ✉♠ ✈ért✐❝❡ ❡♠ ❝♦♠✉♠
❝♦♠ ❚ ❡ t❡♠ t♦❞♦s ♦s ✈ért✐❝❡s ❝♦♠ ❣r❛✉ ♣❛r✳ P❡❧❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ ❍ t❡♠ ✉♠❛ tr✐❧❤❛
❢❡❝❤❛❞❛ q✉❡ ♣❛ss❛ ♣♦r t♦❞♦s ♦s ✈ért✐❝❡s ❞❡ ❍✱ ❡ ♣♦❞❡♠♦s ❢♦r♠❛r ✉♠❛ tr✐❧❤❛ ❢❡❝❤❛❞❛ ♠❛✐♦r
❝♦♥❝❛t❡♥❛♥❞♦ ❚ ❝♦♠ ❛ tr✐❧❤❛ ❡♠ ❍✳ ▼❛s ✐st♦ ❝♦♥tr❛r✐❛ ❛ ♠❛①✐♠❛❧✐❞❛❞❡ ♥❛ ❡s❝♦❧❤❛ ❞❡
❚✳

❉❡✜♥✐çã♦ ✹✹ ✭▼❛tr✐③ ❞❡ ■♥❝✐❞ê♥❝✐❛✮✳ ❙❡❥❛ G ✉♠ ❣r❛❢♦ ❞❡ n ✈ért✐❝❡s v1, v2, . . . , vn, ❡ m
❛r❡st❛s a1, a2, · · · , am ❡ ♥❡♥❤✉♠ ❧❛ç♦✳ ❆ ♠❛tr✐③ ❞❡ ✐♥❝✐❞ê♥❝✐❛ é ✉♠❛ ♠❛tr✐③ ❞❡ ♦r❞❡♠
m× n✱ ♦♥❞❡ ♦ ✈❛❧♦r ❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ ejk ❞❛ ♠❛tr✐③ é ❞❡t❡r♠✐♥❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

ejk =

{

1, s❡ ❛ ❛r❡st❛ aj ✐♥❝✐❞❡ ♥♦ ✈ért✐❝❡ vk
0, ❝❛s♦ ❝♦♥trár✐♦

♦♥❞❡✱ ♦s í♥❞✐❝❡s j ∈ {1, · · · ,m} ❡ k ∈ {1, · · · , n}.

❋✐❣✉r❛ ✷✳✶✽✿ ●r❛❢♦ q✉❡ r❡♣r❡s❡♥t❛ ❛ ▼❛tr✐③ ❞❡ ■♥❝✐❞ê♥❝✐❛
❋♦♥t❡✿ ❆✉t♦r❛✱ ✷✵✷✷

❱❡❥❛ ❛ ♠❛tr✐③ ❞❡ ✐♥❝✐❞ê♥❝✐❛ q✉❡ r❡♣r❡s❡♥t❛ ♦ ❣r❛❢♦ ❞❛ ❋✐❣✉r❛ ✷✳✶✽✿












1 1 0 0
0 1 1 0
0 0 1 1
1 0 0 1
0 1 0 1












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❉❡✜♥✐çã♦ ✹✺ ✭●r❛❢♦s ❖r✐❡♥t❛❞♦s✮✳ ❯♠ ❣r❛❢♦ ♦r✐❡♥t❛❞♦ ✭♦✉ ❞í❣r❛❢♦✮ (V,A) ❝♦♥s✐st❡
❡♠ ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ ❞❡ ✈ért✐❝❡s V ❡ ✉♠ ❝♦♥❥✉♥t♦s ❞❡ ❛r❡st❛s ♦r✐❡♥t❛❞❛s ✭♦✉ ❛r❝♦s✮
A✳ ❈❛❞❛ ❛r❡st❛ ♦r✐❡♥t❛❞❛ ❡stá ❛ss♦❝✐❛❞♦ ✉♠ ♣❛r ♦r❞❡♥❛❞♦ ❞❡ ✈ért✐❝❡s✱ ❞❡ss❡ ♠♦❞♦✱ ♦ ♣❛r
♦r✐❡♥t❛❞♦ (u, v) ❝♦♠❡ç❛ ❡♠ u ❡ t❡r♠✐♥❛ ❡♠ v✳

❋✐❣✉r❛ ✷✳✶✾✿ ●r❛❢♦ ❖r✐❡♥t❛❞♦
❋♦♥t❡✿ ❆✉t♦r❛✱ ✷✵✷✷

❉❡✜♥✐çã♦ ✹✻ ✭●r❛❢♦s ❱❛❧♦r❛❞♦s✮✳ ●r❛❢♦s ❱❛❧♦r❛❞♦s sã♦ ❣r❛❢♦s ❡♠ q✉❡ s✉❛s ❛r❡st❛s
❛♣r❡s❡♥t❡♠ ✈❛❧♦r❡s✳

❋✐❣✉r❛ ✷✳✷✵✿ ●r❛❢♦ ❱❛❧♦r❛❞♦
❋♦♥t❡✿ ❆✉t♦r❛✱ ✷✵✷✷

❉❡✜♥✐çã♦ ✹✼ ✭●r❛❢♦s P❧❛♥❛r❡s✮✳ ❯♠ ❣r❛❢♦ é P❧❛♥❛r s❡ é ♣♦ssí✈❡❧ ❞❡s❡♥❤á✲❧♦ ❡♠ ✉♠
♣❧❛♥♦ π s❡♠ q✉❡ s✉❛s ❛r❡st❛s s❡ ❝r✉③❡♠✳

➱ ❝❡rt♦ q✉❡ ♥ã♦ ❡s❣♦t❛♠♦s ❞❛ t❡♦r✐❛ ❞♦s ❣r❛❢♦s✱ ♠❛s ❛❝r❡❞✐t❛♠♦s s❡r ♦ s✉✜❝✐❡♥t❡
♣❛r❛ ❢❛③❡r♠♦s ❛s ❞✐s❝✉ssõ❡s ♥❡❝❡ssár✐❛s q✉❡ ❡stã♦ ♣♦r ✈✐r✱ ❡ é ❝❧❛r♦✱ ♣❛r❛ ✈♦❧t❛r♠♦s ♥♦s

✺✵



♣r♦❜❧❡♠❛s ❞♦ ✐♥í❝✐♦ ❞❡st❡ ❝❛♣ít✉❧♦✳ ❆ss✐♠ ✱ ✈♦❧t❛♠♦s ❛♦ Pr♦❜❧❡♠❛ ✶ ❞♦ ✐♥í❝✐♦ ❞♦ ❝❛♣ít✉❧♦✳
❈♦♠♦ ❝♦❧♦❝❛❞♦ ♥❛ ♥♦t❛ ❞❡ r♦❞❛♣é ♥❛ ✐♥tr♦❞✉çã♦ ❞❡st❡ ❝❛♣ít✉❧♦✱ ♥ã♦ é ♣♦ssí✈❡❧ ♦❜t❡r
s♦❧✉çã♦✳ ➱ ✐♠♣♦ssí✈❡❧ ❧✐❣❛r ❛s três ❝❛s❛s ❝♦♠ ❛s três ❞✐❢❡r❡♥t❡s s❡r✈✐ç♦s ✭❡❧❡tr✐❝✐❞❛❞❡✱ ❣ás✱
s❛♥❡❛♠❡♥t♦ ❜ás✐❝♦✮ s❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ❞❛s ❧✐❣❛çõ❡s ❝r✉③❛r❡♠ ❝♦♠ ❛s ♦✉tr❛s✳ ▼❛s✱
♣♦❞❡♠♦s ❞✐s❝✉t✐r ✉♠ ♣♦✉❝♦ ♠❛✐s ♦ ❢❛t♦ ❞❡ ♥ã♦ s❡r ♣♦ssí✈❡❧✳ ❱❡❥❛♠♦s✿

• ❛ ❡❧❡tr✐❝✐❞❛❞❡ t❡♠ q✉❡ s❡ ❝♦♥❡❝t❛r ❝♦♠ ❛s ✸ ❝❛s❛s✱ ❞❛í sã♦ ✸ ❧✐❣❛çõ❡s❀

• ❛ á❣✉❛✱ ❞♦ ♠❡s♠♦ ♠♦❞♦✱ t❡♠ q✉❡ s❡ ❝♦♥❡❝t❛r ❝♦♠ ❛s ✸ ❝❛s❛s✱ ✸ ❧✐❣❛çõ❡s❀

• ♦ ❡s❣♦t♦✱ t❛♠❜é♠ ✸ ❧✐❣❛çõ❡s✳

❆ss♦❝✐❛♥❞♦ ♣♦♥t♦s ✭✈ért✐❝❡s✮ ♣❛r❛ r❡♣r❡s❡♥t❛r ❛s ❝❛s❛s ❡ s❡r✈✐ç♦s✱ ❡ s❡❣♠❡♥t♦s
✭❛r❡st❛s✮ ♣❛r❛ ✐♥❞✐❝❛r ❛s ❧✐❣❛çõ❡s✱ ♣♦❞❡♠♦s ♦❜t❡r ✉♠ ❣r❛❢♦✳ ◆❡ss❡ s❡♥t✐❞♦✱ t❡r❡♠♦s ✾
❧✐❣❛çõ❡s ❡♥tr❡ ♦s ❞♦✐s ❝♦♥❥✉♥t♦s ❞❡ ✈ért✐❝❡s✱ s❡♥❞♦ ❛s ❝❛s❛s ✉♠ ❝♦♥❥✉♥t♦ ❡ ♦s s❡r✈✐ç♦s ♦
♦✉tr♦✳ ▲♦❣♦✱ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ✉♠ ❣r❛❢♦ ♣❛r❛ r❡♣r❡s❡♥t❛r ❛ s✐t✉❛çã♦✱ ♣♦ré♠✱ ✉♠ ❣r❛❢♦
q✉❡ ❛s ❛r❡st❛s ♥ã♦ ❝r✉③❡♠✳ ❊♥tã♦✱ ♦ ♣r♦❜❧❡♠❛ s❡r✐❛ ✈❡r✐✜❝❛r s❡ ♦ ❣r❛❢♦ ❡ ♦✉ ♥ã♦ ♣❧❛♥❛r ❡
❝♦♥❡①♦✱ ✈❡❥❛ ❛s ❉❡✜♥✐çõ❡s ✹✷ ❡ ✹✼✳ P❛r❛ ❢❛③❡r♠♦s ❡ss❛ ✈❡r✐✜❝❛çã♦✱ ❜❛st❛ ❛♣❧✐❝❛r ♦ ❚❡♦r❡♠❛
❞❡ ❊✉❧❡r✶✹✳ ❚❛❧ t❡♦r❡♠❛ ♥ã♦ ❢♦✐ ❞✐s❝✉t✐❞♦✱ ✉♠❛ ✈❡③ q✉❡ ❡♥✈♦❧✈❡r✐❛ ♦✉tr♦s ❝♦♥❝❡✐t♦s ❞❡
❣r❛❢♦s✱ ❡ ♥♦ss♦ ♦❜❥❡t✐✈♦ ❡r❛ ❧❡✈❛♥t❛r ❝♦♥❝❡✐t♦s ♣❛r❛ ✉t✐❧✐③❛r ❣r❛❢♦s ♣❛r❛ ❛✉①✐❧✐❛r ♦ ❡st✉❞♦
❞❡ ❝❛❞❡✐❛s ❞❡ ▼❛r❦♦✈✳ ❈♦♥t✉❞♦ ❞❡✐①❛♠♦s ❝♦♠♦ s✉❣❡stã♦ ❞❡ ❧❡✐t✉r❛ ❡ ❡st✉❞♦ P✐t♦♠❜❡✐r❛
✭✷✵✵✾✮ ❡ ✈í❞❡♦ ❞♦ ♠❛t❡♠át✐❝♦ ♣♦rt✉❣✉ês ❘♦❣ér✐♦ ▼❛rt✐♥s✶✺✳ ❖ ❣r❛❢♦ ❞❡ss❡ ♣r♦❜❧❡♠❛ ♣♦❞❡
s❡r tr❛❞✉③✐❞♦ ♣♦r ✉♠ ❣r❛❢♦ ❜✐♣❛rt✐❞♦ ❝♦♠♣❧❡t♦ ❞♦ t✐♣♦ K(3,3)✳ ❱❡❥❛♠♦s ❛ ✜❣✉r❛ ❞❡ ✉♠
❣r❛❢♦ K(3,3)✿

❋✐❣✉r❛ ✷✳✷✶✿ ●r❛❢♦ K(3,3)

❋♦♥t❡✿ ❆✉t♦r❛✱ ✷✵✷✷

❊ ♣♦r ✜♠✱ ♦ Pr♦❜❧❡♠❛ ✷✳ ◆❛ ✜❣✉r❛ ❛❜❛✐①♦✱ ❛♦ ❧❛❞♦ ❞❛s ❧❡tr❛s é ✐❞❡♥t✐✜❝❛❞♦ ♦
♥ú♠❡r♦ ❞❡ ❛❝❡ss♦s ❡ s❛í❞❛s ❞❡ ❝❛❞❛ ✉♠ ❞♦s s❡t♦r❡s ❞♦ s❤♦♣♣✐♥❣✳ ❱❛♠♦s s✉♣♦r q✉❡ ♦
❛❝❡ss♦ ♣❡❧♦ q✉❛❧ ❏♦ã♦ ♣❛ss♦✉ ❞✉❛s ✈❡③❡s ♣❡rt❡♥❝❡ ❛ ✉♠ s❡t♦r ❝♦♠ ✹ ❛❝❡ss♦s✳ ❊♥tã♦ ❡❧❡
♣❛ss♦✉ ✉♠❛ ú♥✐❝❛ ✈❡③ ♣❡❧♦s ✸ ❛❝❡ss♦s r❡st❛♥t❡s✱ ♦✉ s❡❥❛✱ ❡❧❡ ♣❛ss♦✉ ✺ ✈❡③❡s ♣❡❧♦ ❛❝❡ss♦s
❞❡st❡ s❡t♦r✳ ▲♦❣♦ ❡❧❡ ❡♥tr♦✉✱ s❛✐✉✱ ❡♥tr♦✉✱ s❛✐✉ ❡ ❡♥tr♦✉ ♥♦ s❡t♦r✱ ♦✉ s❡❥❛✱ ✜❝♦✉ ❞❡♥tr♦
❞❡❧❡✳ ❊st❛ ❝♦♥❝❧✉sã♦ é ❝♦♥trár✐❛ ❛♦ ❡♥✉♥❝✐❛❞♦✱ q✉❡ ❞✐③ q✉❡ ❡❧❡ ❢♦✐ ❡♠❜♦r❛✳ ▲♦❣♦ ♦ ❏♦ã♦
♣❛ss♦✉ ✉♠❛ ú♥✐❝❛ ✈❡③ ♣♦r t♦❞♦s ♦s ❛❝❡ss♦s ❞♦s s❡t♦r❡s ❝♦♠ ✹ ❛❝❡ss♦s✳ ❆ss✐♠✱ ♦ ❛❝❡ss♦
♣❡❧♦ q✉❛❧ ❡❧❡ ♣❛ss♦✉ ❞✉❛s ✈❡③❡s é ❛q✉❡❧❡ q✉❡ ♥ã♦ ♣❡rt❡♥❝❡ ❛ ♥❡♥❤✉♠ s❡t♦r ❝♦♠ ✹ ❛❝❡ss♦s✱
♦✉ s❡❥❛✱ é ♦ ❛❝❡ss♦ q✉❡ ❧✐❣❛ ♦s s❡t♦r❡s ❈ ❡ ❊✳ ◆❛ ♦✉tr❛ ✜❣✉r❛ ❝♦❧♦❝❛♠♦s ❛ ✐♠❛❣❡♠ q✉❡

✶✹❊♠ t♦❞♦ ❣r❛❢♦ ♣❧❛♥❛r ❝♦♥❡①♦ ❱ ✲ ❆ ✰ ❘ ❂ ✷✱ ♦♥❞❡ ❱✱ ❆ ❡ ❘✱ sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦ ♥ú♠❡r♦ ❞❡
✈ért✐❝❡s✱ ❛r❡st❛s ❡ r❡❣✐õ❡s ❞❡t❡r♠✐♥❛❞❛s ♥♦ ♣❧❛♥♦ ♣❡❧♦ ❣r❛❢♦✳

✶✺https : //www.youtube.com/watch?v = dmsuPfpeHvI
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❡✈✐❞❡♥❝✐❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ tr❛❥❡t♦ q✉❡ s❛t✐s❢❛ç❛ ❛s ❝♦♥❞✐çõ❡s ❝♦❧♦❝❛❞❛s ♥♦ ♣r♦❜❧❡♠❛✱ ♥❡❧❛✱
❛s ❜♦❧✐♥❤❛s ♠❛r❝❛♠ ♦ ✐♥í❝✐♦ ❡ ♦ tér♠✐♥♦ ❞♦ tr❛❥❡t♦✳

❋✐❣✉r❛ ✷✳✷✷✿ P❛ss❡✐♦ ♥♦ ❙❤♦♣♣✐♥❣ ✲ ♥ú♠❡r♦s ❞❡ ❛❝❡ss♦s
❋♦♥t❡✿ ❖❇▼❊P ✭✷✵✵✾✮

❋✐❣✉r❛ ✷✳✷✸✿ P❛ss❡✐♦ ♥♦ ❙❤♦♣♣✐♥❣ ✲ ❚r❛❥❡t♦
❋♦♥t❡✿ ❖❇▼❊P ✭✷✵✵✾✮

P♦r ✜♠✱ ✈❡❥❛♠♦s ❛❣♦r❛ ♦ ♣r♦❜❧❡♠❛ ❞❛s s❡t❡ ♣♦♥t❡s✿ ❙❡❣✉♥❞♦ ✭❆ss✐s✱ ✷✵✶✻✱ ♣✳ ✷✶✮✱
❊✉❧❡r r❡s♦❧✈❡✉ ♦ ♣r♦❜❧❡♠❛ ✉t✐❧✐③❛♥❞♦ ♦ s❡❣✉✐♥t❡ ❛r❣✉♠❡♥t♦✿

✺✷



❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛ t❛❧ ♣❛ss❡✐♦✳ ❈♦♥s✐❞❡r❡ q✉❛❧q✉❡r ✉♠❛
❞❛s q✉❛tr♦ ♣❛rt❡s ❞❛ ❝✐❞❛❞❡ ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦ ❛ ✐❧❤❛✱ ❡
s✉♣♦♥❤❛ q✉❡ ♥♦ss♦ ♣❛ss❡✐♦ ♥ã♦ ❝♦♠❡ç❛ ❛q✉✐✳ ❊♥tã♦✱ ❡♠
❛❧❣✉♠ ♣♦♥t♦ ♥♦ t❡♠♣♦✱ ❡♥tr❛♠♦s ♥❛ ✐❧❤❛ ❛tr❛✈❡ss❛♥❞♦
✉♠❛ ♣♦♥t❡❀ ♠❛✐s t❛r❞❡ ❞❡✐①❛♠♦s ❛ ✐❧❤❛ ♣♦r ♠❡✐♦ ❞❡ ♦✉✲
tr❛ ♣♦♥t❡✳ ❊♥tã♦ ❡♥tr❛♠♦s ♥❛ ✐❧❤❛ ♥♦✈❛♠❡♥t❡ ❛tr❛✈és
❞❡ ✉♠❛ t❡r❝❡✐r❛ ♣♦♥t❡✱ ❡ ❛í ❛ ❞❡✐①❛♠♦s ♣♦r ✉♠❛ q✉❛rt❛✱
❡ ❡♥tã♦ ❡♥tr❛♠♦s ❛tr❛✈és ❞❡ ✉♠❛ q✉✐♥t❛ ♣♦♥t❡ ❡ ♥ã♦ ♣♦✲
❞❡♠♦s ♠❛✐s s❛✐r✱ ♣♦✐s ✉s❛♠♦s t♦❞❛s ❛s ♣♦♥t❡s ❞❛ ✐❧❤❛✳
❈♦♥❝❧✉sã♦✿ t❡♠♦s q✉❡ t❡r♠✐♥❛r ♦ ♣❛ss❡✐♦ ♥❛ ✐❧❤❛✳ ▲♦❣♦✱
s❡ ♥ã♦ ❝♦♠❡ç❛r♠♦s ♥❛ ✐❧❤❛✱ t❡r♠✐♥❛r❡♠♦s ♥❡❧❛❀ ❞❡ ♠❛✲
♥❡✐r❛ ❛♥á❧♦❣❛✱ s❡ ❝♦♠❡ç❛r♠♦s ♥❛ ✐❧❤❛✱ ♥ã♦ t❡r♠✐♥❛r❡♠♦s
♥❡❧❛✳ ❆❣♦r❛ ♣♦❞❡♠♦s ❝❤❡❣❛r ❛ ♠❡s♠❛ ❝♦♥❝❧✉sã♦ s♦❜r❡
t♦❞♦s ♦s ♦✉tr♦s ❞✐str✐t♦s✱ ♣♦✐s t♦❞♦s ♣♦ss✉❡♠ ✉♠ ♥ú♠❡r♦
í♠♣❛r ❞❡ ♣♦♥t❡s✳ ▲♦❣♦✱ s❡ ♥ã♦ ❝♦♠❡ç❛r♠♦s ❡♠ ✉♠ ❞✐s✲
tr✐t♦ t❡♠♦s q✉❡ t❡r♠✐♥❛r ♥❡❧❡✱ ♦✉ s❡❥❛✱ ✜❝❛r❡♠♦s ♣r❡s♦s
♥❡❧❡ ❝❛s♦ ❡❧❡ ♥ã♦ s❡❥❛ ♦ ú❧t✐♠♦✳ ▼❛s ❛❣♦r❛✱ ❡st❛♠♦s ❝♦♠
✉♠ ♣r♦❜❧❡♠❛✿ ♥♦ss♦ ♣❛ss❡✐♦ ❝♦♠❡ç❛ ❡♠ ✉♠ ❞♦s ❞✐str✐t♦s
❡ t❡r♠✐♥❛ ❡♠ ✉♠ ♦✉tr♦✱ ♣❛r❛ q✉❛✐sq✉❡r ❞♦s ❞♦✐s ❞✐str✐✲
t♦s r❡♠❛♥❡s❝❡♥t❡s✱ ♦ ❛r❣✉♠❡♥t♦ ❛❝✐♠❛ ♥♦s ❧❡✈❛ ❛ ✉♠❛
❝♦♥tr❛❞✐çã♦✳ ✭❆ss✐s✱ ✷✵✶✻✱ ♣✳ ✷✶✮

❆tr❛✈és ❞❛s ❞❡✜♥✐çõ❡s ❛❝✐♠❛✱ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r ❛ ❡str✉t✉r❛ ❞❡st❡ ♣r♦❜❧❡♠❛ ❝♦♠
✉♠ ❣r❛❢♦ ❡✉❧❡r✐❛♥♦ ❡ ❡♥t❡♥❞❡r ❝♦♠♦ ❊✉❧❡r ❢♦✐ ❝❛♣❛③ ❞❡ ❝♦♥st❛t❛r q✉❡ ❡r❛ ✐♠♣♦ssí✈❡❧ ♣❛ss❛r
♣♦r t♦❞❛s ❛s ♣♦♥t❡s ❞❛ ❝✐❞❛❞❡ ❞❡ ❞❡ ❑♦♥✐❣s❜❡r❣ ♣❛ss❛♥❞♦ ❛♣❡♥❛s ✉♠❛ ✈❡③ ♣♦r ❝❛❞❛ ♣♦♥t❡✳
❖ ❣r❛❢♦ q✉❡ ♠♦❞❡❧❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❑♦♥✐❣s❜❡r❣ ♣♦ss✉✐ ✹ ✈ért✐❝❡s✱ t♦❞♦s ❞❡ ❣r❛✉ í♠♣❛r✳

✺✸



❈❛♣ít✉❧♦ ✸

Pr♦❝❡ss♦s ❊st♦❝ást✐❝♦s✱ Pr♦❝❡ss♦s

▼❛r❦♦✈✐❛♥♦s ❡ ❈❛❞❡✐❛s ❞❡ ▼❛r❦♦✈

❊①♣❡r✐♠❡♥t♦s ❛❧❡❛tór✐♦s✶✻ sã♦ ❝❛r❛❝t❡r✐③❛❞♦s q✉❛♥❞♦ s❡ ❡①❡❝✉t❛ ✐♥ú♠❡r❛s ✈❡③❡s✱
s♦❜ ❝♦♥❞✐çõ❡s ✐♥❛❧t❡r❛❞❛s ❛ ♠❡s♠❛ ❛çã♦ ❡ ♦s r❡s✉❧t❛❞♦s ✭s❛í❞❛s✮ sã♦ ❛❧❡❛tór✐♦s✳ ❆ss✐♠✱ ♦
❧❛♥ç❛♠❡♥t♦ ❞❡ ✉♠❛ ♠♦❡❞❛✱ ♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞❡ ✉♠❛ ♠áq✉✐♥❛ ✭❡rr♦s✮ ❡ ♦ ❧❛♥ç❛♠❡♥t♦ ❞❡
✉♠ ❞❛❞♦ sã♦ ❝❛s♦s q✉❡ ♥ã♦ s❡ s❛❜❡ ❛ ♣ró①✐♠❛ s❛í❞❛✱ ♠❛s ♣♦❞❡✲s❡ ❝❛❧❝✉❧❛r ❛ ❝❤❛♥❝❡ ❞❡
♦❝♦rrê♥❝✐❛✳

❊①♣❡r✐♠❡♥t♦s✱ r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ✐♥❝❡rt❡③❛s✱ sã♦ ❢r❡q✉❡♥t❡s✱ ❞❛í ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❡
q✉❛♥t✐✜❝❛r ❡ss❛s ✐♥❝❡rt❡③❛s ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ♠❡❞✐r ❛ ❝❤❛♥❝❡ ❞❡ ♦❝♦rr❡r ❡rr♦s ♦✉ s✉❝❡ss♦s
❡♠ ✉♠ ❞❛❞♦ ❡①♣❡r✐♠❡♥t♦✳

❊①❡♠♣❧♦ ✸✾✳ ◆♦ ❡①♣❡r✐♠❡♥t♦✱ ❧❛♥ç❛♠❡♥t♦ ❞❡ ✉♠ ❞❛❞♦ ❤♦♥❡st♦✱ s❡ ❡①❡❝✉t❛❞♦ ✈ár✐❛s
✈❡③❡s ♥ã♦ é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ✉♠ ♣❛❞rã♦✳

❚❛❜❡❧❛ ✸✳✶✿ ▲❛♥ç❛♠❡♥t♦ ❞❡ ❞❛❞♦s
▲❛♥ç❛♠❡♥t♦ ❙❛í❞❛ ✭❢❛❝❡ ♦❜s❡r✈❛❞❛✮

✵ ✸
✶ ✷
✷ ✹
✸ ✶
✹ ✻
✺ ✷
✻ ✺
✼ ✶

◆ã♦ é ♣♦ssí✈❡❧ ♣r❡❞✐③❡r q✉❛❧ s❡rá ❛ ♣ró①✐♠❛ s❛í❞❛ ❞❛❞♦ q✉❡ ❛❣♦r❛ s❛✐✉ ✶✶✼✳ ❈❛❞❛
✈❡③ q✉❡ ❡①❡❝✉t❛r ♦ ❡①♣❡r✐♠❡♥t♦✱ ♣♦ss✐✈❡❧♠❡♥t❡✱ ✈❛✐ s❛✐r ✉♠ r❡s✉❧t❛❞♦ ❞✐❢❡r❡♥t❡ ❞❡ s❛í❞❛✳
◆♦ ❡♥t❛♥t♦✱ s❡ ❝❛❧❝✉❧❛ ❛s ❝❤❛♥❝❡s ❞❡ s❛í❞❛ ❞❡ ❝❛❞❛ ❢❛❝❡✱ é ♣♦ssí✈❡❧ ❝❛❧❝✉❧❛r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡
❞❡ s❛í❞❛ ❞❡ ❝❛❞❛ ❢❛❝❡✱ q✉❡ é 1/6✳ ◆❡ss❡ ❡①❡♠♣❧♦✱ ♥ã♦ s❡ s❛❜❡ q✉❛❧ é ❛ ♣ró①✐♠❛ s❛í❞❛✱
♠❛s s❛❜❡ q✉❛❧ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛ ♣ró①✐♠❛ s❛í❞❛✳ ❊ss❛ s✐t✉❛çã♦ é ✉♠ ❡①♣❡r✐♠❡♥t♦
❡st♦❝ást✐❝♦✳

✶✻Pr♦❜❛❜✐❧íst✐❝♦ ♦✉ ❊st♦❝ást✐❝♦
✶✼◆♦ ❧❛♥ç❛♠❡♥t♦ ❞❡ ✉♠ ❞❛❞♦ ❤♦♥❡st♦✱ ❛♣ós ♠✉✐t♦s ❧❛♥ç❛♠❡♥t♦s✱ ❛ ❢r❡q✉ê♥❝✐❛ r❡❧❛t✐✈❛ ❞❡ q✉❛❧q✉❡r

r❡s✉❧t❛❞♦ é ❛ ♠❡s♠❛✱ s❡ ♥ã♦ ♠✉✐t♦ ♣ró①✐♠❛s✱ ❞❡♥tr♦ ❞❡ ✉♠❛ ♣❡q✉❡♥❛ ♠❛r❣❡♠ ❞❡ ❡rr♦✳
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✸✳✶ Pr♦❝❡ss♦s ❊st♦❝ást✐❝♦s

❆ ❛❜♦r❞❛❣❡♠ ❞♦s ❝♦♥❝❡✐t♦s ♣❡rt✐♥❡♥t❡s ❛ ♣r♦❝❡ss♦s ❡st♦❝ást✐❝♦s é ✉♠❛ ❡①t❡♥sã♦ ♥♦
q✉❡ ❢♦✐ ❛♣r❡s❡♥t❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✶✱ ♥❛ ❙❡çã♦ ✶✳✸✱ ♥♦ q✉❡ tr❛t❛ ❞♦ ❜ás✐❝♦ ❞❡ Pr♦❜❛❜✐❧✐❞❛❞❡✱
❡♠ ♣❛rt✐❝✉❧❛r ❞❡ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s✳ ◆❡ss❡ s❡♥t✐❞♦✱ ❛s ❞✐s❝✉ssõ❡s ❛♣r❡s❡♥t❛❞❛s ♥♦ q✉❡
t❛♥❣❡ ♠♦❞❡❧♦s q✉❡ ❡♥✈♦❧✈❛♠ ❡st❡s ❝♦♥❝❡✐t♦s sã♦ ❞❡ ♣r♦❝❡ss♦s q✉❡ ❡✈♦❧✉❡♠ ♥♦ t❡♠♣♦ ❞❡
♠❛♥❡✐r❛ ♣r♦❜❛❜✐❧íst✐❝❛✱ ❝♦♥❢♦r♠❡ ◆♦❣✉❡✐r❛✭✷✵✵✾✱ ♣✳ ✶✮ ❡ ❆❧✈❡s ❡ ❉❡❧❣❛❞♦ ✭✶✾✾✼✱ ♣✳✶✮✿

Pr♦❝❡ss♦s ❊st♦❝ást✐❝♦s sã♦ ❞❡ ✐♥t❡r❡ss❡✱ ♣♦✐s ♣♦❞❡♠ ❞❡s✲
❝r❡✈❡r ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ✉♠ s✐st❡♠❛ ♦♣❡r❛♥❞♦ s♦❜r❡ ❛❧✲
❣✉♠ ♣❡rí♦❞♦ ❞❡ t❡♠♣♦✱ ❝♦♠ ✐ss♦✱ ❡♠ t❡r♠♦s ❢♦r♠❛✐s✱ ❛
✈❛r✐á✈❡❧ r❛♥❞ô♠✐❝❛✶✽ X(t) r❡♣r❡s❡♥t❛ ♦ ❡st❛❞♦ ❞♦ s✐s✲
t❡♠❛ ♥♦ ♣❛râ♠❡tr♦ ✭❣❡r❛❧♠❡♥t❡ t❡♠♣♦✮ t✳ P♦rt❛♥t♦✱
♣♦❞❡✲s❡ ❛✜r♠❛r q✉❡ X(t) é ❞❡✜♥✐❞♦ ❡♠ ✉♠ ❡s♣❛ç♦ ❞❡✲
♥♦♠✐♥❛❞♦ ❊s♣❛ç♦ ❞❡ ❊st❛❞♦s✳

❖✉ ❛✐♥❞❛✱

. . . Pr♦❝❡ss♦s ❊st♦❝ást✐❝♦s ✭❡♠ ✐♥❣❧ês✱ ✏❙t♦❝❤❛st✐❝
Pr♦❝❡ss✑ ♦✉ ✏❘❛♥❞♦♥ Pr♦❝❡ss✑✮ ❝♦♠♦ ✉♠ ❝♦♥❥✉♥t♦
❞❡ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ✐♥❞❡①❛❞❛s ❛ ✉♠❛ ✈❛r✐á✈❡❧ ✭❣❡✲
r❛❧♠❡♥t❡ ❛ ✈❛r✐á✈❡❧ t❡♠♣♦✮✱ s❡♥❞♦ r❡♣r❡s❡♥t❛❞♦ ♣♦r
{X(t), t ∈ T}✳

❊st❛❜❡❧❡❝❡♥❞♦ ♦ ♣❛r❛❧❡❧✐s♠♦ ❝♦♠ ♦ ❝❛s♦ ❞❡t❡r♠✐♥íst✐❝♦✱
♦♥❞❡ ✉♠❛ ❢✉♥çã♦ f(t) t♦♠❛ ✈❛❧♦r❡s ❜❡♠ ❞❡✜♥✐❞♦s ❛♦
❧♦♥❣♦ ❞♦ t❡♠♣♦✱ ✉♠ ♣r♦❝❡ss♦ ❡st♦❝ást✐❝♦ t♦♠❛ ✈❛❧♦r❡s
❛❧❡❛tór✐♦s ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✳

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ Pr♦❝❡ss♦ ❊st♦❝ást✐❝♦ é ✉♠❛ ❝♦❧❡çã♦ ❞❡ ✈❛r✐á✈❡✐s ✐♥❞❡①❛❞❛s
♣❡❧♦ t❡♠♣♦✳ ❈♦❧♦❝❛♠♦s t❡♠♣♦✱ ♠❛s ♣♦❞❡ s❡r ♦✉tr❛ ❣r❛♥❞❡③❛✱ ❝♦♠♦ ❝♦♠♣r✐♠❡♥t♦✱ ár❡❛✳
◆♦ ❝❛s♦ ❞♦ t❡♠♣♦ ❝♦♥s✐❞❡r❛♠♦s ❡❧❡ ❞✐s❝r❡t♦ ♦✉ ❝♦♥tí♥✉♦✳

❉❡✜♥✐çã♦ ✹✽✳ ✭❙✐❧✈❛✱ ✷✵✷✵✱ ♣✳ ✷✷✮ ❯♠ ♣r♦❝❡ss♦ ❡st♦❝ást✐❝♦ {Xt :∈ I} é ✉♠❛ ❝♦❧❡çã♦
❞❡ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ❞❡✜♥✐❞❛s s♦❜r❡ ✉♠ ♠❡s♠♦ ❡s♣❛ç♦ ❛♠♦str❛❧ ❙✳ ❖ ❝♦♥❥✉♥t♦ ■ s❡rá
❝❤❛♠❛❞♦ ❞❡ ❡s♣❛ç♦ ❞❡ ♣❛râ♠❡tr♦s✱ s❡♥❞♦ ♥❛ ♣rát✐❝❛ ♦ ♣❡rí♦❞♦ ❞❡ t❡♠♣♦ ❡♠ q✉❡ ♦ ♣r♦✲
❝❡ss♦ ❡st♦❝ást✐❝♦ é ♦❜s❡r✈❛❞♦✳ ❆ss✉♠❡✲s❡ I = ❬✵✱∞) ✭♣❛râ♠❡tr♦ ❡♠ t❡♠♣♦ ❝♦♥tí♥✉♦✮ ♦✉
I =④✵✱✶✱✷✱✸✱ · · · } ✭♣❛râ♠❡tr♦ ❡♠ t❡♠♣♦ ❞✐s❝r❡t♦✮✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ ✈❛❧♦r❡s q✉❡ ❛ ✈❛r✐á✈❡❧
❛❧❡❛tór✐❛ Xt ♣♦❞❡ ❛ss✉♠✐r é ❝❤❛♠❛❞♦ ❞❡ ❡st❛❞♦s✱ ❞❡♥♦t❛❞♦ ♣♦r E✳

❊①❡♠♣❧♦ ✹✵✳ ❙❡ Xt r❡♣r❡s❡♥t❛ ♠❡❞✐❞❛✱ ♦✉ s❡❥❛ s❡ ❢♦r ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ❝♦♥tí♥✉❛✱ ❊
é ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ ♥ú♠❡r♦s r❡❛✐s✳ ❙❡ Xt r❡♣r❡s❡♥t❛ ❛❧❣✉♠❛ ❝♦♥t❛❣❡♠✱ ♦✉ s❡❥❛ s❡ ❢♦r ✉♠❛
✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ❞✐s❝r❡t❛✱ ❊ é ✉♠❛ s❡q✉ê♥❝✐❛ ✜♥✐t❛ ♦✉ ✐♥✜♥✐t❛ ❡♥✉♠❡rá✈❡❧✳ ❱❡❥❛♠♦s✿

✭✐✮ ❙❡❥❛ X = {Xt : t ≥ 0}, ♦♥❞❡ Xt é ♦ ♣r❡ç♦ ❞❡ ✉♠❛ ❛çã♦ ♥♦ ✐♥st❛♥t❡ t✳ ◆❡ss❡ ❝❛s♦✱
I = ❬✵✱∞) ❡ E = ④①✿ ① > 0}.

✭✐✐✮ X = {Xn : n > 0}, ♦♥❞❡ Xn✿ ♥ú♠❡r♦ ❞❡ ✐t❡♥s ❞❡❢❡✐t✉♦s♦s ❡♥❝♦♥tr❛❞♦s✱ ♥♦ ❞✐❛ ♥✱ ❡♠
✉♠❛ ❧✐♥❤❛ ❞❡ ♣r♦❞✉çã♦✳ ◆❡ss❡ ❝❛s♦ ✱ I = {0, 1, 2, · · · } ❡ E = {0, 1, 2, · · · }.

✶✾➱ ♦ ♠❡s♠♦ q✉❡ ❛❧❡❛tór✐❛✳

✺✺



◆♦s ✐t❡♥s ✭✐✮ ❡ ✭✐✐✮ ❞♦ ❊①❡♠♣❧♦ ✹✵✱ t❡♠♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❡♠♣♦ ❝♦♥tí♥✉♦ ❡
❞✐s❝r❡t♦✳ ❆ s❡❣✉✐r✱ t❡♠♦s ✉♠ ❡①❡♠♣❧♦ ❞❡ ♣r♦❝❡ss♦ ❡st♦❝ást✐❝♦ ❝♦♠ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s
❞✐s❝r❡t❛s q✉❡ ♣♦❞❡♠ ❛ss✉♠✐r q✉❛tr♦ ❡st❛❞♦s ❡ ♦ t❡♠♣♦ é ❞✐s❝r❡t♦✳

❊①❡♠♣❧♦ ✹✶✳ P❡❞r♦ t❡♠ ❘✩ ✺✱✵✵ ❡ ❞❡❝✐❞❡ ❛♣♦st❛r ❡♠ ✉♠ ❥♦❣♦ ❞❡ ♠♦❡❞❛ ❤♦♥❡st❛✱ ♥♦
q✉❛❧ ❡❧❡ ❣❛♥❤❛ ❘✩ ✺✱✵✵✱ s❡ s❛✐r ❝❛r❛✱ ♦✉ ♣❡r❞❡ ❘✩ ✺✱✵✵✱ s❡ s❛✐r ❝♦r♦❛✳ ❉❡ss❛ ❢♦r♠❛✱ ❛s

♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡❧❡ ♣❡r❞❡r ♦✉ ❣❛♥❤❛r é
1

2
✳ ❖ ❥♦❣♦ ❛❝❛❜❛ q✉❛♥❞♦ ♦ ❥♦❣❛❞♦r t✐✈❡r ❘✩ ✶✺✱✵✵

♦✉ ❘✩ ✵✱✵✵✳
◆❡ss❡ ❡①❡♠♣❧♦✱ ❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ Xk é ❞❡✜♥✐❞❛ ♣❡❧❛ q✉❛♥t✐❞❛❞❡ ❛❝✉♠✉❧❛❞❛ ♣♦r

P❡❞r♦ ♥❛ ❦✲és✐♠❛ ❥♦❣❛❞❛✱ s❡♥❞♦ q✉❡ ♣♦❞❡ ❛ss✉♠✐r ✉♠ ❞❡♥tr❡ ♦s s❡❣✉✐♥t❡s ❡st❛❞♦s✱ ✶✱✷✱✸
♦✉ ✹ q✉❡ ❝♦rr❡s♣♦♥❞❡♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❘✩✵✱✵✵✱ ❘✩ ✺✱✵✵✱ ❘✩ ✶✵✱✵✵ ❡ ❘✩ ✶✺✱✵✵✳

❆ss✐♠✱

. . . ❤á ❝❛s♦s ❡♠ ♦ t❡♠♣♦ é ❝♦♥s✐❞❡r❛❞♦ ❞❡ ❢♦r♠❛ ❞✐s❝r❡t❛
✭. . . ♥♦ ✜♠ ❞♦ ❞✐❛ t✮ ❡ ♦✉tr♦s ❡♠ q✉❡ é t♦♠❛❞♦ ❞❡ ♠♦❞♦
❝♦♥tí♥✉♦ ✭. . . ♥♦ ♠♦♠❡♥t♦ t✮✳ ❆ ✈❛r✐á✈❡❧ t❡♠♣♦ é✱ ♣♦r
❞❡✜♥✐çã♦✱ ✉♠❛ ✈❛r✐á✈❡❧ ❝♦♥tí♥✉❛✱ ❛ q✉❛❧ ♣♦❞❡ s❡r ✏❞✐s✲
❝r❡t✐③❛❞❛✑ s❡ ♦s ❢❡♥ô♠❡♥♦s ❢♦r❡♠ ♦❜s❡r✈❛❞♦s ❛ ✐♥t❡r✈❛❧♦s
r❡❣✉❧❛r❡s✳ ✭❆❧✈❡s ❡ ❉❡❧❣❛❞♦✱ ✶✾✾✼✱ ♣✳ ✶✮

✸✳✷ Pr♦❝❡ss♦s ▼❛r❦♦✈✐❛♥♦s

◆♦ ❊①❡♠♣❧♦ ✹✷✱ t❡♠♦s q✉❡ Xt ♣♦❞❡ ❛ss✉♠✐r ✉♠ ❞❡♥tr❡ ♦s ❡st❛❞♦s✿ ✶✱ ✷✱ ✸✱ ✹❀
s❡♥❞♦ ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ é X0 = ✷✱ X1 = ✶✱ X3 = ✸ ❡ X4 = ✹✳ ❱❡❥❛✱ ❛❜❛✐①♦✱ ♦ ❣r❛❢♦ q✉❡
r❡♣r❡s❡♥t❛ ❛s ♠✉❞❛♥ç❛s ❡♥tr❡ ♦s q✉❛tr♦ ❡st❛❞♦s✳

❋✐❣✉r❛ ✸✳✶✿ ●r❛❢♦ ❞❡ tr❛♥s✐çã♦ ❡♥tr❡ ♦s q✉❛tr♦ ❡st❛❞♦s
❋♦♥t❡✿ ❆✉t♦r❛✱ ✷✵✷✷

❙❡ P❡❞r♦ ❥♦❣❛r ❛ ♠♦❡❞❛✱ r❡♣❡t✐❞❛♠❡♥t❡✱ ❡ s❛✐r ❝♦r♦❛✱ ♥♦ ♣r✐♠❡✐r♦ ❧❛♥ç❛♠❡♥t♦ ❡❧❡
s❛✐ ❞♦ ❡st❛❞♦ ✷ ❡ ✈❛✐ ♣❛r❛ ♦ ❡st❛❞♦ ✶✱ ❡ ❡♥q✉❛♥t♦ s❛✐r ❝♦r♦❛✱ ❡❧❡ ✜❝❛ ❡st❛❝✐♦♥❛❞♦ ♥♦ ❡st❛❞♦
✶✳ ❙❛❜❡♠♦s q✉❡ ♦ ♣ró①✐♠♦ ❧❛♥ç❛♠❡♥t♦ ♥ã♦ ❞❡♣❡♥❞❡ ❞♦ ❧❛♥ç❛♠❡♥t♦ ❛♥t❡r✐♦r✳ ▲♦❣♦✱ P❡❞r♦
♣♦❞❡ t✐r❛r ❝❛r❛ ❡ ♠✉❞❛r ❞❡ ❡st❛❞♦ ♦✉ t✐r❛r ❝♦r♦❛ ❡ ♣❡r♠❛♥❡❝❡r ♥♦ ❡st❛❞♦ ✶✳

❖❜s❡r✈❡♠♦s q✉❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s❛✐r ❝❛r❛ ❡♠ q✉❛❧q✉❡r ❧❛♥ç❛♠❡♥t♦ é s❡♠♣r❡

❛ ♠❡s♠❛✿
1

2
✱ ♥ã♦ ✐♠♣♦rt❛♥❞♦ q✉❛❧ ❧❛♥ç❛♠❡♥t♦ s❡❥❛✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♥ã♦ ❛❧t❡r❛✳

❊ss❡ t✐♣♦ ❞❡ s✐t✉❛çã♦ é ✉♠ ♣r♦❝❡ss♦ ❡st♦❝ást✐❝♦ ❡♠ q✉❡ ♦ ♣❛ss❛❞♦ ♥ã♦ ❡stá ✐♥t❡r✲
❢❡r✐♥❞♦ ♥♦ ❢✉t✉r♦❀ ♦ ❧❛♥ç❛♠❡♥t♦ ❞❡ ✉♠❛ ♠♦❡❞❛ é ✉♠ ♣r♦❝❡ss♦ q✉❡ ♥ã♦ t❡♠ ♠❡♠ór✐❛✳

✺✻



❆♥t❡s ❞❡ ❛♣r❡s❡♥t❛r ♦ ❝♦♥❝❡✐t♦ ❞❡ Pr♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦✱ é ❝♦♥✈✐❞❛t✐✈♦ tr❛③❡r
❛❧❣✉♥s ❡❧❡♠❡♥t♦s ❤✐stór✐❝♦s s♦❜r❡ ♦ ♠❛t❡♠át✐❝♦ r✉ss♦ ❆♥❞r❡✐ ❆♥❞r❡②❡✈✐❝❤ ▼❛r❦♦✈✱ ♣r❡✲
❝✉rs♦r ♥♦ ❡st✉❞♦ ❞❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ♣❡r❞❛ ❞❡ ♠❡♠ór✐❛ q✉❡ ❢♦✐ ♠♦t✐✈❛❞♦r❛ ♣❛r❛ ♦ ❞❡s❡♥✲
✈♦❧✈✐♠❡♥t♦ ❞❛ t❡♦r✐❛ s♦❜r❡ ❈❛❞❡✐❛s ❞❡ ▼❛r❦♦✈✳

❋✐❣✉r❛ ✸✳✷✿ ❆♥❞r❡✐ ❆♥❞r❡②❡✈✐❝❤ ▼❛r❦♦✈
❋♦♥t❡✿❖✬❈♦♥♥♦r ❡ ❘♦❜❡rts♦♥ ✭✷✵✵✻✮

❆♥❞r❡✐ ▼❛r❦♦✈ ♥❛s❝❡✉ ♥♦ ❙é❝✉❧♦ ❳■❳ ✭✶✽✺✻✲✶✾✷✷✮✱ ❢❡③ ❝♦♥tr✐❜✉✐çõ❡s ❡♠ ❚❡♦r✐❛
❞♦s ◆ú♠❡r♦s ❡ ❆♥á❧✐s❡✱ ❞❡st❛❝❛♥❞♦✲s❡ ♥♦s t❡♠❛s✿ ❋r❛çõ❡s ❈♦♥tí♥✉❛s✱ ▲✐♠✐t❡s ❞❡ ■♥t❡❣r❛✐s✱
❚❡♦r✐❛ ❞❡ ❆♣r♦①✐♠❛çã♦ ❡ ❈♦♥✈❡r❣ê♥❝✐❛ ❞❡ ❙ér✐❡s✳

◆♦ ✐♥í❝✐♦ ❞♦ ❙é❝✉❧♦ ❳❳✱ ❛♣❧✐❝♦✉ ♦ ♠ét♦❞♦ ❞❛s ❋r❛çõ❡s ❈♦♥tí♥✉❛s ♥❛ t❡♦r✐❛ ❞❡
Pr♦❜❛❜✐❧✐❞❛❞❡s✳ ◆♦ ❡♥t❛♥t♦✱ s❡✉ tr❛❜❛❧❤♦ ♠❛✐s ❧❡♠❜r❛❞♦ é s❡✉ ❡st✉❞♦ ❞❛s ❝❛❞❡✐❛s ❞❡
▼❛r❦♦✈✳

❆❧é♠ ❞❛ ▼❛t❡♠át✐❝❛✱ ▼❛r❦♦✈ t❛♠❜é♠ s❡ ✐♥t❡r❡ss❛✈❛ ♣♦r ♣♦❡s✐❛ ❡ ❢❡③ ❡st✉❞♦ ♥❡ss❡
❝❛♠♣♦✱ ❜❡♠ ❝♦♠♦ ❛♣❧✐❝♦✉ ❛s ✐❞❡✐❛s ❞❛s ❝❛❞❡✐❛s ❞❡ ❞♦✐s ❡st❛❞♦s ✭✈♦❣❛✐s ❡ ❝♦♥s♦❛♥t❡s✮
❡♠ t❡①t♦s ❧✐t❡rár✐♦s✱ ♠❡s♠♦ q✉❡ ❛ ♣r✐♥❝í♣✐♦ ❞❡s❡♥✈♦❧✈❡✉ s✉❛ t❡♦r✐❛ ❝♦♠♦ ✉♠ tr❛❜❛❧❤♦
♣✉r❛♠❡♥t❡ ♠❛t❡♠át✐❝♦❀ s❡♠ ❝♦♥s✐❞❡r❛r ❛s ❛♣❧✐❝❛çõ❡s✳

❉❡✜♥✐çã♦ ✹✾✳ ✭❙✐❧✈❛✱ ✷✵✷✵✱ ♣✳ ✷✹✮ ❯♠ Pr♦❝❡ss♦ ❊st♦❝ást✐❝♦ {Xt : t ∈ T} é ❝❤❛♠❛❞♦
▼❛r❦♦✈✐❛♥♦ q✉❛♥❞♦✱ ♣❛r❛ q✉❛❧q✉❡r t❡♠♣♦ t0 < t1 < · · · < tn < tn+1, ❛ ❞✐str✐❜✉✐çã♦
❝♦♥❞✐❝✐♦♥❛❧ ❞❡ Xt ♣❛r❛ ♦s ✈❛❧♦r❡s ❞❛❞♦s ❞❡ Xt0 ✱ Xt1 ✱ ✳ ✳ ✳ ✱ Xtn ✱ Xtn+1

❞❡♣❡♥❞❡♠ s♦♠❡♥t❡
❞❡ Xtn :

P (Xt+1 = j | X0 = k0, X1 = k1, . . . , Xt−1 = kt−1, Xt = i) = P (Xt+1 = j | Xt = i) = pij.

❆ ❡①♣r❡ssã♦ ❛❝✐♠❛ ❞✐③ q✉❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧ ❞❡ q✉❛❧q✉❡r ❡✈❡♥t♦ ❢✉t✉r♦✱
❞❛❞♦s q✉❛✐sq✉❡r ❡✈❡♥t♦s ♣❛ss❛❞♦s✱ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞♦ ❡st❛❞♦ ♣r❡s❡♥t❡ Xt = i✱ ♦✉ s❡❥❛✱ é
✐♥❞❡♣❡♥❞❡♥t❡ ❞♦s ❡✈❡♥t♦s ♣❛ss❛❞♦s✱ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞♦ ❡st❛❞♦ ❛t✉❛❧✳

✸✳✷✳✶ ❈❛❞❡✐❛s ❞❡ ▼❛r❦♦✈

❯♠❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈ é ✉♠ Pr♦❝❡ss♦ ❊st♦❝ást✐❝♦ q✉❡ t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ♠❛r✲
❦♦✈✐❛♥❛✳ ❚❛✐s ♣r♦❝❡ss♦s ❡st♦❝ást✐❝♦s sã♦ ❝❛r❛❝t❡r✐③❛❞♦s ♣❡❧❛ ♣❡r❞❛ ❞❡ ♠❡♠ór✐❛✳

P❛r❛ ❛ s❡❧❡çã♦ ❞♦s ❡①❡♠♣❧♦s ❡ ♣r♦❜❧❡♠❛s ❛♣r❡s❡♥t❛❞♦s ♥❡st❡ tr❛❜❛❧❤♦✱ sã♦ ♣❛r❛
❛s ❈❛❞❡✐❛s ❞❡ ▼❛r❦♦✈ ❝♦♠ ❛s s❡❣✉✐♥t❡s ❝❛r❛❝t❡ríst✐❝❛s✿

✺✼



✶✳ ❡st❛❞♦s ❞✐s❝r❡t♦s✳

✷✳ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛s ♠✉❞❛♥ç❛s ❡♥tr❡ ♦s ❡st❛❞♦s sã♦ ❝♦♥st❛♥t❡s✱ ♦✉ s❡❥❛✱ ♥ã♦ ✈❛r✐❛
❝♦♠ ♦ t❡♠♣♦✳

➱ ✉s✉❛❧✱ ♣❛r❛ r❡♣r❡s❡♥t❛r ✉♠❛ ❈❛❞❡✐❛ ❞❡ ▼❛r❦♦✈✱ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ❣r❛❢♦s ♦r✐❡♥t❛✲
❞♦s✱ ♣♦❞❡♥❞♦ s❡r✱ t❛♠❜é♠✱ ❣r❛❢♦s ♦r✐❡♥t❛❞♦s ❡ ✈❛❧♦r❛❞♦s✱ ❜❡♠ ❝♦♠♦ ❞❡ ♠❛tr✐③❡s q✉❛❞r❛❞❛s
P ❝♦♠ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦✳

◆♦s ❣r❛❢♦s✱ ❛♣r❡s❡♥t❛❞♦s ♥♦ ❞❡❝♦rr❡r ❞❡st❡ ❝❛♣ít✉❧♦✱ ♦s ✈ért✐❝❡s r❡♣r❡s❡♥t❛♠ ♦s
❡st❛❞♦s✱ ❡ ❛s s❡t❛s ✭❛r❡st❛s✮ ✐♥❞✐❝❛♠ ❛s tr❛♥s✐çõ❡s ♣♦ssí✈❡✐s ❡♥tr❡ ♦s ❡st❛❞♦s✱ ❡ ❛✐♥❞❛
♣♦❞❡♠♦s ❛tr✐❜✉✐r ❛ ❝❛❞❛ ❛r❡st❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♦❝♦rr❡r ❛ tr❛♥s✐çã♦✳ ❱❡❥❛ q✉❡ ❛ ❋✐❣✉r❛
✸✳✶✱ é ♦ ❣r❛❢♦ q✉❡ r❡♣r❡s❡♥t❛ ♦ ❊①❡♠♣❧♦ ✹✷✳

◆❡ss❡ s❡♥t✐❞♦✱ ❡st✉❞❛r ❝❛❞❡✐❛s ❞❡ ▼❛r❦♦✈ é ✐♥t❡r❡ss❛♥t❡ ❡ út✐❧✱ ✉♠❛ ✈❡③ q✉❡ ❛♣❛✲
r❡❝❡ ❡♠ ✈ár✐♦s ♠♦❞❡❧♦s ♠❛t❡♠át✐❝♦s q✉❡ r❡♣r❡s❡♥t❛♠ s✐t✉❛çõ❡s ❝♦♥❝r❡t❛s ❞❡ q✉❛❧q✉❡r
✐♥❞✐✈í❞✉♦✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦s✱ s❡q✉ê♥❝✐❛s ❣❡♥ét✐❝❛s✱ ♣r♦♣❛❣❛çã♦ ❞❡ ❡♣✐❞❡♠✐❛s ❡ ❞✐✈❡rs❛s
♦✉tr❛s ❛♣❧✐❝❛çõ❡s ❞❡ ♣r♦❜❧❡♠❛s ♥ã♦ ❡❧❡♠❡♥t❛r❡s✳ ❆ ❡str✉t✉r❛ ❞❛ ❝❛❞❡✐❛ é ❢✉♥❞❛♠❡♥t❛❧
♣❛r❛ ❞❡✜♥✐r ❡ss❛ s❡q✉ê♥❝✐❛ q✉❡ s❡r✐❛ ✉♠ ♣r♦❝❡ss♦ ❡st♦❝ást✐❝♦✳

❊①❡♠♣❧♦ ✹✷✳ ❆♦ ❛❝❡ss❛r♠♦s ✉♠❛ ♣á❣✐♥❛ ♥❛ ✐♥t❡r♥❡t ❡♥❝♦♥tr❛♠♦s ❧✐♥❦s ♣❛r❛ ❛❝❡ss❛r
♦✉tr❛s ♣á❣✐♥❛s✳ ◆❡ss❡ s❡♥t✐❞♦✱ é ♣♦ssí✈❡❧ ♠♦✈❡r ♣❛r❛ ♦✉tr❛✱ ❝❧✐❝❛♥❞♦ ♥♦ ❧✐♥❦ ❡s❝♦❧❤✐❞♦✳
❈♦♥s✐❞❡r❡ ✉♠❛ ♣á❣✐♥❛ q✉❛❧q✉❡r✱ ❡st❛ ♣á❣✐♥❛ ♣♦ss✉✐ ❧✐♥❦ ♣❛r❛ q✉❡ s❡ ♣♦ss❛ ♥❛✈❡❣❛r ♣❛r❛
♦✉tr❛s ♣á❣✐♥❛s✱ ❡ ❞❡st❛s ♣❛r❛ ♦✉tr❛s✳ ❊ss❛ ♥❛✈❡❣❛çã♦ ❞❡ ✉♠❛ ♣á❣✐♥❛ ♣❛r❛ ♦✉tr❛ é ♦ q✉❡
❝❤❛♠❛♠♦s ❞❡ ❝❛♠✐♥❤❛❞❛ ❛❧❡❛tór✐❛✱ q✉❡ ♣♦r s✉❛ ✈❡③ é ✉♠❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈✱ ♣♦✐s ♦ ❛❝❡ss♦
♣❛r❛ ❛ ♣á❣✐♥❛ s❡❣✉✐♥t❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ q✉❛❧ ♣á❣✐♥❛ ✈♦❝ê ✈❡♠✱ só ❞❡♣❡♥❞❡ ❞❡ q✉❛❧ ♣á❣✐♥❛
✈♦❝ê ❡stá✱ ✐ss♦ é ✉♠ ♣r♦❝❡ss♦ q✉❡ ♥ã♦ t❡♠ ♠❡♠ór✐❛✱ ✉♠❛ ✈❡③ q✉❡ ❡s❝♦❧❤❡r ♦ ♣ró①✐♠♦ ❧✐♥❦
✭♣á❣✐♥❛✮✱ só ❞❡♣❡♥❞❡ ❞❛ ❛t✉❛❧✱ ♥ã♦ ❞♦ ❤✐stór✐❝♦ ❞❡ ❛❝❡ss♦s ❞❡ ♦✉tr❛s ♣á❣✐♥❛s✳ ❙❡❥❛
❛ r❡♣r❡s❡♥t❛çã♦ ❛❜❛✐①♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣á❣✐♥❛s ❞❡ ❲❡❜✱ ❛ ✜❣✉r❛ ♥♦s ❞á ✉♠❛ ✐❞❡✐❛ ❞❡
❧✐❣❛çã♦ ♦✉ ❛❝❡ss♦ ❡♥tr❡ ❛❧❣✉♠❛s ♣á❣✐♥❛s✱ ♦♥❞❡ ♦s ❡st❛❞♦s sã♦ ❛s ♣á❣✐♥❛s ❧✐♥❝❛❞❛s✳

✺✽



❋✐❣✉r❛ ✸✳✸✿ ❈♦♥❥✉♥t♦ ♣á❣✐♥❛s ❞❛ ✇❡❜
❋♦♥t❡✿ ❆✉t♦r❛✱ ✷✵✷✷

P❛r❛ q✉❡ ❡ss❡ ❝♦♥❝❡✐t♦ ✜q✉❡ ♠❛✐s ❝❧❛r♦✱ s✉♣♦♥❤❛♠♦s q✉❡ ❡st❛♠♦s ♥❛ ♣á❣✐♥❛ ✶✱
❝♦♠♦ ✐❧✉str❛❞♦ ♥❛ ✜❣✉r❛ ❛❝✐♠❛✱ ❡st❛ ♣á❣✐♥❛ ❡stá ❛ss♦❝✐❛❞❛ ❛ ♦✉tr❛s ♣á❣✐♥❛s ♣♦r ❧✐♥❦s✳
◆❛ ♣á❣✐♥❛ ✶ t❡♠ ❞♦✐s ❧✐♥❦s ❛ss♦❝✐❛❞♦s ❛ ❡❧❛✱ 2 ❡ 9✱ ❡♥tã♦ t❡♠♦s ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ♠♦✈❡r

♣❛r❛ ❞✉❛s ♦✉tr❛s ♣á❣✐♥❛s✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡s❝♦❧❤❛ ♣❛r❛ q✉❛❧q✉❡r ✉♠❛ ❞❛s ❞✉❛s✱ é
1

2
✳

▼♦✈❡♥❞♦ ❞❛ ♣á❣✐♥❛ 1 ♣❛r❛ ❛ ♣á❣✐♥❛ 2 ❡ ❞❡st❛ ♣❛r❛ q✉❛❧q✉❡r ♣á❣✐♥❛ ❛ss♦❝✐❛❞❛ ❛ ❡❧❛✱ ❛
♣r♦❜❛❜✐❧✐❞❛❞❡ ❡ é 1/3✳ ❉❛ ♣á❣✐♥❛ ✷✱ ❛❝❡ss❛♠♦s ❛ ✺✱ ❞❛í✱ t❡♠♦s ❛♣❡♥❛s ✶ ♣♦ss✐❜✐❧✐❞❛❞❡✱ ♦✉
s❡❥❛✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ é ✶✱ ❡ ✈❡❥❛♠♦s q✉❡ ♥ã♦ ✐♠♣♦rt❛ ❞❡ ♦♥❞❡ ✈✐❡♠♦s ❛♥t❡s ❞❡ 2✳ ❊ ❞♦
♠❡s♠♦ ♠♦❞♦✱ ♦ ♣ró①✐♠♦ ♣❛ss♦ ❛ s❡r ❞❛❞♦✱ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ ♦♥❞❡ ✈✐❡♠♦s✳ ◆♦t❡ q✉❡✱ ❝❛s♦

❧✐♥❝❛ss❡ ❞❛ ♣á❣✐♥❛ 1✱ ♥♦ ✐♥í❝✐♦✱ ♣❛r❛ ❛ ♣á❣✐♥❛ 9✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ é ❞❡
1

2
✳ ❱❡❥❛ q✉❡ t❡♠♦s

❞✉❛s s❡t❛s✱ ✐ss♦ ✐♥❞✐❝❛ q✉❡ ♣♦❞❡♠♦s ✈♦❧t❛r ♣❛r❛ ❛ ♣á❣✐♥❛ 1 s❛✐♥❞♦ ❞❛ 9✳

✺✾



❋✐❣✉r❛ ✸✳✹✿ ❈♦♥❥✉♥t♦ ♣á❣✐♥❛s ❞❛ ✇❡❜ ❝♦♠ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦
❋♦♥t❡✿ ❆✉t♦r❛✱ ✷✵✷✷

❆ s✐t✉❛çã♦ ❞❡s❝r✐t❛ ♥♦ ❡①❡♠♣❧♦ ✐♠❡❞✐❛t❛♠❡♥t❡ ❛❝✐♠❛✱ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ♣♦r
♠❛tr✐③❡s✱ ♦♥❞❡ ❝❛❞❛ ❧✐♥❤❛ i tr❛③ ♦ ❡st❛❞♦ ❛t✉❛❧ ❡ ❝❛❞❛ ❝♦❧✉♥❛ j ♦ ❡st❛❞♦ ❢✉t✉r♦✳ ❉❡st❛
❢♦r♠❛✱ ❛ Pij r❡♣r❡s❡♥t❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♦❝♦rr❡r ❛ ♠✉❞❛♥ç❛ ❞♦ ❡st❛❞♦ i ♣❛r❛ ♦ j✳

❉❡✜♥✐çã♦ ✺✵✳ ❖ Pr♦❝❡ss♦ ❊st♦❝ást✐❝♦ {Xt, t ∈ N} é ✉♠❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈✱ s❡

P (Xt+1 = j | X0 = i0, X1 = i1, . . . , Xt = i) = P (Xt+1 = j | Xt = i) = pij

♣❛r❛ t♦❞♦s ♦s ❡st❛❞♦s i✱ j✱ i0✱. . .✱ it−1✳

❆ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ Xt+1 s❡r ✐❣✉❛❧ ❛ j✱ ♦✉ s❡❥❛✱ ♥♦ ♣❛ss♦ t+1✱ ❛ ❝❤❛♥❝❡ ❞❡ ❡st❛r ♥♦
❡st❛❞♦ j ❞❛❞♦ q✉❡ X0 é ✐❣✉❛❧ ❛ i0, X1 = i1, . . . , Xt = i✱ ♥❛❞❛ ♠❛✐s é ❞♦ q✉❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡
❞❡ Xt+1 ✐❣✉❛❧ ❛ j✱ ❞❛❞♦ q✉❡ Xt é ✐❣✉❛❧ ❛ i✳ ❖ ♣ró①✐♠♦ ♣❛ss♦ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞♦ ❛t✉❛❧✳
❆ss✐♠✱ ❛ tr❛♥s✐çã♦ ❞♦ ❡st❛❞♦ ❛t✉❛❧ ♣❛r❛ ♦ ♣ró①✐♠♦✱ é ❞❛❞❛ ♣❡❧❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡st❛r ♥♦
❡st❛❞♦ j ❞❛❞♦ q✉❡ s❛✐✉ ❞♦ ❡st❛❞♦ i✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♦ ❡st❛❞♦ ❢✉t✉r♦ ❞❡♣❡♥❞❡ ❛♣❡♥❛s
❞♦ ♣r❡s❡♥t❡✳ ■ss♦ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ♣♦r ✉♠❛ ♠❛tr✐③ q✉❡ t❡rá ♦s n ❡st❛❞♦s✿

P =















p00 p01 p02 · · · p0n
p10 p11 p12 · · · p1n
p20 p21 p22 · · · p2n
✳✳✳

✳ ✳ ✳
✳✳✳

pn0 pn1 pn2 · · · pnn















❊ss❛ ♠❛tr✐③ ❞✐③ ♦ s❡❣✉✐♥t❡✿

✻✵



❼ p00✿ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✐r ❞♦ ❡st❛❞♦ i0 ♣❛r❛ ❡❧❡ ♠❡s♠♦❀

❼ p01✿ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s❛✐r ❞♦ ❡st❛❞♦ ③❡r♦ ❡ ✐r ♣❛r❛ ♦ ❡st❛❞♦ 1❀

❼ p34✿ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s❛✐r ❞♦ ❡st❛❞♦ 3 ❡ ✐r ♣❛r❛ ♦ ❡st❛❞♦ 4✳

❼ pij❂ P (Xt+1 = j | Xt = i) , ♣❛r❛ t♦❞♦s t ❡ i, j ✈❛r✐❛♥❞♦ ❡♠ ❳✳

pij é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ tr❛♥s✐çã♦ ❞♦ ❡st❛❞♦ i ♣❛r❛ ♦ ❡st❛❞♦ j✱ 0 ≤ i, j ≤ n.
❆ ♠❛tr✐③ P é ✉♠❛ ♠❛tr✐③ ❡st♦❝ást✐❝❛✱ ✉♠❛ ✈❡③ q✉❡ s❡✉s ❡❧❡♠❡♥t♦s sã♦ ♣r♦❜❛❜✐✲

❧✐❞❛❞❡s✱ pij ≥ 0✱ ❡ ♠❛✐s ✱ ❝❛❞❛ ❧✐♥❤❛✱ t❡♠ s♦♠❛ ✐❣✉❛❧ ❛ 1, ♦✉ s❡❥❛✱
∑

j

pij = 1, ♦♥❞❡ j ♦

í♥❞✐❝❡ q✉❡ ✈❛r✐❛ ❡ i é ♦ í♥❞✐❝❡ ✜①♦✱ ♣♦✐s ❝♦rr❡s♣♦♥❞❡ ❛ ❧✐♥❤❛ ❡ j ✈❛r✐❛ ❞❡ ✵ ❛té n✱ s❡♥❞♦ n
♦ ♥ú♠❡r♦ ❞❡ ❡st❛❞♦s ❞❡✜♥✐❞♦s✳

❆s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s P (Xt+1 = j | Xt = i) sã♦ ❞❡♥♦♠✐♥❛❞❛s Pr♦❜❛❜✐✲
❧✐❞❛❞❡s ❞❡ ❚r❛♥s✐çã♦ ❡ r❡♣r❡s❡♥t❛♠ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❡st❛❞♦ Xt+1 s❡r j ♥♦ ✐♥st❛♥t❡
t+ 1, ❞❛❞♦ q✉❡ ❡❧❡ ❡st❛✈❛ ♥♦ ❡st❛❞♦ i ♥♦ ✐♥st❛♥t❡ t✳

❖ ❡①❡♠♣❧♦ ❛❜❛✐①♦ tr❛③ ✉♠❛ ♠❛tr✐③ ❡st♦❝ást✐❝❛✳ ❊♠ s❡❣✉✐❞❛✱ ♦ ❣r❛❢♦ ♦r✐❡♥t❛❞♦ ❡
✈❛❧♦r❛❞♦ q✉❡ r❡♣r❡s❡♥t❡ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ ♠✉❞❛♥ç❛✱ tr❛♥s✐çã♦✱ ❡♥tr❡ ✜❝❛r ♦✉ ♠✉❞❛r ❞❡
✉♠ ❡st❛❞♦ ♣❛r❛ ♦✉tr♦✳

❊①❡♠♣❧♦ ✹✸✳ ❱❡❥❛♠♦s ♦ ❡①❡♠♣❧♦ ❛ s❡❣✉✐r s❡♠ ❝♦♥t❡①t♦✱ ♦ ♦❜❥❡t✐✈♦ é ❡♥t❡♥❞❡r ❛ ❡str✉t✉r❛
❞❛ ♠❛tr✐③✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r ✹ ❡st❛❞♦s✱ s❡♥❞♦ ❡❧❡s ✵✱ ✶✱ ✷ ❡ ✸ ❡ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡
tr❛♥s✐çã♦ ♦s ✈❛❧♦r❡s ❞❡♥tr♦ ❞❛ ♠❛tr✐③✳

P =









0, 2 0, 3 0, 5 0, 0
0, 0 0, 8 0, 0 0, 2
0, 2 0, 0 0, 1 0, 7
0, 3 0, 0 0, 0 0, 7









◆❡st❡ ❝❛s♦ ✐✱❥ ❡stã♦ ✈❛r✐❛♥❞♦ ❡♥tr❡ ✵ ❡ ✸✳

❼ ♦ ❡❧❡♠❡♥t♦ q✉❡ ❡stá ♥❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ ❡ ♣r✐♠❡✐r❛ ❝♦❧✉♥❛ é p00, q✉❡ r❡♣r❡s❡♥t❛ ❛
♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛ tr❛♥s✐çã♦ ❞❡ ♣❡r♠❛♥❡❝❡r ♥♦ ♠❡s♠♦ ❡st❛❞♦✱ ♥❡st❡ ❝❛s♦ ✵✱✷❀

❼ p32 é ♦ ❡❧❡♠❡♥t♦ q✉❡ r❡♣r❡s❡♥t❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ tr❛♥s✐çã♦✱ ❞❡ s❛✐r ❞♦ ❡st❛❞♦ ✸ ❡ ✐r
♣❛r❛ ♦ ❡st❛❞♦ ✷✱ p32 = 0.

❱❡❥❛ q✉❡
3
∑

j

p1j = 1, ♣♦✐s 0, 2 + 0, 3 + 0, 5 + 0 = 1. ❖ q✉❡ ❥✉st✐✜❝❛ ❝❛❞❛ ❧✐♥❤❛

s♦♠❛r ✶❄ ❖❜s❡r✈❡♠♦s q✉❡ ❛ ❝❛❞❛ ♣❛ss♦ ❞❡ t❡♠♣♦✱ t❡♠ q✉❡ ❢❛③❡r ❛❧❣♦✱ ♠✉❞❛r ❞❡ ❡st❛❞♦
♦✉ ♣❡r♠❛♥❡❝❡r ♦♥❞❡ ❡stá✱ ❡ ❛ s♦♠❛ ❞♦ q✉❡ t❡♠ q✉❡ s❡r ❢❡✐t♦ é ❛ t♦t❛❧✐❞❛❞❡✱ ♥♦ ❝❛s♦ ✶✳

✻✶



❋✐❣✉r❛ ✸✳✺✿ ●r❛❢♦ q✉❡ r❡♣r❡s❡♥t❛ ❛ ▼❛tr✐③ ❞❡ tr❛♥s✐çã♦ ❡♥tr❡ ✹ ❡st❛❞♦s
❋♦♥t❡✿ ❆✉t♦r❛✱ ✷✵✷✷

❆♥❛❧✐s❛♥❞♦ ♦ ❣r❛❢♦ ❛❝✐♠❛✱ ✈❡r✐✜❝❛♠♦s ♣❡❧❛s ✐♥❞✐❝❛çõ❡s ❞❛s s❡t❛s ❛ ♠♦✈✐♠❡♥t❛çã♦
❡♥tr❡ ♦s ❡st❛❞♦s✿

❼ s❡ ❡st✐✈❡r ♥♦ ❡st❛❞♦ 0✱ ♣♦❞❡ ♣❡r♠❛♥❡❝❡r ♥♦ ❡st❛❞♦ ③❡r♦✱ ❞❡st❡ ♣♦❞❡ ✐r ♣❛r❛ ♦ ❡st❛❞♦
✶✱ ♦✉ ❛✐♥❞❛ ♣❛r❛ ♦ ❡st❛❞♦ ✷❀

❼ ♣❡r♠❛♥❡❝❡r ♥♦ ❡st❛❞♦ ✶ ♦✉ ❞❡st❡ ✐r ♣❛r❛ ♦ ❡st❛❞♦ ✶ ♦✉ ❡st❛❞♦ ✸❀

❼ s❛✐r ❞♦ ❡st❛❞♦ ✷✱ ✐r ♣❛r❛ ♦ ❡st❛❞♦ ③❡r♦✱ ♣❡r♠❛♥❡❝❡r ♥♦ ❡st❛❞♦ ✷✱ ♦✉ ❛✐♥❞❛✱ s❛✐r ♣❛r❛
♦ ❡st❛❞♦ ✸❀

❼ s❛✐r ❞♦ ❡st❛❞♦ ✸ ♣❛r❛ ♦ ❡st❛❞♦ ③❡r♦ ♦✉ ♣❡r♠❛♥❡❝❡r ♥♦ ❡st❛❞♦ ✸✳

❈❛❞❛ ❧✐♥❤❛ t❡♠ ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ q✉❡ s♦♠❛♥❞♦ t♦t❛❧✐③❛ ✶✱ ♦ t♦❞♦✱ sã♦ t♦❞❛s
❛s tr❛♥s✐çõ❡s ♣♦ssí✈❡✐s ♣❛r❛ ❡st❡ ❝❛s♦✳ ❱❡❥❛♠♦s t❛♠❜é♠✱ ❛tr❛✈és ❞♦ ❣r❛❢♦✱ q✉❡ ❝❛❞❛
♠✉❞❛♥ç❛ ♦✉ ♣❡r♠❛♥ê♥❝✐❛ ❡♠ ✉♠ ❡st❛❞♦ ♣♦ss✉✐ ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡✳ ❆ss✐♠✱ ♣♦r ❡①❡♠♣❧♦✱
❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♣❡r♠❛♥❡❝❡r ♥♦ ❡st❛❞♦ ③❡r♦✱ é ❞❡ ✵✱✷✱ ❞❡ s❛✐r ❞♦ ❡st❛❞♦ ③❡r♦ ♣❛r❛ ♦
❡st❛❞♦ ✷✱ t❡♠♦s ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✵✱✷❀ ❡ ❞♦ ❡st❛❞♦ ✷ ♣❛r❛ ♦ ❡st❛❞♦ ③❡r♦ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ é
✵✱✺✳

❉❡✜♥✐çã♦ ✺✶✳ ❙❡❥❛ P ✉♠❛ ♠❛tr✐③ q✉❛❞r❛❞❛✱ ❝✉❥❛s ❡♥tr❛❞❛s pij sã♦ ❞❡✜♥✐❞❛s ♣❛r❛ t♦❞♦s
♦s ❡st❛❞♦s i ❡ j✳ ❊♥tã♦ P é ❝❤❛♠❛❞❛ ❞❡ ♠❛tr✐③ ♠❛r❦♦✈✐❛♥❛ ✭♦✉ ♠❛tr✐③ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡
❞❡ tr❛♥s✐çã♦✮✱ s❡

❼ ∀ i ∈ E, pij ≥ 0✱ ♦♥❞❡ E é ♦ ❝♦♥❥✉♥t♦ ❞❡ ❡st❛❞♦s❀

❼

∑

j∈E

pij = 1✱ ∀i ∈ E✳

✻✷



❊①❡♠♣❧♦ ✹✹✳ ❯♠❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈ X0, X1, . . . , Xn, ♥♦s ❡st❛❞♦s 0✱ 1✱ 2 t❡♠✱ r❡s♣❡❝t✐✲
✈❛♠❡♥t❡✱ ♠❛tr✐③ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ tr❛♥s✐çã♦

P =





0, 1 0, 2 0, 7
0, 9 0, 1 0, 0
0, 1 0, 8 0, 1



 =





p00 p01 p02
p10 p11 p12
p20 p21 p22





❡ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✐♥✐❝✐❛❧✿
P (X0 = 0) = 0, 3✱ P (X0 = 1) = 0, 4 ❡ P (X0 = 2) = 0, 3✳

❉❡t❡r♠✐♥❛r✿

✭❛✮ P (X0 = 0, X1 = 1, X2 = 0, X3 = 2, X4 = 0)✳

✭❜✮ P (X1 = 1, X2 = 0 | X0 = 0)✳

✭❝✮ P (X2 = 2, X3 = 0 | X1 = 0)✳

❆ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✐♥✐❝✐❛❧✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♥♦s ❞✐③✿

❼ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡st❛r ♥♦ ❡st❛❞♦ 0 ♥♦ ✐♥st❛♥t❡ 0 é 0, 3❀

❼ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡st❛r ♥♦ ❡st❛❞♦ 1 ♥♦ ✐♥st❛♥t❡ 0 é 0, 4❀

❼ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡st❛r ♥♦ ❡st❛❞♦ 2 ♥♦ ✐♥st❛♥t❡ 0 é 0, 3✳

P♦❞❡♠♦s tr❛❞✉③✐r ❡st❡ ❡①❡♠♣❧♦✱ r❡♣r❡s❡♥t❛❞♦ ❛ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦ ♣❡❧♦ s❡❣✉✐♥t❡
❣r❛❢♦✿

❋✐❣✉r❛ ✸✳✻✿ ●r❛❢♦ q✉❡ r❡♣r❡s❡♥t❛ ❛ ▼❛tr✐③ ❞❡ tr❛♥s✐çã♦ ❡♥tr❡ ✸ ❡st❛❞♦s✿ ✵✱ ✶ ❡ ✸
❋♦♥t❡✿ ❆✉t♦r❛✱ ✷✵✷✷

✭❛✮ ❱❛♠♦s ❞❡t❡r♠✐♥❛r P (X0 = 0, X1 = 1, X2 = 0, X3 = 2, X4 = 0)✳ ▼❛s ♦ q✉❡ s✐❣♥✐✜❝❛
P (X0 = 0, X1 = 1, X2 = 0, X3 = 2, X4 = 0)❄

◆♦s ❞✐③ q✉❡ s❛✐ ❞♦ ❡st❛❞♦ 0✱ ♠✉❞❛ ♣❛r❛ ♦ ❡st❛❞♦ 1✱ ❞❡♣♦✐s ♣❛r❛ ♦ ❡st❛❞♦ 2✱ ✈♦❧t❛♥❞♦
❛♦ ❡st❛❞♦ 0✳

❆❣♦r❛✱ q✉❡r❡♠♦s ❝❛❧❝✉❧❛r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ t❡r♠♦s s❛í❞♦ ❞♦ ❡st❛❞♦ ✵ ♣❛ss❛♥❞♦ ♣❡❧♦
❡st❛❞♦ ✶✱ ❡♠ s❡❣✉✐❞❛ ♣❡❧♦ ❡st❛❞♦ ✷ ❡ ✈♦❧t❛❞♦ ♣❛r❛ ♦ ❡st❛❞♦ ✵✳

✻✸



▲♦❣♦✱

P (X0 = 0, X1 = 1, X2 = 0, X3 = 2, X4 = 0) = P (X0) · p01 · p10 · p02 · p20,

❛tr✐❜✉✐♥❞♦ ♦s ✈❛❧♦r❡s ❞❛❞♦s ♣❛r❛ ❡ss❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s✱ t❡♠♦s✿

P (X0 = 0, X1 = 1, X2 = 0, X3 = 2, X4 = 0) = 0, 3 · 0, 2 · 0, 9 · 0, 7 · 0, 1 = 0, 003.

✭❜✮ ❆❣♦r❛✱ ❞❡t❡r♠✐♥❡♠♦s P (X1 = 1, X2 = 0 | X0 = 0)✳

❚❡♠♦s q✉❡ ❝❛❧❝✉❧❛r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡✱ ❞❛❞♦ ❡st❛r♠♦s ♥♦ ❡st❛❞♦ 0 ♥♦ ♠♦♠❡♥t♦ 0✱
♠✉❞❛♠♦s ♣❛r❛ ♦ ❡st❛❞♦ 1✱ ♥♦ ♠♦♠❡♥t♦ 1 ❡ ❞❡st❡ ♣❛r❛ ♦ ❡st❛❞♦ 0✱ ♥♦ ♠♦♠❡♥t♦ 2✳

P (X1 = 1, X2 = 0 | X0 = 0) = p01 · p10,

s✉❜st✐t✉✐♥❞♦ ✈❛❧♦r❡s ❞❛❞♦s ♣❛r❛ ❡ss❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s✱ t❡♠♦s✿

P (X1 = 1, X2 = 0 | X0 = 0) = 0, 2 · 0, 9 = 0, 18.

✭❝✮ P♦r ✜♠✱ ✈❛♠♦s ❞❡t❡r♠✐♥❛r P (X2 = 2, X3 = 0 | X1 = 0)✳

❆ ♠♦✈✐♠❡♥t❛çã♦ ❞♦s ❡st❛❞♦s ✜❝❛ ❛ss✐♠✿ ❞♦ ❡st❛❞♦ 0 ✈❛♠♦s ♣❛r❛ ♦ ❡st❛❞♦ 2✱ ❞❡st❡
✈♦❧t❛♠♦s ♣❛r❛ ♦ ❡st❛❞♦ 0✳ ❊♥tã♦✱

P (X2 = 2, X3 = 0 | X1 = 0) = p02 · p20,

s✉❜st✐t✉✐♥❞♦ ♦s ✈❛❧♦r❡s ❞❛❞♦s✱ t❡♠♦s✿

P (X2 = 2, X3 = 0 | X1 = 0) = 0, 7 · 0, 1 = 0, 007.

❙❡❣✉♥❞♦ ❙✐❧✈❛ ✭✷✵✷✵✱ ♣✳✷✻✮ ♣❛r❛ s❡❣✉✐r♠♦s é ♥❡❝❡ssár✐♦ r❡s♣♦♥❞❡r♠♦s ♦ s❡❣✉✐♥t❡ q✉❡st✐♦✲
♥❛♠❡♥t♦✿

. . . q✉❛❧ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ♣r♦❝❡ss♦ ❡st❛r ♥♦ ❡s✲
t❛❞♦ ❥ ❞❛q✉✐ ❛ ❞✉❛s ✉♥✐❞❛❞❡s ❞❡ t❡♠♣♦✱ s❛❜❡♥❞♦
q✉❡ ❡❧❡ ✐♥✐❝✐♦✉ ♥♦ ❡st❛❞♦ ✐❄ ❉❡♥♦t❛✲s❡ ❡st❛ ♣r♦❜❛❜✐✲
❧✐❞❛❞❡ ♣♦r

p
(2)
ij = P {X2 = j, | X0 = i}

✳
❈♦♠♦ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s Pij t❛♠❜é♠ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡
❞♦ ♣r♦❝❡ss♦ ✐r ♣❛r❛ ♦ ❡st❛❞♦ ❥ ❞❛q✉✐ ❛ ❞✉❛s ✉♥✐❞❛❞❡s ❞❡
t❡♠♣♦✱ s❛✐♥❞♦ ❞♦ ❡st❛❞♦ ✐ ♥♦ t❡♠♣♦ ♥✱ ♦✉ s❡❥❛

p
(2)
ij = P {Xn+2 = j, | Xn = i} = P (X2 = j | X0 = i)

❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ tr❛♥s✐çã♦ ❡♠ ❦✲
♣❛ss♦s✱ ❞❡♥♦t❛❞❛ ♣♦r pij✱ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ tr❛♥s❢❡✲
rê♥❝✐❛ ❞♦ ❡st❛❞♦ ✐ ♣❛r❛ ♦ ❡st❛❞♦ ❥ ❡♠ ❦ ❡t❛♣❛s ❞❡ t❡♠♣♦
❞✐s❝r❡t♦✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ ✐♥st❛♥t❡ n ≥ 0✱ ♦✉ s❡❥❛

p
(k)
ij = P {Xn+k = j, | Xn = i} = P (Xk = j | X0 = i)

∀n ≥ 0✳

✻✹



❊①❡♠♣❧♦ ✹✺✳ P❛r❛ ♦ ❝♦♥❝❡♣çã♦ ❞♦ ♣ró①✐♠♦ ❝♦♥❝❡✐t♦ s✉♣♦♥❤❛ q✉❡ ♦ tr✐â♥❣✉❧♦✱ ❝♦♥❢♦r♠❡
❋✐❣✉r❛ ✸✳✼✱ r❡♣r❡s❡♥t❛ ✉♠ ❝✐r❝✉✐t♦ ❢♦r♠❛❞♦ ♣♦r ✸ ❛♠❜✐❡♥t❡s✳ ❈♦♥s✐❞❡r❡ q✉❡ ❛ ♣r♦❜❛❜✐✲

❧✐❞❛❞❡ ❡s❝♦❧❤❛ ❞❡ ✜❝❛r ♥♦ ♠❡s♠♦ ❛♠❜✐❡♥t❡ é
1

2
❡ ❞❡

1

4
♣❛r❛ s❛✐r ❞❡ ✉♠ ❛♠❜✐❡♥t❡ ♣❛r❛

♦✉tr♦✳ ◗✉❛❧ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♣❛rt✐♥❞♦ ❞♦ ❛♠❜✐❡♥t❡ ✶✱ ❛♦ s❡ ♠♦✈✐♠❡♥t❛r ♥❛ s❡❣✉♥❞❛
✈❡③✱ ❡st❛r♠♦s ♥♦ ❛♠❜✐❡♥t❡ ✷❄

❋✐❣✉r❛ ✸✳✼✿ ❊sq✉❡♠❛ q✉❡ r❡♣r❡s❡♥t❛ ✉♠ ❝✐r❝✉✐t♦ ❢♦r♠❛❞♦ ♣♦r ✸ ❛♠❜✐❡♥t❡s
❋♦♥t❡✿ ❆✉t♦r❛✱ ✷✵✷✷

❈♦♥str✉✐♥❞♦ ❛ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦✱ t❡♠♦s✿

P =





0, 5 0, 25 0, 25
0, 25 0, 5 0, 25
0, 25 0, 25 0, 5





❋✐❣✉r❛ ✸✳✽✿ ●r❛❢♦ q✉❡ r❡♣r❡s❡♥t❛ r❡♣r❡s❡♥t❛ ✉♠ ❝✐r❝✉✐t♦ ❢♦r♠❛❞♦ ♣♦r ✸ ❛♠❜✐❡♥t❡s
❋♦♥t❡✿ ❆✉t♦r❛✱ ✷✵✷✷

✻✺



◗✉❡r❡♠♦s s❛❜❡r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ q✉❡ ✱ ❡st❛♥❞♦ ♥♦ ❛♠❜✐❡♥t❡ 1✱ ❡st❛r♠♦s ♥♦
❛♠❜✐❡♥t❡ 2 ❛♣ós 2 ♠♦✈✐♠❡♥t♦s✳ ❯s❛r❡♠♦s ❛ ♥♦t❛çã♦ p

(2)
12 .

❖s tr❛❥❡t♦s ♣♦ssí✈❡✐s sã♦ ♣❛r❛ ❡st❛r ♥♦ ❛♠❜✐❡♥t❡ 2 ❛♣ós 2 ♠♦✈✐♠❡♥t♦s sã♦✿

1 −→ 1 −→ 2

1 −→ 2 −→ 2

1 −→ 3 −→ 2

❖❜s❡r✈❡ q✉❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❢❛③❡r ♦ ♣❡r❝✉rs♦ 1−1−2 é p11 ·p12 ❞❛í ♠✉❧t✐♣❧✐❝❛✲
♠♦s ♦ ✈❛❧♦r ❞❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s❛✐r ❞♦ ❛♠❜✐❡♥t❡ ✶ ❡ ✜❝❛r ♥❡❧❡ ♠❡s♠♦ ♣❡❧❛ ♣r♦❜❛❜✐❧✐❞❛❞❡
❞❡ s❛✐r ❞♦ ❛♠❜✐❡♥t❡ ✶ ❡ ✐r ♣❛r❛ ♦ ❛♠❜✐❡♥t❡ ✷✳ ❊ ❛ss✐♠✱ ♣❛r❛ ♦s ❞❡♠❛✐s tr❛❥❡t♦s sã♦✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✱ p12 · p22 ❡ p13 · p32. ❊♥tã♦✱

p
(2)
12 = p11 · p11 + p12 · p22 + p13 · p32 =

1

2
·
1

4
+

1

4
·
1

2
+

1

4
·
1

4

p
(2)
12 =

3
∑

k=1

p1k · pk2 =
5

16
.

❱❡❥❛ q✉❡ ♦ ✈❛❧♦r ❞❡ p(2)12 é ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ ❞❛ ♠❛tr✐③ P ❝♦♠ ❛ s❡❣✉♥❞❛ ❝♦✲
❧✉♥❛ ❞❛ ▼❛tr✐③ P ✳ ◆❡ss❡ s❡♥t✐❞♦✱ s❡ q✉✐s❡r♠♦s ❝❛❧❝✉❧❛r ♦ ✈❛❧♦r ❞❡ p(2)13 , ❜❛st❛r✐❛ ♠✉❧t✐♣❧✐❝❛r
❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ ❝♦♠ ❛ t❡r❝❡✐r❛ ❝♦❧✉♥❛ ❞❛ ♠❛tr✐③ P✱ ♣♦✐s ♦s tr❛❥❡t♦s ♣♦ssí✈❡✐s sã♦✿

1 −→ 1 −→ 3

1 −→ 2 −→ 3

1 −→ 3 −→ 3

▲♦❣♦✱

p
(2)
13 = p11 · p13 + p12 · p23 + p13 · p33 =

3
∑

k=1

p1k · pk3.

❚♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❞❡ p
(2)
ij , ❝♦♠ i, j ∈ {1, 2, 3} sã♦ ❞❛ ❢♦r♠❛

p
(2)
ij =

3
∑

k=1

pik · pkj.

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♦s ❡❧❡♠❡♥t♦s p(2)ij ❞❛ ♠❛tr✐③ P (2) sã♦ ❡❧❡♠❡♥t♦s ❞❛ ♠❛tr✐③ P 2✱
✈❡❥❛ ❛ ❝♦♥✜r♠❛çã♦✶✾ ♥❛ ♠❛tr✐③ P 2 ❀

P 2 =





0, 5 0, 25 0, 25
0, 25 0, 5 0, 25
0, 25 0, 25 0, 5



 ·





0, 5 0, 25 0, 25
0, 25 0, 5 0, 25
0, 25 0, 25 0, 5



 =





0, 375 0, 3125 0, 3125
0, 3125 0, 375 0, 3125
0, 3125 0, 3125 0, 375



 .

✶✾◆♦t❡ q✉❡ P 2 ❡ P (2) sã♦ ♥♦t❛çõ❡s ❞✐❢❡r❡♥t❡s✳ P 2 r❡♣r❡s❡♥t❛ ♦ q✉❛❞r❛❞♦ ❞❛ ♠❛tr✐③✱ ❡ P (2) ✐♥❞✐❝❛ ❛
♠❛tr✐③ tr❛♥s✐çã♦ ❞❡♣♦✐s ❞❡ ❞✉❛s ❡t❛♣❛s

✻✻



✸✳✷✳✷ ❊q✉❛çã♦ ❞❡ ❈❤❛♣♠❛♥✲❑♦❧♠♦❣♦r♦✈

❉❡✜♥✐çã♦ ✺✷✳ ✭❈❛str♦✱ ✷✵✶✺✱ ♣✳ ✷✷✮✿ ❙❡❥❛ P ✉♠❛ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦ ❞❡ ✉♠❛ ❝❛❞❡✐❛ ❞❡
▼❛r❦♦✈✳ ❖ ❡❧❡♠❡♥t♦ p

(n)
ij ❞❛ ♠❛tr✐③ P (n) ❞❡t❡r♠✐♥❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♥❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈

❞❡ q✉❡ ✐♥✐❝✐❛❞♦ ♥♦ ❡st❛❞♦ i✱ ❡st❛rá ♥♦ ❡st❛❞♦ j ❞❡♣♦✐s ❞❡ n ❡t❛♣❛s✳ ❆ss✐♠✱

p
(n)
ij = P (Xn = j | X0 = i).

❆ ❡q✉❛çã♦ ❞❡ ❈❤❛♣♠❛♥✲❑♦❧♠♦❣♦r♦✈ ❢♦r♥❡❝❡ ✉♠ ♠ét♦❞♦ ♣❛r❛ ❝❛❧❝✉❧❛r ❛s ♣r♦❜❛✲
❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❡♠ ♥ ❡t❛♣❛s✿

p
(n)
ij =

M
∑

k=0

p
(m)
jk p

(n−m)
ki ; ∀ i = 0, 1, . . . ,M ❡ ∀ j = 0, 1, . . . ,M

❝♦♠ q✉❛✐sq✉❡r m = 1, 2, . . . , n− 1 ❡ n = m+ 1,m+ 2, . . .✱

P (n)

é ❛ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦ ❞❡ ♥ ♣❛ss♦s✳

❚❡♦r❡♠❛ ✾✳ ✭❈❛str♦✱ ✷✵✶✺✱ ♣✳✷✷✮❊q✉❛çã♦ ❞❡ ❈❤❛♣♠❛♥✲❑♦❧♠♦❣♦r♦✈✷✵✿ ❊♠ ✉♠❛ ❝❛❞❡✐❛
❞❡ ▼❛r❦♦✈ ❡st❛❝✐♦♥ár✐❛ t❡♠♦s q✉❡✿

P (n+m) = P (n) · P (m),

♣❛r❛ q✉❛✐sq✉❡r m ≥ 0, n ≥ 0✱ i ∈ ❙✱ j ∈ ❙

❉❡♠♦♥str❛çã♦✳ ❯s❛r❡♠♦s ♦ r❡s✉❧t❛❞♦ ❞♦ ❚❡♦r❡♠❛ ✺ ❡♠ r❡❧❛çã♦ ❛ Xm✿

P
(n+m)
ij = P (Xn+m = j | X0 = i)

=
∑

k∈S

P (Xm+n = j | X0 = i, Xm = k) · P (Xm = k | X0 = i)

(6)
=

∑

k∈S

P (Xm+n = j | Xm = k) · P (Xm = k | X0 = i)

(7)
=

∑

k∈S

P (Xn = j | X0 = k) · P (Xm = k | X0 = i)

=
∑

k∈S

p
(n)
ik · p

(m)
kj .

❊♠ (6) ❝♦♥s✐❞❡r♦✉ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ▼❛r❦♦✈✱ ❡ ❡♠ (7)✱ ♦ ❢❛t♦ ❞❡ s❡r ❡st❛❝✐♦♥ár✐❛✱ ♦✉ s❡❥❛✱
❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞❡ ❡st❛❞♦s sã♦ ❝♦♥st❛♥t❡s ❡♠ r❡❧❛çã♦ ❛♦ t❡♠♣♦✳

❱❡❥❛♠♦s q✉❡ P (n) = P n✱ ♣♦✐s ✉s❛♥❞♦ ♦ t❡♦r❡♠❛ ❛❝✐♠❛✱ t❡♠♦s q✉❡ P (2) = P ·P =
P 2 ✭♠✉❧t✐♣❧✐❝❛çã♦ ♠❛tr✐❝✐❛❧✮✱ P (3) = P (2) ·P = P 2 ·P = P 3✱ ❛ss✐♠ ♣♦r ❞✐❛♥t❡✳ ◆♦t❡ ❛✐♥❞❛
q✉❡✱ ♦ t❡♦r❡♠❛ ❛❝✐♠❛ ❛✜r♠❛ q✉❡ P (m+n) = P (m) · P (n)✳ ❈♦♠♦ P (1) = P ✱ t❡♠♦s ❡♥tã♦ q✉❡
P (n+1) = P ·P (n) ❡✱ ✉s❛♥❞♦ ♦ ❛r❣✉♠❡♥t♦ ✐♥❞✉t✐✈♦✱ ♦❜t❡♠♦s q✉❡ P (n) = P n✳ ❉❡ ❢❛t♦✱ ♣❛r❛

✷✵❙ó é ✈á❧✐❞❛ ♣❛r❛ ❈❛❞❡✐❛s ❞❡ ▼❛r❦♦✈ ❝✉❥❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞❡ ❡st❛❞♦s sã♦ ❝♦♥st❛♥t❡s ❡♠
r❡❧❛çã♦ ❛♦ t❡♠♣♦ ✭Pr♦❜❛❜✐❧✐❞❛❞❡s ❞❡ ❚r❛♥s✐çã♦ ❊st❛❝✐♦♥ár✐❛s✮✱ ❞❡♥♦♠✐♥❛❞❛ ❈❛❞❡✐❛ ❞❡ ▼❛r❦♦✈ ❍♦♠♦❣ê♥❡❛
❡ ❛ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦ P é ❞✐t❛ ✉♠❛ ♠❛tr✐③ ❤♦♠♦❣ê♥❡❛✳

✻✼



n = 1 t❡♠♦s q✉❡ P (1) = P 1 = P q✉❡ é ✈á❧✐❞❛ ♣❡❧❛ ❞❡✜♥✐çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❛ s❡♥t❡♥ç❛
s❡❥❛ ✈á❧✐❞❛ ♣❛r❛ n = m✱ ❝♦♠ m ∈ N ❡ m ≥ 1✱ ✐st♦ é✱ P (m) = Pm✱ q✉❡r❡♠♦s ♠♦str❛r q✉❡
❛ s❡♥t❡♥ç❛ é ✈á❧✐❞❛ q✉❛♥❞♦ n = m+1✳ ❯s❛♥❞♦ ❛ ❊q✉❛çã♦ ❞❡ ❈❤❛♣♠❛♥✲❑♦♠♦❣♦r♦✈✱ ♣❛r❛
n = 1✱ t❡♠♦s q✉❡

P (m+1) = P
(m+1)
ij =

∑

k∈E

P
(1)
ik · P

(m)
kj =

∑

k∈E

P 1
ik · P

m
kj = P · Pm = Pm+1

❊①❡♠♣❧♦ ✹✻✳ ❙❡❥❛

P =





0, 1 0, 2 0, 7
0, 2 0, 2 0, 6
0, 6 0, 1 0, 3





❉❡s❡❥❛♠♦s ❝❛❧❝✉❧❛r P 2 = P · P ♦✉ P 5 = P 2 · P 3✳

❱❡❥❛♠♦s ♦ ❣r❛❢♦ q✉❡ r❡♣r❡s❡♥t❛ ❛ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦ ❛❝✐♠❛✿

❋✐❣✉r❛ ✸✳✾✿ ●r❛❢♦ ❞❛ ▼❛tr✐③ ❞❡ tr❛♥s✐çã♦ ❡♥tr❡ ✸ ❡st❛❞♦s
❋♦♥t❡✿ ❆✉t♦r❛✱ ✷✵✷✷

❡♥tã♦✱

P 2 =





0, 1 0, 2 0, 7
0, 2 0, 2 0, 6
0, 6 0, 1 0, 3



 ·





0, 1 0, 2 0, 7
0, 2 0, 2 0, 6
0, 6 0, 1 0, 3



 =





0, 47 0, 13 0, 5
0, 42 0, 14 0, 44
0, 26 0, 17 0, 57





❡ P 3 = P 2 · P 1✳ ❏á ❢♦✐ ❝❛❧❝✉❧❛❞♦ P 2✱ ❡♥tã♦✱ ❛❣♦r❛✱ ❝❛❧❝✉❧❛✲s❡ P 3✱ ❝♦♠♦

P 3 = P 2 ·P =





0, 47 0, 13 0, 5
0, 42 0, 14 0, 44
0, 26 0, 17 0, 57



 ·





0, 1 0, 2 0, 7
0, 2 0, 2 0, 6
0, 6 0, 1 0, 3



 =





0, 373 0, 17 0, 557
0, 334 0, 156 0, 51
0, 402 0, 143 0, 455





▲♦❣♦✱

✻✽



P 5 = P 2 · P 3

=





0, 47 0, 13 0, 5
0, 42 0, 14 0, 44
0, 26 0, 17 0, 57



 ·





0, 373 0, 17 0, 557
0, 334 0, 156 0, 51
0, 402 0, 143 0, 455





=

















35133

100000

3817

25000

49599

100000

3551

10000

3799

25000

24647

50000

3673

10000

14963

100000

48307

100000

















❆❝✐♠❛ ❢♦r❛♠ ❝❛❧❝✉❧❛❞❛s ❛s ♠❛tr✐③❡s ❞❡ tr❛♥s✐çã♦ ❞♦ s❡❣✉♥❞♦ ❡ q✉✐♥t♦ ♣❛ss♦ ✉t✐✲
❧✐③❛♥❞♦ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ♠❛tr✐③❡s✳ P♦❞❡rí❛♠♦s t❡r ❝❛❧❝✉❧❛❞♦ ❛s ♠❛tr✐③❡s P 2, P 3 ❡ P 5✱
✉t✐❧✐③❛♥❞♦ ♦ ▼❛tr✐① ❈❛❧❝✉❧❛t♦r✳ ❆ s❡❣✉✐r✱ ❝❛❧❝✉❧❛r❡♠♦s ♦✉tr❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s✿

✶✳ P (X3 = 1, | X1 = 0)

❊ss❛ ❡①♣r❡ssã♦ ❞✐③✿ Pr♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❡st❛❞♦ s❡r 1 ❡♠ t = 3✱ ❞❛❞♦ q✉❡ ♦ ❡st❛❞♦ ♥♦
✐♥st❛♥t❡ 1 é 0✳ P❛r❛ ♦❜t❡r ❡ss❛ ✐♥❢♦r♠❛çã♦✱ ❜❛st❛ ♦❜s❡r✈❛r ❛ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦ P 2

✭s❛✐ ❞♦ ❞❡ t = 1 ❡ ✈❛✐ ❛té t = 3✱ 3 − 2 = 2✱ ❞❛í P 2✮✱ ❡ ❞❡st❛❝❛r ♦ ✈❛❧♦r P03 ✭s❛✐ ❞♦
❡st❛❞♦ 0 ❡ ✈❛✐ ♣❛r❛ ♦ ❡st❛❞♦ 3✮✱ q✉❡ é ❛♣r♦①✐♠❛❞❛♠❡♥t❡✱ 0, 5 ♦✉ 50%✳

✷✳ P (X4 = 1, | X2 = 1)

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✿ Pr♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❡st❛❞♦ s❡r 1 ❡♠ t = 4✱ ❞❛❞♦ q✉❡ ♦ ❡st❛❞♦ ♥♦
✐♥st❛♥t❡ 2 é 1✳

✸✳ P (X2 = 0, | X0 = 2)

❊ss❛ ❡①♣r❡ssã♦ ❞✐③✿ Pr♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❡st❛❞♦ s❡r 0 ❡♠ t = 2✱ ❞❛❞♦ q✉❡ ♦ ❡st❛❞♦
❛t✉❛❧✭♣r❡s❡♥t❡✮ é 2✱ q✉❡ é ✵✱✹✼✳

❊①❡♠♣❧♦ ✹✼✳ ❊♠ ♥♦ss❛ ❝✐❞❛❞❡ ♦s ❞✐❛s sã♦ q✉❡♥t❡s ❡ ❡♥s♦❧❛r❛❞♦s✱ ♠❛s✱ ✉❧t✐♠❛♠❡♥t❡✱
✉♠❛ ✈❡③ ♦✉ ♦✉tr❛✱ ❞❡ ♠♦❞♦ r❡♣❡♥t✐♥♦✱ ❝❤♦✈❡✳ ❱❛♠♦s s✉♣♦r q✉❡ ❛s ❝❤❛♥❝❡s ❞❡ t❡r♠♦s s♦❧
❛♠❛♥❤ã sã♦ ♠❛✐♦r❡s✱ ❝❛s♦ ❡st❡❥❛ ❡♥s♦❧❛r❛❞♦ ❤♦❥❡✱ ❞♦ q✉❡ s❡ ❝❤♦✈❡r ❤♦❥❡✳ ❆ ♣r♦❜❛❜✐❧✐❞❛❞❡
❞❡ s♦❧ ❛♠❛♥❤ã é ❞❡ ✵✱ ✽✱ s❡ ❤♦❥❡ ❡st✐✈❡r ❝♦♠ s♦❧✱ ♠❛s s❡ ❝❤♦✈❡r ❤♦❥❡✱ ❡ss❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ é
❞❡ ✵✱✻✳

❊st❡ ❡①❡♠♣❧♦ é ✉♠ ♣r♦❝❡ss♦ ❡st♦❝ást✐❝♦✱ ❞❛❞❛ ❛ ❞❡s❝r✐çã♦ ❞❛ s✐t✉❛çã♦✳ ❈♦♠❡ç❛✲
♠♦s ❡♠ ✉♠ ✐♥st❛♥t❡ t✭❞✐❛✮✱ ❝❤❛♠❛r❡♠♦s ❞❡ t0✳ ❆ss✐♠✱ t ❂ 0, 1, 2, 3· ❖s ❡st❛❞♦s sã♦✿ 0 :
❞✐❛ ❞❡ s♦❧❀ 1 : ❞✐❛ ❞♦ ❝❤✉✈❛✳

◆❡ss❡ s❡♥t✐❞♦✱ ❛ ♥♦ss❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ Xt ∈ 0, 1✳ ❆❧é♠ ❞❡ s❡r ✉♠❛ ♣r♦❝❡ss♦
❡st♦❝ást✐❝♦✱ ❛ s✐t✉❛çã♦ é ✉♠❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈✱ ♣♦✐s ❝❤♦✈❡r ♦✉ ♥ã♦ ❝❤♦✈❡r ❛♠❛♥❤ã✱ só
❞❡♣❡♥❞❡ ♦ ❞✐❛ ❞❡ ❤♦❥❡✳

P (Xt+1 = 0 | Xt = 0) = ✵✱ ✽ P (Xt+1 = 0 | Xt = 1) = ✵✱ ✻✳
❙❡❣✉❡ ❞❛í✱ q✉❡✿

P00 = P (Xt+1 = 0 | Xt = 0) = ✵✱ ✽ ❡ P10 = P (Xt+1 = 0 | Xt = 1) = ✵✱ ✻❀ ❞❡ P00 = 0, 8✱
t❡♠♦s P01 = P (Xt+1 = 1 | Xt = 0) = 1 − 0, 8 = 0, 2✱ ♣♦✐s P00 + P10 = ✶ ✭sã♦ ❡✈❡♥t♦s
❝♦♠♣❧❡♠❡♥t❛r❡s✮❡ ❞❡ P10 = 0, 6✱ ♦❜t❡♠♦s P11 = P (Xt+1 = 1 | Xt = 1) = 1 − 0, 6 = 0, 4✱
♣♦✐s P10 + P11 = ✶ ✭t❛♠❜é♠ sã♦ ❡✈❡♥t♦s ❝♦♠♣❧❡♠❡♥t❛r❡s✮ ✳

✻✾



▲♦❣♦ ❛ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦ é ❞❛❞❛ ♣♦r

P =

(

0, 8 0, 2
0, 6 0, 4

)

❡ ♦ ❣r❛❢♦ q✉❡ ❛ r❡♣r❡s❡♥t❛✿

❋✐❣✉r❛ ✸✳✶✵✿ ●r❛❢♦ q✉❡ r❡♣r❡s❡♥t❛ ❛ ▼❛tr✐③ ❞❡ tr❛♥s✐çã♦ ❡♥tr❡ ♦s ❡st❛❞♦s 0 ✭s♦❧✮ ❡ 1 ✭❝❤✉✈❛✮
❋♦♥t❡✿ ❆✉t♦r❛✱ ✷✵✷✷

❆❣♦r❛✱ ✈❛♠♦s ❝❛❧❝✉❧❛r ❛❧❣✉♠❛s ♠❛tr✐③❡s ❞❡ tr❛♥s✐çã♦ ❡♠ n ❡t❛♣❛s✳ ❱❡❥❛♠♦s✱
❡♥tã♦ ♣❛r❛✿

❼ n =✷

P 2 =

(

0, 8 0, 2
0, 6 0, 4

)

·

(

0, 8 0, 2
0, 6 0, 4

)

=

(

0, 76 0, 24
0, 72 0, 28

)

❚❡♠♦s✱ ❡♥tã♦ q✉❡ s❡ ♦ t❡♠♣♦ ❡st✐✈❡r ♥♦ ❡st❛❞♦ ✵ ✭s♦❧✮ ❡♠ ❞❛❞♦ ❞✐❛✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡
s❡ ❡♥❝♦♥tr❛r ♥♦ ❡st❛❞♦ ✵ ✭s♦❧✮ ❞♦✐s ❞✐❛s ❛♣ós é ✵✱✼✻✱ ❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s❡ ❡♥❝♦♥tr❛r ♥♦
❡st❛❞♦ ✶ ✭❝❤✉✈❛✮✱ é ✵✱✷✹✱ ♠❛s s❡ ♦ t❡♠♣♦ s❡ ❡♥❝♦♥tr❛r ♥♦ ❡st❛❞♦ ✶ ✭❝❤✉✈❛✮✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡
❞❡ s❡ ❡stá ♥♦ ❡st❛❞♦ ✵ ✭s♦❧✮ ❞♦✐s ❞✐❛s ❛♣ós é ✵✱✼✷✱ ❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s❡ ❡stá ♥♦ ❡st❛❞♦
✶ ✭❝❤✉✈❛✮ s❡rá ✵✱✷✽✳

❼ n =✸

P 3 =

(

0, 75 0, 25
0, 74 0, 26

)

,

♦❜t❡♠♦s ❛ ♠❛tr✐③ P 3 ✉t✐❧✐③❛♥❞♦ ♦ ▼❛tr✐① ❈❛❧❝✉❧❛t♦r✱ ♠❛s t❛♠❜é♠ ♣♦❞❡♠♦s ♦❜tê✲❧❛
❢❛③❡♥❞♦ ♦ ♣r♦❞✉t♦ ❞❡ ♠❛tr✐③❡s✳ ❊♥tã♦✱ ♦ q✉❡ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r ❛ ♣❛rt✐r ❞❡ P 3 ❄

❙❡ ♦ t❡♠♣♦ ❡st✐✈❡r ♥♦ ❡st❛❞♦ ✵ ✭s♦❧✮ ❡♠ ❞❛❞♦ ❞✐❛✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s❡ ❡♥❝♦♥tr❛r
♥♦ ❡st❛❞♦ ✵ ✭s♦❧✮ ❞❡♣♦✐s ❞❡ três ❞✐❛s é ✵✱✼✺ ❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s❡ ❡♥❝♦♥tr❛r ♥♦ ❡st❛❞♦
✶ ✭❝❤✉✈❛✮ é ✵✱✷✺✱ ♠❛s s❡ ♦ t❡♠♣♦✱ ♥♦ ✐♥í❝✐♦ ❞♦ ♣r♦❝❡ss♦✱ ❡st✐✈❡r ♥♦ ❡st❛❞♦ ✶ ✭❝❤✉✈❛✮✱ ❛
♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s❡ ❡♥❝♦♥tr❛r ♥♦ ❡st❛❞♦ ✵ ✭s♦❧✮✱ ❡♠ três ❞✐❛s é ✵✱✼✺✱ ❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡
s❡ ❡♥❝♦♥tr❛r ♥♦ ❡st❛❞♦ ✶ ✭s♦❧✮ s❡rá ✵✱✷✺✳

❼ n =✺

P 5 =

(

0, 75 0, 25
0, 75 0, 25

)
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♣❛r❛ ♦❜t❡r♠♦s P 5✱ ✉t✐❧✐③❛♠♦s✱ ♥♦✈❛♠❡♥t❡✱ ♦ ▼❛tr✐① ❈❛❧❝✉❧❛t♦r✳
❚❡♠♦s q✉❡✱ s❡ ♦ t❡♠♣♦ ❡st✐✈❡r ♥♦ ❡st❛❞♦ ✵ ✭s♦❧✮✱ ♥♦ ✐♥í❝✐♦ ❞♦ ♣r♦❝❡ss♦✱ ❞❛í ❛ ❝✐♥❝♦

❞✐❛s✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s❡ ❡♥❝♦♥tr❛r ♥♦ ❡st❛❞♦ ✵ ✭s♦❧✮ s❡rá ✵✱✼✺ ❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s❡
❡♥❝♦♥tr❛r ♥♦ ❡st❛❞♦ ✶ ✭❝❤✉✈❛✮ s❡rá ✵✱✷✺✱ ♠❛s s❡ ♦ t❡♠♣♦ ❡st✐✈❡r ♥♦ ❡st❛❞♦ ✶ ✭❝❤✉✈❛✮✱ ♥♦
✐♥í❝✐♦✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡stá ♥♦ ❡st❛❞♦ ✵ ✭s♦❧✮✱ ❝✐♥❝♦ ❞✐❛s ❛♣ós✱ é ✵✱✼✺✱ ❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡
❞❡ s❡ ❡♥❝♦♥tr❛r ♥♦ ❡st❛❞♦ ✶ ✭❝❤✉✈❛✮✱ s❡rá ✵✱✷✺✳
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❈❛♣ít✉❧♦ ✹

Pr♦❜❧❡♠❛s ❡ ❞✐s❝✉ssõ❡s

❆♦ ♣r♦♣♦r♠♦s ♣r♦❜❧❡♠❛s✱ ❡st❛♠♦s ❝♦❧♦❝❛♥❞♦ s✐t✉❛çõ❡s ❞✐✈❡rs✐✜❝❛❞❛s q✉❡ ✈❡♥❤❛♠
♦❢❡r❡❝❡r ❛♦s ❡st✉❞❛♥t❡s ❛ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡ ♣❡♥s❛r✱ ❝♦♥str✉✐r✱ ❛♣r♦❢✉♥❞❛r ❡str❛té❣✐❛s ❞❡
r❡s♦❧✉çã♦ ❡ q✉❡ ❛ss✐♠✱ ♣♦ss❛ ❛r❣✉♠❡♥t❛r ❡ r❡❧❛❝✐♦♥❛r ❞✐✈❡rs♦s ❝♦♥❤❡❝✐♠❡♥t♦s✳ ❉❡ss❛ ❢♦r♠❛
❛♦ ♣r♦♣♦r♠♦s ♦ ❡st✉❞♦ ❞❡ ❝❛❞❡✐❛s ❞❡ ▼❛r❦♦✈✱ ❡st❛♠♦s ♣♦ss✐❜✐❧✐t❛♥❞♦ ✉♠❛ ✐♥t❡❣r❛çã♦ ❛
✜♠ ❞❡ ❛♣r♦❢✉♥❞❛r✱ ❡①❡r❝✐t❛r ❡ ❛♣❧✐❝❛r ❝♦♥❝❡✐t♦s✱ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♥❡ss❛ ♦r❞❡♠✳

◆❡ss❡ s❡♥t✐❞♦✱ s❡❣✉♥❞♦▲✐♠❛ ✭✶✾✾✾✮✱ ♦ ♣r♦❢❡ss♦r ♥❛ s✉❛ ♣rát✐❝❛ ❞❡✈❡ ❝♦♥s✐❞❡r❛r
✈ár✐♦s ❛s♣❡❝t♦s✱ ❞❡♥tr❡ ❡❧❡s✱ ❝♦♥t❡ú❞♦ ❡ ❞✐❞át✐❝❛✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ❛ ❞✐❞át✐❝❛ ♥ã♦ é ♦
♦❜❥❡t✐✈♦✱ ♠❛s ✜❝❛ ❞❡❢❡♥❞✐❞♦ ✉♠❛ ❛❜♦r❞❛❣❡♠ q✉❡ ❛❜r❛♥❥❛ três ❝♦♠♣♦♥❡♥t❡s ♣❛r❛ ♦ ❡♥s✐♥♦
❞❡ ▼❛t❡♠át✐❝❛✿

✭✐✮ ❈♦♥❝❡✐t✉❛çã♦✿ ❡♥t❡♥❞✐❞❛ ❝♦♠♦ ❛ ❢♦r♠✉❧❛çã♦ ❝♦rr❡t❛ ❡ ♦❜❥❡t✐✈❛ ❞❛s ❞❡✜♥✐çõ❡s ♠❛✲
t❡♠át✐❝❛s✱ ❛ ♣rát✐❝❛ ❞♦ r❛❝✐♦❝í♥✐♦ ❞❡❞✉t✐✈♦❀

✭✐✐✮ ▼❛♥✐♣✉❧❛çã♦✿ é ♠❛✐s ❛❧❣é❜r✐❝❛✱ é ❛ ❤❛❜✐❧✐❞❛❞❡ ❡ ❞❡str❡③❛ ❞❡ ♠❛♥✉s❡❛r ♦s ❡♥t❡s
♠❛t❡♠át✐❝♦s❀

✭✐✐✐✮ ❆♣❧✐❝❛çã♦✿ é ♦ ❡♠♣r❡❣♦ ❞❛s ♥♦çõ❡s ❡ t❡♦r✐❛s ♣❛r❛ ♦❜t❡r r❡s✉❧t❛❞♦s✱ q✉❡r ♥❛ ♣ró♣r✐❛
▼❛t❡♠át✐❝❛✱ q✉❡r ♥♦ ❝♦t✐❞✐❛♥♦✱ q✉❡r ❡♠ q✉❡stõ❡s ♠❛✐s s✉t✐s q✉❡ s✉r❣❡♠ ❡♠ ♦✉tr❛s
ár❡❛s✳

❆❣♦r❛✱ q✉❛♥t♦ ❛ ❛t❡♥çã♦ q✉❡ ❝❛❞❛ ✉♠ ♠❡r❡❝❡ ♥❛ ❊❞✉❝❛çã♦ ❇ás✐❝❛✱ ✭▲✐♠❛✱ ✶✾✾✾✱
♣✳✶✮✱ ❞❡❢❡♥❞❡✿

❉❛ ❞♦s❛❣❡♠ ❛❞❡q✉❛❞❛ ❞❡ ❝❛❞❛ ✉♠ ❞❡ss❡s três ❝♦♠♣♦✲
♥❡♥t❡s ❞❡♣❡♥❞❡ ♦ ❡q✉✐❧í❜r✐♦ ❞♦ ♣r♦❝❡ss♦ ❞❡ ❛♣r❡♥❞✐③❛✲
❣❡♠✱ ♦ ✐♥t❡r❡ss❡ ❞♦s ❛❧✉♥♦s ❡ ❛ ❝❛♣❛❝✐❞❛❞❡ q✉❡ t❡rã♦ ♣❛r❛
❡♠♣r❡❣❛r✱ ❢✉t✉r❛♠❡♥t❡✱ ♥ã♦ ❛♣❡♥❛s ❛s té❝♥✐❝❛s ❛♣r❡♥❞✐✲
❞❛s ♥❛s ❛✉❧❛s✱ ♠❛s s♦❜r❡t✉❞♦ ♦ ❞✐s❝❡r♥✐♠❡♥t♦✱ ❛ ❝❧❛r❡③❛
❞♦s ✐❞❡✐❛s✱ ♦ ❤á❜✐t♦ ❞❡ ♣❡♥s❛r ❡ ❛❣✐r ♦r❞❡♥❛❞❛♠❡♥t❡✱ ✈✐r✲
t✉❞❡s q✉❡ sã♦ ❞❡s❡♥✈♦❧✈✐❞❛s q✉❛♥❞♦ ♦ ❡♥s✐♥♦ r❡s♣❡✐t❛ ♦
❜❛❧❛♥❝❡❛♠❡♥t♦ ❞♦ três ❝♦♠♣♦♥❡♥t❡s ❜ás✐❝♦s✳

❊ ❝♦♥tr✐❜✉✐♥❞♦ ❛ ❡ss❛ ❛❜♦r❞❛❣❡♠✱ ❛ ❇◆❈❈ ❡✈✐❞❡♥❝✐❛ q✉❡ ♥♦ ❊♥s✐♥♦ ▼é❞✐♦ ♦ ❢♦❝♦
é ❛ ❝♦♥str✉çã♦ ❞❡ ✉♠❛ ✈✐sã♦ ✐♥t❡❣r❛❞❛ ❞❛ ▼❛t❡♠át✐❝❛✳

❉✐❛♥t❡ ❞♦ ❡①♣♦st♦✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ♣r♦❜❧❡♠❛s ❡ ❞✐s❝✉ssõ❡s ❝♦♠ ❛ ♣r♦♣♦st❛
❞❡ ♣r♦♣✐❝✐❛r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ s✐t✉❛çõ❡s q✉❡ ❧❡✈❡ ♦s ♣r♦❢❡ss♦r❡s ❡ ❛❧✉♥♦s ❛ ❝♦♥❝❡✐t✉❛r✱
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♠❛♥✐♣✉❧❛r ❡ ❛♣❧✐❝❛r ❛s ❝❛❞❡✐❛s ❞❡ ▼❛r❦♦✈✱ ❜❡♠ ❝♦♠♦ s❡r❡♠ ♠♦t✐✈❛❞♦s ❛ ❡st✉❞❛r ♦✉tr♦s
t❡♠❛s ❡ ❛ss✉♥t♦s q✉❡ ♥ã♦ ❝♦♥st❡ ♥♦ ❝✉rrí❝✉❧♦ ❞♦ ❡♥s✐♥♦ ♠é❞✐♦✳ ❆❝r❡❞✐t❛♠♦s q✉❡✱ ♣❛r❛ ❛
❛❜♦r❞❛❣❡♠ ❞❡st❡s ♣r♦❜❧❡♠❛s é ♥❡❝❡ssár✐♦ ✉♠ ❞♦♠í♥✐♦ ❜ás✐❝♦ ❞❡ ♦♣❡r❛çõ❡s ❡♥tr❡ ♠❛tr✐③❡s✱
♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧✱ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s✱ ❛❧é♠ ❞❡ ✐❞❡♥t✐✜❝❛r ♣r♦❝❡ss♦s ❡st♦❝ást✐❝♦s
❡ ❝❛r❛❝t❡r✐③á✲❧♦s✱ s❡ ❢♦r ♦ ❝❛s♦✱ ❝♦♠♦ ✉♠❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈✳

◗✉❛♥t♦ ❛ t❡♦r✐❛ ❞♦s ●r❛❢♦s✱ ✈❡✐♦ ❝♦♠♣❧❡♠❡♥t❛r ♦ ❡st✉❞♦ ❞❛s ❝❛❞❡✐❛s ❞❡ ▼❛r❦♦✈✱
❧❡♠❜r❛♥❞♦ q✉❡✱ t❛♠❜é♠✱ ♥ã♦ ❢❛③ ♣❛rt❡ ❞♦ ❝✉rrí❝✉❧♦ ❞♦ ❡♥s✐♥♦ ♠é❞✐♦✱ ♠❛s ♣♦❞❡ s❡r r❡❧❛❝✐✲
♦♥❛❞♦ ❛ ♦✉tr♦s ❝♦♥t❡ú❞♦s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ♦ ❡st✉❞♦ ❞❛s ♠❛tr✐③❡s✱ ❛♥á❧✐s❡ ❝♦♠❜✐♥❛tór✐❛✱
❡♥tr❡ ♦✉tr♦s✳

❉❡♥tr♦ ❞❡ss❛ ♣❡rs♣❡❝t✐✈❛✱ ❡ ❞❛ ♣r♦♣♦st❛ ❞❡st❡ tr❛❜❛❧❤♦✱ ❢❡③✲s❡ ♥❡❝❡ssár✐♦ ❡❧❡♥❝❛r
❛❧❣✉♥s ❡♥t❡s ♠❛t❡♠át✐❝♦s ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❡ ❛♣❧✐❝❛çã♦ ❞♦ ❝♦♥❝❡✐t♦ ♦❜❥❡t♦✿ ❈❛❞❡✐❛s ❞❡
▼❛r❦♦✈✳ ❙❡❣✉❡ ❡♥tã♦✱ ❛❣♦r❛✱ ❡ ❡♥t❡♥❞✐❞♦ q✉❡ ❢♦✐ ❛♣r❡s❡♥t❛❞♦ ❛ ❝♦♥❝❡✐t✉❛çã♦✱ ♥❛ ❢♦r♠❛
❞❡ ❞❡✜♥✐çõ❡s ❡ ❞❡ ♦✉tr♦s r❡s✉❧t❛❞♦s ♥❡❝❡ssár✐♦s✱ ♦s q✉❛✐s ♥ã♦ ❞❡✈❡♠ s❡r ❞❡s❝♦♥s✐❞❡r❛❞♦s✱
❥á q✉❡ ♦ ❛♣r❡♥❞✐③❛❞♦ ❡stá ✐♥t✐♠❛♠❡♥t❡ ❛ss♦❝✐❛❞♦ à ❝♦♠♣r❡❡♥sã♦ ❞♦ s✐❣♥✐✜❝❛❞♦ ❞♦s ❝♦♥✲
❝❡✐t♦s ❡ ❞❡✜♥✐çõ❡s✱ ❜❡♠ ❝♦♠♦ ❤❛❜✐❧✐❞❛❞❡ ❞❡ ♠❛♥✉s❡á✲❧♦s ❡ ❛♣❧✐❝á✲❧♦s✱ ♦ q✉❡ ❥✉st✐✜❝❛ ♦s
❝♦♠♣♦♥❡♥t❡s ❞❡ ❡♥s✐♥♦ ❞❡❢❡♥❞✐❞♦s✳

✹✳✶ Pr♦❜❧❡♠❛ ✶✿ ❈❛♠✐♥❤❛❞❛ ❆❧❡❛tór✐❛ ❙✐♠♣❧❡s

❖ ♣r♦♣ós✐t♦ ❞❡st❡ ♣r♦❜❧❡♠❛ é ❧❡✈❛r ❛ ❞✐s❝✉ssã♦ ❞❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ✉♠❛ ❝❛❞❡✐❛ ❞❡
▼❛r❦♦✈✱ ❜❡♠ ❝♦♠♦ ♦ ❝á❧❝✉❧♦ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡ ♥♦ q✉✐♥t♦ ❧❛♥ç❛♠❡♥t♦✳

✹✳✶✳✶ ❖ ♣r♦❜❧❡♠❛

❈♦♥s✐❞❡r❡♠♦s ✉♠❛ r❡t❛ ♥✉♠ér✐❝❛ ♦r✐❡♥t❛❞❛✱ ♦✉ s❡❥❛✱ q✉❡ r❡♣r❡s❡♥t❛ ♦ ❝♦♥❥✉♥t♦
❞♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s✱{...,−3,−2,−1, 0, 1, 2, 3, ...}✳ ❯♠ ♣♦♥t♦ ✭♠❛r❝❛❞♦r✮ ❝♦♠❡ç❛ ♥❛ ♦r✐✲
❣❡♠ ❡ s❡ ❞❡s❧♦❝❛✱ ❛ ❝❛❞❛ ❡t❛♣❛✱ ♣❛r❛ ❞✐r❡✐t❛ ♦✉ ❡sq✉❡r❞❛ ❡♠ ✐❣✉❛❧ ❝❤❛♥❝❡✱ ✐st♦ é✱ ❛
❝❛♠✐♥❤❛❞❛ ❛❧❡❛tór✐❛ ♥❛ r❡t❛ q✉❡ r❡♣r❡s❡♥t❛ ♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s✱ q✉❡ ❝♦♠❡ç❛ ❡♠ ✵ ❡ ❡♠
❝❛❞❛ ❡t❛♣❛ ♠♦✈❡ ✰✶ ♦✉ ✲✶ ❝♦♠ ✐❣✉❛❧ ♣r♦❜❛❜✐❧✐❞❛❞❡✳

❋✐❣✉r❛ ✹✳✶✿ ❘❡t❛ ♦r✐❡♥t❛❞❛ ❡ ♠❛r❝❛❞♦r

P❛r❛ ♦ ♠❛r❝❛❞♦r ❞❡s❧♦❝❛r✱ ❧❛♥ç❛✲s❡ ✉♠❛ ♠♦❡❞❛ ❤♦♥❡st❛✱ s❡ ❞❡r ❝❛r❛✱ ♦ ♠❛r❝❛❞♦r
é ♠♦✈✐❞♦ ✉♠❛ ✉♥✐❞❛❞❡ ♣❛r❛ ❛ ❞✐r❡✐t❛✱ s❡ ❞❡r ❝♦r♦❛✱ ♦ ♠❛r❝❛❞♦r é ♠♦✈✐❞♦ ✉♠❛ ✉♥✐❞❛❞❡
♣❛r❛ ❛ ❡sq✉❡r❞❛✷✶✳

❈♦♥s✐❞❡r❡ ✉♠❛ r♦❞❛❞❛ ❞❡ ❝✐♥❝♦ ❧❛♥ç❛♠❡♥t♦s✱ ❡♥tã♦✿

✭❛✮ ♦ ♣❛ss❡✐♦ ❛❧❡❛tór✐♦ s✐♠♣❧❡s ❡♠ Z é ✉♠❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈❄

✭❜✮ ❞❡t❡r♠✐♥❡♠♦s ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ♣❛r❛ ♦s r❡s✉❧t❛❞♦s ❛♣ós ❝✐♥❝♦ ❧❛♥ç❛♠❡♥t♦s ❞❛ ♠♦✲
❡❞❛❀

✷✶❈✉r✐♦s✐❞❛❞❡✿ P❛r❛ ✐❞❡♥t✐✜❝❛r q✉❛❧ ❢❛❝❡ é ❛ ❝❛r❛ ❡ q✉❛❧ é ❛ ❝♦r♦❛✱ ♣❡❣✉❡ ✉♠❛ ♠♦❡❞❛ ❞❡ ✉♠ r❡❛❧ ❝♦♠♦
❡①❡♠♣❧♦✳ ❆ ❢❛❝❡ q✉❡ tr❛③ ♦ ✈❛❧♦r é ❛ ✧❝❛r❛✧✱ ❡ ❛ ❢❛❝❡ q✉❡ tr❛③ ❛ ❊❢í❣✐❡ ❞❛ ❘❡♣ú❜❧✐❝❛ é ❛ ✧❝♦r♦❛✧

✼✸



✭❝✮ ❞❡✜♥❛ ❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ♣❛r❛ ♥ú♠❡r♦ ❞❡ ❝♦r♦❛s ♥♦ ❧❛♥ç❛♠❡♥t♦ ❞❡ ✉♠❛ ♠♦❡❞❛ ✺
✈❡③❡s✳

❆ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ Xt : ♥ú♠❡r♦ ❞❡ ❝♦r♦❛s ♥♦ ❧❛♥ç❛♠❡♥t♦ ❞❡ ✉♠❛ ♠♦❡❞❛ ✺ ✈❡③❡s✱ t♦♠❛
✈❛❧♦r❡s ❡♠ {0, 1, 2, 3, 4}✱ ❝♦♥❢♦r♠❡ ♣♦❞❡ s❡r ✈✐st♦ ♥❛s ár✈♦r❡s ❞❡ ♣♦ss✐❜✐❧✐❞❛❞❡s ♥❛s ❋✐❣✉r❛s
✹✳✷ ❡ ✹✳✸✳

✹✳✶✳✷ ❉✐s❝✉ssã♦

✭❛✮ ■❞❡♥t✐✜❝❛r ❛ s✐t✉❛çã♦ ❝♦♠♦ ✉♠❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈✳

❉❡✈❡♠♦s✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ ❞❡✜♥✐r ♦ q✉❡ é ✉♠❛ ❝❛♠✐♥❤❛❞❛ ❛❧❡❛tór✐❛✳ ✏❯♠❛ ❝❛♠✐♥❤❛❞❛
❛❧❡❛tór✐❛ é ✉♠ ♦❜❥❡t♦ ♠❛t❡♠át✐❝♦ q✉❡ ❞❡s❡♥❤❛ ✉♠ ❝❛♠✐♥❤♦ q✉❡ ❛❜r❛♥❣❡ ✉♠❛ s✉❝❡s✲
sã♦ ❞❡ ♣❛ss♦s ❛❧❡❛tór✐♦s✑✳ P♦r ❞❡✜♥✐çã♦✱ ❛ ❝❛♠✐♥❤❛❞❛ ♦✉ ♣❛ss❡✐♦ ❛❧❡❛tór✐♦ s✐♠♣❧❡s é
✉♠ ❝❛♠✐♥❤♦ ❝♦♥str✉í❞♦ ❞❡ ❛❝♦r❞♦ ❛s s❡❣✉✐♥t❡s r❡❣r❛s✿

✭✐✮ ❍á ✉♠ ♣♦♥t♦ ❞❡ ♣❛rt✐❞❛✳

✭✐✐✮ ❆ ❞✐stâ♥❝✐❛ ❞❡ ✉♠ ♣♦♥t♦ ♥♦ ❝❛♠✐♥❤♦ ❛té ♦ ♣ró①✐♠♦ é ❝♦♥st❛♥t❡✳

✭✐✐✐✮ ❆ ❞✐r❡çã♦ ❞❡ ✉♠ ♣♦♥t♦ ♥♦ ❝❛♠✐♥❤♦ ♣❛r❛ ♦ ♣ró①✐♠♦ é ❡s❝♦❧❤✐❞♦ ❛❧❡❛t♦r✐❛♠❡♥t❡✱
❡ ♥❡♥❤✉♠❛ ❞✐r❡çã♦ é ♠❛✐s ♣r♦✈á✈❡❧ ❞♦ q✉❡ ♦✉tr❛✳

❉✐❛♥t❡ ❞❡st❛ ❞✐s❝✉ssã♦✱ ♦ ❡st✉❞❛♥t❡ ✐❞❡♥t✐✜❝❛rá ❛ ♣r♦♣r✐❡❞❛❞❡ ♠❛r❦♦✈✐❛♥❛✿ ❛ ♣r♦❜❛✲
❜✐❧✐❞❛❞❡ ❞❡ ❡st❛r ♦✉ ♥ã♦ ♥✉♠❛ ♣♦s✐çã♦ ❞❡♣❡♥❞❡ ❞❛ ♣♦s✐çã♦ ♥❛ ❡t❛♣❛ ❛♥t❡r✐♦r✱ ✉♠❛
✈❡③ q✉❡ ♦ ♣ró①✐♠♦ ♣❛ss♦ só ❞❡♣❡♥❞❡ ❞❡ ♦♥❞❡ ❡❧❡ ❡stá✳

✭❜✮ ❱❛♠♦s ❝♦♥str✉✐r ❛ ár✈♦r❡ ❞❡ ♣♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛ q✉❡✱ ❛ss✐♠ ❞❡t❡r♠✐♥❡♠♦s ❛s ♣r♦❜❛✲
❜✐❧✐❞❛❞❡s✳ ❙❡❥❛ C : ❝❛r❛ ❡ K : ❝♦r♦❛

❋✐❣✉r❛ ✹✳✷✿ ❈❛♠✐♥❤❛❞❛ ❛❧❡❛tór✐❛ ❝♦♠❡ç❛♥❞♦ ❝♦♠ ❝❛r❛

✼✹



❋✐❣✉r❛ ✹✳✸✿ ❈❛♠✐♥❤❛❞❛ ❛❧❡❛tór✐❛ ❝♦♠❡ç❛♥❞♦ ❝♦♠ ❝♦r♦❛

P❡❧❛s ❋✐❣✉r❛s ✹✳✷ ❡ ✹✳✸✱ ❝♦♥s❡❣✉✐♠♦s ✈✐s✉❛❧✐③❛r ❛s ♣♦s✐çõ❡s ❡♠ q✉❡ ♦ ♠❛r❝❛❞♦r ♣♦❞❡
❡stá ❛♣ós ♦ q✉✐♥t♦ ❧❛♥ç❛♠❡♥t♦✱ ❧❡♠❜r❛♥❞♦ q✉❡ ♦ ♠❛r❝❛❞♦r✱ ♦✉ ✈❛✐ ♣❛r❛ ❛ ❞✐r❡✐t❛✱ ♦✉
✈❛✐ ♣❛r❛ ❛ ❡sq✉❡r❞❛✱ ❝❛❞❛ ✈❡③ q✉❡ ❛ ♠♦❡❞❛ é ❧❛♥ç❛❞❛✳

❆♣ós ❝✐♥❝♦ ❧❛♥ç❛♠❡♥t♦s ❞❛ ♠♦❡❞❛✱ ♦ ♠❛r❝❛❞♦r ♣♦❞❡ ❡stá ❡♠ −5✱ −3✱ −1✱ −1✱ 3
♦✉ 5✳ ❱❡❥❛ q✉❡ ♣❛r❛ ❝❤❡❣❛r ♥♦ −5✱ só s❛✐✉ ❝♦r♦❛✱ ♣♦✐s t♦❞❛ ✈❡③ q✉❡ s❛í ❝♦r♦❛ ♦
♠❛r❝❛❞♦r ✈❛✐ ♣❛r❛ ❛ ❡sq✉❡r❞❛✱ ❥á ♣❛r❛ ♣♦s✐❝✐♦♥❛r ♥♦ −3✱ ❡♠ ❛❧❣✉♠ ♠♦♠❡♥t♦ s❛✐✉
❝❛r❛✱ ♦ ♠❛r❝❛❞♦r ❢♦✐ ♣❛r❛ ❛ ❞✐r❡✐t❛✱ ✐ss♦ ♣♦❞❡ t❡r ❛❝♦♥t❡❝✐❞♦ ♥♦ ♣r✐♠❡✐r♦✱ s❡❣✉♥❞♦✱
t❡r❝❡✐r♦✱ q✉❛rt♦ ♦✉ ❛té ♠❡s♠♦ ♥♦ q✉✐♥t♦ ❧❛♥ç❛♠❡♥t♦ ❞❛ ♠♦❡❞❛✳ ◆❡ss❡ s❡♥t✐❞♦✱
♣❛r❛ ❞❡t❡r♠✐♥❛♠♦s ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛ ♣♦s✐çã♦ ❞♦ ♠❛r❝❛❞♦r ♥♦ q✉✐♥t♦ ❧❛♥ç❛♠❡♥t♦✱
❜❛st❛ ♠✉❧t✐♣❧✐❝❛r♠♦s ♦s ✈❛❧♦r❡s ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞♦ ❝❛♠✐♥❤♦ ♣❡r❝♦rr✐❞♦✳ ❱❡❥❛♠♦s
❡♥tã♦ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ ❝❛❞❛ ✉♠❛ ❞❛s ♣♦s✐çõ❡s ❞♦ ♠❛r❝❛❞♦r ❞❡♣♦✐s ❞❡ ❝✐♥❝♦
❧❛♥ç❛♠❡♥t♦s ❞❡ ✉♠❛ ♠♦❡❞❛✳ ❙❡❥❛ P ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡✿

✭✐✮ s❛✐r ❝✐♥❝♦ ❝♦r♦❛s✱ ❡♥tã♦ ♦ ♠❛r❝❛❞♦r ❝❤❡❣❛ ❡♠ −5 ❛♣❡♥❛s ✉♠❛ ✈❡③ ✭❡①✐st❡ ✉♠

ú♥✐❝♦ ❝❛♠✐♥❤♦✮✱ ♣♦✐s só ❞❡s❧♦❝❛ ♣❛r❛ ❛ ❡sq✉❡r❞❛✱ ❡♥tã♦ P =
1

32
✱ ♣♦✐s P =

1

2
·
1

2
·
1

2
·
1

2
·
1

2
=

1

32
❀

✭✐✐✮ s❛✐r q✉❛tr♦ ❝♦r♦❛s ❡ ✉♠❛ ❝❛r❛✱ ❡♠ q✉❛❧q✉❡r ♦r❞❡♠✱ ❝❤❡❣❛ ❡♠ −3✳ ❚❡♠✲s❡ 5

❢♦r♠❛s ❞❡ ❝❤❡❣❛r♠♦s ❡♠ −3✱ ♣♦✐s t❡♠♦s ❝✐♥❝♦ ❝❛♠✐♥❤♦s✱ ❞❛í P =
5

32
✱ ♣♦✐s

P = 5 ·
1

2
·
1

2
·
1

2
·
1

2
·
1

2
=

5

32
❀

✭✐✐✐✮ ♦❝♦rr❡r três ❝♦r♦❛s ❡ ❞✉❛s ❝❛r❛s✱ ❡♠ q✉❛❧q✉❡r ♦r❞❡♠✱ ♦ ♠❛r❝❛❞♦r ❝❤❡❣❛ ❡♠ −1✳

❚❡♠✲s❡ 10 ♠❛♥❡✐r❛s ❞♦ ♠❛r❝❛❞♦r ❡stá ♣♦s✐❝✐♦♥❛❞♦ ❡♠ −1✱ ❝✉❥❛ P =
5

16
✱ ♣♦✐s

P = 10 ·
1

2
·
1

2
·
1

2
·
1

2
·
1

2
=

5

16
❀

✭✐✈✮ s❛✐r três ❝❛r❛s ❡ ❞✉❛s ❝♦r♦❛s✱ ❡♠ q✉❛❧q✉❡r ♦r❞❡♠✱ ♦ ♠❛r❝❛❞♦r ❝❤❡❡❣❛rá ❡♠ 1✳
❍á 10 ♠❛♥❡✐r❛s ❞♦ ♠❛r❝❛❞♦r ❡stá ♣♦s✐❝✐♦♥❛❞♦ ❡♠ 1✱ ❝✉❥❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ é ❞❛❞❛

♣♦r✿ P =
5

16
✱ ♣♦✐s P = 10 ·

1

2
·
1

2
·
1

2
·
1

2
·
1

2
=

5

16
❀

✭✈✮ ♦❝♦rr❡r q✉❛tr♦ ❝❛r❛s ❡ ✉♠❛ ❝♦r♦❛✱ ❡♠ q✉❛❧q✉❡r ♦r❞❡♠✱ ♦ ♠❛r❝❛❞♦r ❝❤❡❣❛rá ❡♠
3✳ ❍á 5 ❢♦r♠❛s ❞❡❧❡ s❡ ♣♦s✐❝✐♦♥❛r ❡♠ 3✱ ❛ss✐♠ t❡♠♦s ❛ s❡❣✉✐♥t❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✿

P =
5

32
✱ ♣♦✐s P = 5 ·

1

2
·
1

2
·
1

2
·
1

2
·
1

2
=

5

32
❀

✼✺



✭✈✐✮ ♦❝♦rr❡r ❝✐♥❝♦ ❝❛r❛s✱ ♦ ♠❛r❝❛❞♦r ❝❤❡❣❛ ❡♠ 5✱ ✐ss♦ ❛❝♦♥t❡❝❡ ❛♣❡♥❛s ✉♠❛ ✈❡③
✭❡①✐st❡ ✉♠ ú♥✐❝♦ ❝❛♠✐♥❤♦✮✱ ♣♦✐s só ❞❡s❧♦❝❛ ♣❛r❛ ❛ ❞✐r❡✐t❛✱ ❡♥tã♦ t❡♠♦s ❛ s❡✲

❣✉✐♥t❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ P =
1

32
✱ ♣♦✐s P = ·

1

2
·
1

2
·
1

2
·
1

2
·
1

2
=

1

32
.

✭❝✮ P♦r ✜♠✱ ✈❛♠♦s ❞❡✜♥✐r ❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ♣❛r❛ ♥ú♠❡r♦ ❞❡ ❝♦r♦❛s ♥♦ ❧❛♥ç❛♠❡♥t♦ ❞❡
✉♠❛ ♠♦❡❞❛ ✺ ✈❡③❡s✳ ❙❡❥❛ Xt : ♥ú♠❡r♦ ❞❡ ❝♦r♦❛s ♥♦ ❧❛♥ç❛♠❡♥t♦ ❞❡ ✉♠❛ ♠♦❡❞❛ ✺
✈❡③❡s✳ P❡❧❛ ár✈♦r❡ ❞❡ ♣♦ss✐❜✐❧✐❞❛❞❡s✱ ❡❧❛ ❛ss✉♠❡ ♦s s❡❣✉✐♥t❡s ✈❛❧♦r❡s ❡♠ {0, 1, 2, 3, 4} .

✹✳✷ Pr♦❜❧❡♠❛ ✷ ✲ ❆❞❛♣t❛❞♦ ❞♦ ❡①❡♠♣❧♦ ✭❙✐❧✈❛✱ ✷✵✷✵✱ ♣✳

✹✸✮

◆❡st❡ ♣r♦❜❧❡♠❛✱ ❡s♣❡r❛✲s❡ q✉❡ ♦ ❡st✉❞❛♥t❡ ✐❞❡♥t✐✜q✉❡ ♦s ❡st❛❞♦s ❡♥✈♦❧✈✐❞♦s ♥♦
♣r♦❝❡ss♦✱ ❝♦♥str✉❛ ✉♠ ❣r❛❢♦ ♣❛r❛ r❡♣r❡s❡♥t❛r ♦ ♣r♦❜❧❡♠❛✱ ❞❡t❡r♠✐♥❡ ❛ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦
❡ ❝❛❧❝✉❧❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♣❡❞✐❞❛✳

✹✳✷✳✶ ❖ ♣r♦❜❧❡♠❛

❙✉♣♦♥❤❛♠♦s q✉❡ ❡♠ ❞❡t❡r♠✐♥❛❞♦ ♠✉♥✐❝í♣✐♦✱ ❛ ❝❛❞❛ ❝✐♥❝♦ ❛♥♦s✱ s❡❥❛ ✵✱✶ ❛ ♣r♦✲
❜❛❜✐❧✐❞❛❞❡ ❞❛ ♣♦♣✉❧❛çã♦ ❞❛ ③♦♥❛ r✉r❛❧ ♠✐❣r❛r ♣❛r❛ ❛ ③♦♥❛ ✉r❜❛♥❛✱ ❡♥q✉❛♥t♦ q✉❡ ❛♣❡♥❛s
✵✱✵✷ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛ ③♦♥❛ ✉r❜❛♥❛ ♠✐❣r❛r ♣❛r❛ ♦ ③♦♥❛ r✉r❛❧✳ ❈♦♥s✐❞❡r❛♥❞♦ q✉❡ ❡st❛s
♣r♦❜❛❜✐❧✐❞❛❞❡s ♥ã♦ ❛❧t❡r❛♠✱ q✉❛❧ s❡rá ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ❤❛❜✐t❛♥t❡ ❞❛ ♣♦♣✉❧❛çã♦ r✉r❛❧
♠✐❣r❛r ♣❛r❛ ❛ ③♦♥❛ ✉r❜❛♥❛ ❛♣ós ✶✺ ❛♥♦s❄

✹✳✷✳✷ ❉✐s❝✉ssã♦

P❛r❛ ✈✐s✉❛❧✐③❛r ❡ ❝♦♠♣r❡❡♥❞❡r ♦s ❡st❛❞♦s ♣♦ssí✈❡✐s✱ ❛s ♠✐❣r❛çõ❡s ❡♥tr❡ ③♦♥❛ ✉r✲
❜❛♥❛ ❡ r✉r❛❧✱ ❛ ❝♦♥str✉çã♦ ❞❡ ✉♠ ❣r❛❢♦ ❞á s✉st❡♥t❛çã♦ ♣❛r❛ q✉❡ ♦ ❡st✉❞❛♥t❡ ❝♦♠♣r❡❡♥❞❛
♦s ❞♦✐s ❡st❛❞♦s ❡ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❡♥✈♦❧✈✐❞❛s ❡ ❛té ♠❡s♠♦ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛ ♠❛tr✐③ ❞❡
tr❛♥s✐çã♦✳

❋✐❣✉r❛ ✹✳✹✿ ●r❛❢♦ q✉❡ r❡♣r❡s❡♥t❛ ❛ ▼❛tr✐③ ❞❡ tr❛♥s✐çã♦ ❡♥tr❡ ♦s ❡st❛❞♦s ✶✭③♦♥❛ ✉r❜❛♥❛✮ ❡
✷ ✭③♦♥❛ r✉r❛❧✮

◆♦ ❣r❛❢♦✱ ✐♥❞✐❝❛✲s❡ U ✭❡st❛❞♦ ✶✮ ♣❛r❛ ♣♦♣✉❧❛çã♦ ❞❛ ③♦♥❛ ✉r❜❛♥❛ ❡ R ✭❡st❛❞♦
✷✮ ♣❛r❛ ❛ ♣♦♣✉❧❛çã♦ r✉r❛❧✳ ❱❡❥❛ q✉❡ ♣❛r❛ ♦❜t❡r ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❛ ♣♦♣✉❧❛çã♦ q✉❡ s❡
♠❛♥tê♠ ♥❛ ③♦♥❛ r✉r❛❧✱ ❢♦✐ ✉t✐❧✐③❛❞♦ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❡✈❡♥t♦ ❝♦♠♣❧❡♠❡♥t❛r✱ ✉♠❛ ✈❡③ q✉❡
q✉❛♥❞♦ 0, 1 ♠✐❣r❛ ♣❛r❛ ❛ ③♦♥❛ ✉r❜❛♥❛✱ s✐❣♥✐✜❝❛ q✉❡ 0, 9 ♣❡r♠❛♥❡❝❡✳ ❊ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦✱
❢♦✐ ❢❡✐t♦ ♦ ❝á❧❝✉❧♦ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛ ♣♦♣✉❧❛çã♦ q✉❡ ✜❝❛ ♥❛ ③♦♥❛ ✉r❜❛♥❛✱
✵✱✾✽✳ ❋❡✐t♦ ✐ss♦✱ ♦ ❡st✉❞❛♥t❡✱ ❜❛s✐❝❛♠❡♥t❡✱ r❡s♦❧✈❡✉ ♦ ♣r♦❜❧❡♠❛✳

❆ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦ ❝♦♠ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ ♠✉❞❛♥ç❛s ❡♥tr❡ ♦s ❡st❛❞♦s é✿

✼✻



P =

(

p11 p12
p21 p22

)

=

(

0, 98 0, 02
0, 10 0, 90

)

❉❛ ♠❛tr✐③ P ✭❞á ♣❛r❛ ✐♥t❡r♣r❡t❛r t❛♠❜é♠ ❛ ♣❛rt✐r ❞♦ ❣r❛❢♦✮✱ t❡♠♦s✿

❼ p11✿ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♥ã♦ s❛✐r ❞❛ ③♦♥❛ ✉r❜❛♥❛ ✭♣❡r♠❛♥❡❝❡r ♥❛ ✉r❜❛♥❛✮✱ ♦✉ s❡❥❛✱
❡stá ♥♦ ❡st❛❞♦ ✶ ❡ ♣❡r♠❛♥❡❝❡r ♥♦ ❡st❛❞♦ ✶❀

❼ p12✿ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s❛✐r ❞❛ ③♦♥❛ ✉r❜❛♥❛ ♣❛r❛ ❛ ③♦♥❛ r✉r❛❧❀

❼ p21✿ ♣r♦❜❛❜✐❧✐❞❛❞❡ s❛✐r ❞❛ ③♦♥❛ r✉r❛❧ ♣❛r❛ ❛ ③♦♥❛ ✉r❜❛♥❛❀

❼ p22✿ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♣❡r♠❛♥❡❝❡r ♥❛ ③♦♥❛ r✉r❛❧✳

❖ ♣r♦❜❧❡♠❛ ♣❡❞❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛ ♣♦♣✉❧❛çã♦ r✉r❛❧ q✉❡ ♠✐❣r❛rá ♣❛r❛ ❛ ③♦♥❛
✉r❜❛♥❛ ❛♣ós ✶✺ ❛♥♦s ✭três ♣❡rí♦❞♦s ❞❡ ✺ ❛♥♦s✮✱ P (X3 = 1 | X0 = 2), ♦✉ s❡❥❛✱ p

(3)
21 ✳

❯t✐❧✐③❛♥❞♦ ♦ ▼❛tr✐① ❈❛❧❝✉❧❛t♦r✱ ❝❛❧❝✉❧❛♠♦s r❛♣✐❞❛♠❡♥t❡ P 3✳ ❆ss✐♠✱

P 3 =









29591

31250

1659

31250

1659

6250

4591

6250









=

(

0, 95 0, 05

0, 27 0, 73

)

,

❡♥tã♦✱ ❜❛st❛ ✐♥❞✐❝❛r♠♦s ♦ ❡❧❡♠❡♥t♦ p21 ❞❛ ♠❛tr✐③ P 3✱ ♥❡st❡ ❝❛s♦✱ p(3)21 =
1659

6250
= 0, 27.

P♦rt❛♥t♦✱ 27% é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛q✉✐ ❛ q✉✐♥③❡ ❛♥♦s ❞❡ ✉♠ ❤❛❜✐t❛♥t❡ ❞❛ ♣♦♣✉✲
❧❛çã♦ r✉r❛❧ ♠✐❣r❛r ♣❛r❛ ❛ ③♦♥❛ ✉r❜❛♥❛✳

✹✳✸ Pr♦❜❧❡♠❛ ✸ ✲ ❆❞❛♣t❛❞♦ ❞♦ ❡①❡♠♣❧♦ ✭❆❧✈❡s ❡ ❉❡❧✲

❣❛❞♦✱ ✶✾✾✼✱ ♣✳ ✹✮

◆❡st❡ ♣r♦❜❧❡♠❛✱ ❡s♣❡r❛✲s❡ q✉❡ ♦ ❡st✉❞❛♥t❡ ✐❞❡♥t✐✜q✉❡ ♦s ❡st❛❞♦s ❡♥✈♦❧✈✐❞♦s ♥♦
♣r♦❝❡ss♦✱ ❝♦♥str✉❛ ✉♠ ❣r❛❢♦ ♣❛r❛ r❡♣r❡s❡♥t❛r ♦ ♣r♦❜❧❡♠❛✱ ❞❡t❡r♠✐♥❡ ❛ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦
❡ ❝❛❧❝✉❧❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♣❡❞✐❞❛✳

✹✳✸✳✶ ❖ ♣r♦❜❧❡♠❛

❆ ❝✐❞❛❞❡ ❋❧♦r❡s é ❢❛♠♦s❛ ♣♦r s✉❛ ♣r♦❞✉çã♦ ❞❡ q✉❡✐❥♦s✱ ❡ ✉♠ ❞♦s ♣r♦❞✉t♦s q✉❡
❣❛♥❤❛ ❞❡st❛q✉❡ é ✉♠ q✉❡✐❥♦ ❞❡ ❝❛❜r❛ ❝♦♠ t♦q✉❡ ❞❡ ❡r✈❛s q✉❡ é ♣r♦❞✉③✐❞♦ ❛♣❡♥❛s ♣♦r
❞✉❛s ❢❛③❡♥❞❛s ❝♦♥❝♦rr❡♥t❡s✱ ❛ ❢❛③❡♥❞❛ ❘❡✐♥♦ ❡ ❛ ❢❛③❡♥❞❛ ❈❛♠♣♦✳ ❈❛❞❛ ❢❛③❡♥❞❛✱ ❛♦ ❧♦♥❣♦
❞❛s ❞é❝❛❞❛s✱ ❛❧t❡r♦✉ ♦ ♣r♦❝❡ss♦ ❡ ❛ ♠✐st✉r❛ ♦r✐❣✐♥❛❧ ❞❡ ❡r✈❛s✱ ❞❡ ❢♦r♠❛ q✉❡ ♦s q✉❡✐❥♦s
♣r♦❞✉③✐❞♦s ♣♦r ❝❛❞❛ ✉♠❛✱ t❡♥❤❛ ✉♠ s❛❜♦r ú♥✐❝♦✳ ▼❡s♠♦ q✉❡ ♥ã♦ ❞✐✈✉❧❣✉❡♠ ❝❧❛r❛♠❡♥t❡
❛ ❝♦♠♣♦s✐çã♦ ❞♦s ♣r♦❞✉t♦s✱ é ❝❡rt♦ ❛ ♣r❡❢❡rê♥❝✐❛ ♣❡❧♦ ♣r♦❞✉t♦ ❢❡✐t♦ ♣❡❧❛ ❢❛③❡♥❞❛ ❈❛♠♣♦✱
♣♦✐s ✈❡r✐✜❝❛✲s❡ q✉❡ ♣❛r❛ ❝❛❞❛ ♣❡ss♦❛ q✉❡ ❝♦♠♣r❛ ♦ q✉❡✐❥♦ ❈❛♠♣♦✱ ❤á ✾✵✪ ❞❡ ♣r♦❜❛❜✐❧✐✲
❞❛❞❡ ❞❡ ♦ ♣ró①✐♠♦ q✉❡✐❥♦ q✉❡ ❝♦♠♣r❛r s❡❥❛ ❞❛ ❢❛③❡♥❞❛ ❈❛♠♣♦✱ ❥á ♣❛r❛ ❛q✉❡❧❡ q✉❡ ❝♦♠♣r❛
♦ q✉❡✐❥♦ ❘❡✐♥♦ ❤á ✽✵✪ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✈♦❧t❛r ❛ ❝♦♠♣rá✲❧♦✳

❉✐❛♥t❡ ❞❡ss❛s ✐♥❢♦r♠❛çõ❡s✱ ❞❡s❡❥❛♠♦s✿

✶✳ ❝♦♥str✉✐r ✉♠❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈ q✉❡ r❡♣r❡s❡♥t❛ ❛ s✐t✉❛çã♦ ❞❡s❝r✐t❛❀

✼✼



✷✳ ❝❛❧❝✉❧❛r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❛ s❡❣✉♥❞❛ ❝♦♠♣r❛ ❢✉t✉r❛ ❞❡ ✉♠ ❝♦♠♣r❛❞♦r s❡r ♦ q✉❡✐❥♦
❘❡✐♥♦✱ s❛❜❡♥❞♦ q✉❡✱ ❛t✉❛❧♠❡♥t❡✱ ❝♦♠♣r♦✉ ♦ q✉❡✐❥♦ ❈❛♠♣♦❄

✹✳✸✳✷ ❉✐s❝✉ssã♦

P❛r❛ ❛ ❝♦♥str✉çã♦ ❞❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈✱ ♦ ❡st✉❞❛♥t❡ ❞❡✈❡✱ ❛ ♣r✐♥❝í♣✐♦ ✐❞❡♥t✐✜❝❛r
q✉❡ ❛ s✐t✉❛çã♦ ♣♦❞❡ s❡r ♠♦❞❡❧❛❞❛ ♣♦r ❡st❡ ♣r♦❝❡ss♦✱ ♦✉ s❡❥❛ q✉❡ ❛ ❝♦♠♣r❛ ❞❡♣❡♥❞❡ ❞❛
❝♦♠♣r❛ ❛t✉❛❧ ❡ ♣❛r❛ ✈✐s✉❛❧✐③❛r✱ ❝♦♠♣r❡❡♥❞❡r ❡ r❡♣r❡s❡♥tá✲❧❛ ♣♦r ♠❡✐♦ ❞❡ ✉♠ ❣r❛❢♦ ♣❛r❛
❡♠ s❡❣✉✐❞❛ ❞❡t❡r♠✐♥❛r ❛ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦✳ ❱❡❥❛♠♦s ♦ ●r❛❢♦✿

❋✐❣✉r❛ ✹✳✺✿ ●r❛❢♦ ❞❛ ▼❛tr✐③ ❞❡ tr❛♥s✐çã♦ ❡♥tr❡ ♦s ❡st❛❞♦s ✶ ✭q✉❡✐❥♦ ❈❛♠♣♦✮ ❡ ✷✭q✉❡✐❥♦
❘❡✐♥♦✮

◆♦ ❣r❛❢♦✱ ✐♥❞✐❝❛✲s❡ C ✭❡st❛❞♦ ✶✮ ♣❛r❛ ♦ q✉❡✐❥♦ ♣r♦❞✉③✐❞♦ ♣❡❧❛ ❢❛③❡♥❞❛ ❈❛♠♣♦
❡ R ✭❡st❛❞♦ ✷✮ ♣❛r❛ ♦ q✉❡✐❥♦ ♣r♦❞✉③✐♥❞♦ ♣❡❧❛ ❢❛③❡♥❞❛ ❘❡✐♥♦✳ ❆s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❡stã♦
❞✐str✐❜✉í❞❛s ♥♦ ❣r❛❢♦✳ ❖❜s❡r✈❡ q✉❡ ♦s ❞❡♠❛✐s ♣r♦❜❛❜✐❧✐❞❛❞❡s sã♦ ❝❛❧❝✉❧❛❞❛s ✉t✐❧✐③❛♥❞♦ ♦
❝♦♥❝❡✐t♦ ❞❡ ❡✈❡♥t♦ ❝♦♠♣❧❡♠❡♥t❛r✱ ✉♠❛ ✈❡③ q✉❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ ♣❡ss♦❛ ❝♦♠♣r❛ ♦
q✉❡✐❥♦ ❈❛♠♣♦ s❡r 90%✱ s✐❣♥✐✜❝❛ q✉❡ ❛ ❝❤❛♥❝❡ ❞❡ ❝♦♠♣r❛r ♦ q✉❡✐❥♦ ❘❡✐♥♦ é 10% ❡ s❡ ❡❧❛
❝♦♠♣r❛ ♦ q✉❡✐❥♦ ❘❡✐♥♦✱ q✉❡ é ❞❡ 80%✱ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❝♦♠♣r❛r ♦ ♦✉tr♦✱ q✉❡✐❥♦ ❈❛♠♣♦
é ❞❡ 20%✳ ❉❛í✱ ♣♦❞❡♠♦s ❝♦♥str✉✐r ❛ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦✳ ▲❡♠❜r❡✲s❡ q✉❡ 90% = 0, 9 ❡
80% = 0, 8✳

❆ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦ ❝♦♠ ❛s ♣r♦♣♦rçõ❡s ❞❡ ♠✉❞❛♥ç❛s ❡♥tr❡ ♦s ❡st❛❞♦s é✿

P =

(

p11 p12
p21 p22

)

=

(

0, 9 0, 1
0, 2 0, 8

)

❉❛ ♠❛tr✐③ ❡st♦❝ást✐❝❛✱ t❡♠✲s❡✿

❼ p11✿ r❡♣r❡s❡♥t❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛ ♣ró①✐♠❛ ❝♦♠♣r❛ s❡r ❞♦ q✉❡✐❥♦ ❈❛♠♣♦✱ s❡♥❞♦ q✉❡
❛ ❛t✉❛❧ ❝♦♠♣r❛ ❢♦✐ t❛♠❜é♠ ♦ q✉❡✐❥♦ ❈❛♠♣♦❀

❼ p12✿ ❛♣r❡s❡♥t❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛ ♣ró①✐♠❛ ❝♦♠♣r❛ s❡r ❞♦ q✉❡✐❥♦ ❘❡✐♥♦✱ ❞❛❞♦ q✉❡ ❛
❛t✉❛❧ ❝♦♠♣r❛ ❢♦✐ ♦ q✉❡✐❥♦ ❈❛♠♣♦❀

❼ p21✿ ❛♣r❡s❡♥t❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛ ♣ró①✐♠❛ ❝♦♠♣r❛ s❡r ❞♦ q✉❡✐❥♦ ❈❛♠♣♦✱ ❞❛❞♦ q✉❡
❛ ❛t✉❛❧ ❝♦♠♣r❛ ❢♦✐ ♦ q✉❡✐❥♦ ❘❡✐♥♦❀

❼ p22✿ ❛♣r❡s❡♥t❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛ ♣ró①✐♠❛ ❝♦♠♣r❛ s❡r ❞♦ q✉❡✐❥♦ ❘❡✐♥♦✱ s❡♥❞♦ q✉❡ ❛
❝♦♠♣r❛ ❛t✉❛❧ ❢♦✐ ♦ q✉❡✐❥♦ ❘❡✐♥♦✳

❖ ♣r♦❜❧❡♠❛ ♣❡❞❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛ s❡❣✉♥❞❛ ❝♦♠♣r❛ ❢✉t✉r❛ s❡r ♦ q✉❡✐❥♦ ❘❡✐♥♦✱
s❛❜❡♥❞♦ q✉❡✱ ❛t✉❛❧♠❡♥t❡✱ ❝♦♠♣r♦✉ ♦ q✉❡✐❥♦ ❈❛♠♣♦✿ P (X2 = 2 | X0 = 1), ♦✉ s❡❥❛✱ p(2)12 ✳
P❛r❛ ♦❜t❡r♠♦s ❛ ♠❛tr✐③ P 2✱ ✉t✐❧✐③❛♠♦s ♦ ▼❛tr✐① ❈❛❧❝✉❧❛t♦r✳ ❙❡❣✉❡ ❡♥tã♦ q✉❡✿

✼✽



P 2 =









83

100

17

100

17

50

33

50









=

(

0, 83 0, 17

0, 34 0, 66

)

❉❛í ❜❛st❛ ❞❡st❛❝❛r♠♦s ♦ ❡❧❡♠❡♥t♦ p
(2)
12 ❞❛ ♠❛tr✐③ ❛❝✐♠❛✱ ❧♦❣♦✱ p(2)12 =

17

50
= 0, 34.

P♦rt❛♥t♦✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛ s❡❣✉♥❞❛ ❝♦♠♣r❛ s❡r ♦ q✉❡✐❥♦ ❘❡✐♥♦✱ ❞❛❞♦ q✉❡ ❛t✉✲
❛❧♠❡♥t❡ ❝♦♠♣r♦✉ ♦ q✉❡✐❥♦ ❈❛♠♣♦✱ é ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❞❡ 34%✳

✹✳✹ Pr♦❜❧❡♠❛ ✹ ✲ ❆❞❛♣t❛❞♦ ❞♦ ❡①❡♠♣❧♦ ✭❙✐❧✈❛✱ ✷✵✷✵✱ ♣✳

✸✾✮

❖❜❥❡t✐✈♦✿ ❡s♣❡r❛✲s❡ q✉❡ ♦ ❡st✉❞❛♥t❡ ♠♦❞❡❧❡ ♦ ♣r♦❜❧❡♠❛ ❛tr❛✈és ❞❡ ✉♠❛ ❝❛❞❡✐❛ ❞❡
▼❛r❦♦✈✱ ✐❞❡♥t✐✜q✉❡ ♦s ❡st❛❞♦s ❡♥✈♦❧✈✐❞♦s ♥♦ ♣r♦❝❡ss♦✱ ❝♦♥str✉❛ ✉♠ ❣r❛❢♦ ♣❛r❛ r❡♣r❡s❡♥t❛r
♦ ♣r♦❜❧❡♠❛✱ ❞❡t❡r♠✐♥❡ ❛ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦ ❡ ❝❛❧❝✉❧❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♣❡❞✐❞❛✳

✹✳✹✳✶ ❖ ♣r♦❜❧❡♠❛

❊♠ ✉♠❛ ♣❛rt✐❞❛ ❞❡ ❢✉t❡❜♦❧✱ ♦♥❞❡ ♥ã♦ é ♣♦ssí✈❡❧ ❛ ♦❝♦rrê♥❝✐❛ ❞❡ ❡♠♣❛t❡✱ ❢♦r❛♠
♦❜s❡r✈❛❞♦s ❛❧❣✉♥s ❞❛❞♦s ♣❛r❛ ♦ t✐♠❡ ❖❍✳ ❙❡ ♦ t✐♠❡ ♦❜t❡✈❡ ✉♠❛ ✈✐tór✐❛ ♥♦ ❥♦❣♦ ❛t✉❛❧✱ ❛
❝❤❛♥❝❡ ❞❡ ✈✐tór✐❛ ♥♦ ♣ró①✐♠♦ ❥♦❣♦ é ❞❡ 75%✳ ◆♦ ❡♥t❛♥t♦✱ s❡ ♥♦ ❥♦❣♦ ❛t✉❛❧ ♦❝♦rr❡✉ ✉♠❛
❞❡rr♦t❛✱ ❛ ❝❤❛♥❝❡ ❞❡ ✈✐tór✐❛ ♥♦ ♣ró①✐♠♦ ❥♦❣♦ é ❞❡ 35%✳ ❉❡t❡r♠✐♥❡ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡
tr❛♥s✐çã♦ ❡♥tr❡ ♣❡r❞❡r ❡ ❣❛♥❤❛r✳ ◗✉❛❧ é ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ t✐♠❡ ♣❡r❞❡r ♦ q✉❛rt♦ ❥♦❣♦✱ ❞❛❞♦
q✉❡ ❡❧❡ ♣❡r❞❡✉ ♦ ❛t✉❛❧❄

✹✳✹✳✷ ❉✐s❝✉ssã♦

❉❛❞❛s ❛s ❝❛r❛❝t❡ríst✐❝❛s ❞♦ ♣r♦❜❧❡♠❛✱ ❧❡✈❛r ♦ ❡st✉❞❛♥t❡ ❛ ♣❡r❝❡❜❡r q✉❡ ❛ s✐t✉❛çã♦
♣♦❞❡ s❡r ♠♦❞❡❧❛❞❛ ♣♦r ✉♠❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈ ❝♦♠ ❞♦✐s ❡st❛❞♦s ♣♦ssí✈❡✐s✱ E = {1, 2}✱
s❡♥❞♦ ♦ ❡st❛❞♦ 1 ✐♥❞✐❝❛♥❞♦ ❛ ✈✐tór✐❛ ❞♦ t✐♠❡ ❡ 2 ✐♥❞✐❝❛♥❞♦ ❛ ❞❡rr♦t❛✱ ✉♠❛ ✈❡③ q✉❡ ♦
r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡ só ❞❡♣❡♥❞❡ ❞♦ r❡s✉❧t❛❞♦ ❛t✉❛❧✳

❱✐s✉❛❧✐③❡♠♦s ♦ ❣r❛❢♦✿

❋✐❣✉r❛ ✹✳✻✿ ●r❛❢♦ ❞❛ ▼❛tr✐③ ❞❡ tr❛♥s✐çã♦ ❡♥tr❡ ♦s ❡st❛❞♦s ✶✭✈✐tór✐❛✮ ❡ ✷ ✭❞❡rr♦t❛✮

❆♣❧✐❝❛r❡♠♦s ❛ ♠❡s♠❛ ❡str❛té❣✐❛ ❞♦s ♣r♦❜❧❡♠❛s ❛♥t❡r✐♦r❡s✿ ✉t✐❧✐③❛r ♦ ❝♦♥❝❡✐t♦ ❞❡
❡✈❡♥t♦ ❝♦♠♣❧❡♠❡♥t❛r✳ ❆ss✐♠✱ ✉♠❛ ✈❡③ q✉❡ q✉❛♥❞♦ t❡♠ 75% ❞❡ ❝❤❛♥❝❡ t❡r ❛ ✈✐tór✐❛ ♥♦
❥♦❣♦ ❛t✉❛❧✱ ♥♦ ♣ró①✐♠♦ ❥♦❣♦ ✜❝❛ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ 25% ❞❡ ♣❡r❞❡r ♦ ♣ró①✐♠♦ ❥♦❣♦ ❡ ❞♦

✼✾



♠❡s♠♦ ♠♦❞♦ ✱ s❡ t❡♠ ♥♦ ❥♦❣♦ ❛t✉❛❧ ❛ ❝❤❛♥❝❡ ❞❡ 35% ❞❡ ♣❡r❞❡r✱ ♥♦ ♣ró①✐♠♦ ❛ ❝❤❛♥❝❡
❞❡rr♦t❛ ✜❝❛ ❞❡ 65%✳

❱❡❥❛♠♦s ❛ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦ ❝♦♠ ❛s ♣r♦♣♦rçõ❡s ❞❡ ♠✉❞❛♥ç❛s ❡♥tr❡ ♦s ❡st❛❞♦s✿

P =

(

p11 p12
p21 p22

)

=

(

0, 75 0, 25
0, 35 0, 65

)

❉❛ ♠❛tr✐③✱ t❡♠✲s❡✿

❼ p11✿ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✈❡♥❝❡r ♦ ♣ró①✐♠♦ ❥♦❣♦✱ t❡♥❞♦ ✈❡♥❝✐❞♦ ♦ ❛t✉❛❧❀

❼ p12✿ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s❡r ❞❡rr♦t❛❞♦ ♥♦ ❥♦❣♦ s❡❣✉✐♥t❡✱ ❞❛❞♦ q✉❡ ✈❡♥❝❡✉ ♦ ❛t✉❛❧❀

❼ p21✿ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✈❡♥❝❡r ♦ ♣ró①✐♠♦ ❥♦❣♦✱ s❡♥❞♦ q✉❡ ♣❡r❞❡✉ ♦ ❛t✉❛❧❀

❼ p22✿ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s❡r ❞❡rr♦t❛❞♦ ♥♦ ❥♦❣♦ s❡❣✉✐♥t❡✱ ❞❛❞♦ q✉❡ ♣❡r❞❡✉ ♦ ❛t✉❛❧✳

❖ ♣r♦❜❧❡♠❛ ♣❡❞❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ t✐♠❡ ♣❡r❞❡r ♦ q✉❛rt♦ ❥♦❣♦✱ s❡♥❞♦ q✉❡ ❡❧❡
♣❡r❞❡✉ ♦ ❛t✉❛❧✱P (X4 = 2 | X0 = 2), ♦✉ s❡❥❛✱ p(4)22 ✳ P❛r❛ ❝❛❧❝✉❧❛r ❛ ♠❛tr✐③ P 4 ✉t✐❧✐③❛r❡♠♦s
♦ ▼❛tr✐① ❈❛❧❝✉❧❛t♦r✳ ▲♦❣♦✱

P 4 =









297

500

203

500

1421

2500

1079

2500









=

(

0, 59 0, 41

0, 57 0, 43

)

❖❜s❡r✈❡♠♦s q✉❡ p
(4)
22 é ♦ ❡❧❡♠❡♥t♦ q✉❡ ♥♦s ❞á ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♣❡❞✐❞❛✱ ♦✉ s❡❥❛✱

p
(4)
22 = 0, 43✳ ▲♦❣♦✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ t✐♠❡ ♣❡r❞❡r ♦ q✉❛rt♦ ❥♦❣♦✱ ❞❛❞♦ q✉❡ ❡❧❡ ♣❡r❞❡✉ ♦

❛t✉❛❧✱ é ❞❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ 43%✳

✹✳✺ Pr♦❜❧❡♠❛ ✺ ✲ ✭❆❧✈❡s ❡ ❉❡❧❣❛❞♦✱ ✶✾✾✼✱ ♣✳ ✶✵✮

❖❜❥❡t✐✈♦✿ ❡s♣❡r❛✲s❡ q✉❡ ♦ ❡st✉❞❛♥t❡ ♣❡r❝❡❜❛ q✉❡ ♦ ♣r♦❜❧❡♠❛ é ✉♠❛ ❝❛❞❡✐❛ ❞❡
▼❛r❦♦✈✱ ✐❞❡♥t✐✜q✉❡ ♦s ❡st❛❞♦s ❡♥✈♦❧✈✐❞♦s ♥♦ ♣r♦❝❡ss♦ ❡ ❝❛❧❝✉❧❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♣❡❞✐❞❛✳

✹✳✺✳✶ ❖ ♣r♦❜❧❡♠❛

◆❛ ❧♦❥❛ ❞❡ ❛rt✐❣♦s ❞❡ ✐♥❢♦r♠át✐❝❛ ❞♦ ❙r✳ P❛❣✉❡✲❉❡♣r❡ss❛✱ ♦s ❝❧✐❡♥t❡s sã♦ ❞✐✈✐❞✐✲
❞♦s ❡♠ ❝❛t❡❣♦r✐❛s✱ ❝♦♥s♦❛♥t❡ ♦ ♥í✈❡❧ ❞♦s ♣❛❣❛♠❡♥t♦s ❥á ❡❢❡t✉❛❞♦s✿ ♣❛❣♦✉ ✭❝❛t❡❣♦r✐❛ ✶✮✱
❛tr❛s❛❞♦ ♥ã♦ ♠❛✐s ❞❡ ✸✵ ❞✐❛s ✭❝❛t❡❣♦r✐❛ ✷✮✱ ❛tr❛s❛❞♦ ♥ã♦ ♠❛✐s ❞❡ ✻✵ ❞✐❛s ✭❝❛t❡❣♦r✐❛ ✸✮
♦✉ ✐♥❛❞✐♠♣❧❡♥t❡ ✭❝❛t❡❣♦r✐❛ ✹✮✳ ❆s ❝♦♥t❛s sã♦ ✈❡r✐✜❝❛❞❛s ♠❡♥s❛❧♠❡♥t❡ ❡ ♦ ❡st❛❞♦ ❞❡ ❝❛❞❛
❝❧✐❡♥t❡ é ❞❡t❡r♠✐♥❛❞♦✳ ❙❡❣✉♥❞♦ ❛s r❡❣r❛s ❞♦ ❙r✳ P❛❣✉❡✲❉❡♣r❡ss❛✱ ♦s ❝❧✐❡♥t❡s ❞❡✈❡rã♦ ♣❛✲
❣❛r ✉♠❛ ❝♦♥t❛ ❞❡♥tr♦ ❞❡ ✸✵ ❞✐❛s ♠❛s✱ ♣❛❣❛♥❞♦ ♣r❡st❛çõ❡s✱ ♣♦❞❡♠✲s❡ ❛tr❛s❛r ♥♦ ♠á①✐♠♦
✻✵ ❞✐❛s❀ ❛ ♣❛rt✐r ❞❡ss❛ ❞❛t❛ ♦ ❙r✳ P❛❣✉❡✲❉❡♣r❡ss❛ ❡♥tr❡❣❛ ♦s ❞❛❞♦s ❞♦ ❝❧✐❡♥t❡ ❛ ✉♠❛
❡♠♣r❡s❛ ❡s♣❡❝✐❛❧✐③❛❞❛ ❡♠ ❝♦❜r❛♥ç❛ ❞❡ ❞í✈✐❞❛s✳ ❆♣ós ❛ ❛♥á❧✐s❡ ❞♦s ❞❛❞♦s ❤✐stór✐❝♦s ❞❛
❧♦❥❛✱ ❝♦♥str✉✐✉✲s❡ ❛ s❡❣✉✐♥t❡ ♠❛tr✐③ ❞❡ tr❛♥s✐çõ❡s✿

P =









1, 0 0, 0 0, 0 0, 0
0, 0 1, 0 0, 0 0, 0
0, 7 0, 0 0, 2 0, 1
0, 5 0, 2 0, 1 0, 2









✽✵



❈♦♠ ❜❛s❡ ♥❡st❛s ✐♥❢♦r♠❛çõ❡s✱ ♣r❡t❡♥❞❡✲s❡ ❝♦♥❤❡❝❡r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ❝❧✐❡♥t❡
❛❝❛❜❛r✱ ❡✈❡♥t✉❛❧♠❡♥t❡✱ ♥❛ ❝❛t❡❣♦r✐❛ ✹ ✭♥ã♦ ♣❛❣❛r✮✱ ❡st❛♥❞♦ ❛t✉❛❧♠❡♥t❡ ♥❛ ❝❛t❡❣♦r✐❛ ✶✱
♣❛ss❛❞♦s ✷ ♠❡s❡s✳

✹✳✺✳✷ ❉✐s❝✉ssã♦

❉❛❞❛s ❛s ❝❛r❛❝t❡ríst✐❝❛s ❞♦ ♣r♦❜❧❡♠❛✱ ❧❡✈❛r ♦ ❡st✉❞❛♥t❡ ❛ ♣❡r❝❡❜❡r q✉❡ ❛ s✐t✉❛✲
çã♦ é ✉♠❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈ ❝♦♠ ✹ ❡st❛❞♦s ♣♦ssí✈❡✐s✱ E = {1, 2, 3, 4}✱ s❡♥❞♦ ♦ ❡st❛❞♦ ✶
✐♥❞✐❝❛♥❞♦ ♦ ❝❧✐❡♥t❡ q✉❡ ♣❛❣♦✉ ❡♠ ❞✐❛✱ ✷ ✐♥❞✐❝❛♥❞♦ ♦ ❝❧✐❡♥t❡ ❛tr❛s❛❞♦ ♥ã♦ ♠❛✐s ❞❡ ✸✵ ❞✐❛s✱
✸ ✐♥❞✐❝❛♥❞♦ ♦ ❝❧✐❡♥t❡ ❛tr❛s❛❞♦ ♥ã♦ ♠❛✐s ❞❡ ✻✵ ❞✐❛s ❡ ✹ ✐♥❞✐❝❛♥❞♦ ♦ ❝❧✐❡♥t❡ q✉❡ ♥ã♦ ♣❛❣❛✳

◆ã♦ s❡ ❢❛③ ♥❡❝❡ssár✐♦ ❢❛③❡r ♦ ❣r❛❢♦ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛✱ ✉♠❛ ✈❡③ q✉❡ ❥á ❢♦✐ ❞❛❞❛
❛ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦✳ ❇❛st❛✱ ❡♥tã♦ ✐♥t❡r♣r❡t❛r ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s q✉❡ ❝♦♥st❛♠ ♥❛ ♠❛tr✐③✳
❆ss✐♠✱ t❡♠✲s❡✿

❼ p11✿ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❝❧✐❡♥t❡ ♣❛❣❛r ❡♠ ❞✐❛ ♦ s❡❣✉✐♥t❡ ♣❛❣❛♠❡♥t♦✱ ❞❛❞♦ q✉❡ ❡❧❡
♣❛❣♦✉ ♦ ❛t✉❛❧ t❛♠❜é♠ ❡♠ ❞✐❛❀

❼ p12✿ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❝❧✐❡♥t❡ ♣❛❣❛r ♦ s❡❣✉✐♥t❡ ❝♦♠ ❛tr❛s♦ ♠❡♥♦r ❞♦ q✉❡ ✸✵ ❞✐❛s✱
❞❛❞♦ q✉❡ ❡❧❡ ♣❛❣♦✉ ♦ ❛t✉❛❧ ❡♠ ❞✐❛❀

❼ p13✿ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❝❧✐❡♥t❡ ♣❛❣❛r ♦ s❡❣✉✐♥t❡ ❝♦♠ ❛tr❛s♦ ♠❡♥♦r q✉❡ ✻✵ ❞✐❛s✱
❞❛❞♦ q✉❡ ❡❧❡ ♣❛❣♦✉ ♦ ❛t✉❛❧ ❡♠ ❞✐❛❀

❼ p14✿ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❝❧✐❡♥t❡ ♥ã♦ ♣❛❣❛r ♦ s❡❣✉✐♥t❡✱ ❞❛❞♦ q✉❡ ❡❧❡ ♣❛❣♦✉ ♦ ❛t✉❛❧
❡♠ ❞✐❛❀

❼ p21✿ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❝❧✐❡♥t❡ ♣❛❣❛r ❡♠ ❞✐❛ ♦ s❡❣✉✐♥t❡✱ ❞❛❞♦ q✉❡ ❡❧❡ ❛tr❛s♦✉ ♦
❛t✉❛❧ ❡♠ ❛té ✸✵ ❞✐❛s❀

❼ p22✿ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❝❧✐❡♥t❡ ♣❛❣❛r ♦ s❡❣✉✐♥t❡ ❝♦♠ ❛tr❛s♦ ♠❡♥♦r q✉❡ ✸✵ ❞✐❛s ✱
❞❛❞♦ q✉❡ ❡❧❡ ❛tr❛s♦✉ ♦ ❛t✉❛❧ t❛♠❜é♠ ❡♠ ❛té ✸✵ ❞✐❛s❀

❼ p23✿ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❝❧✐❡♥t❡ ♣❛❣❛r ♦ s❡❣✉✐♥t❡ ❝♦♠ ❛tr❛s♦ ♠❡♥♦r q✉❡ ✻✵ ❞✐❛s✱
❞❛❞♦ q✉❡ ❡❧❡ ❛tr❛s♦✉ ♦ ❛t✉❛❧ ❡♠ ❛té ✸✵ ❞✐❛s❀

❼ p24✿ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❝❧✐❡♥t❡ ♥ã♦ ♣❛❣❛r ♦ s❡❣✉✐♥t❡✱ ❞❛❞♦ q✉❡ ❡❧❡ ❛tr❛s♦✉ ♦ ❛t✉❛❧
❡♠ ❛té ✸✵ ❞✐❛s❀

❼ p31✿ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❝❧✐❡♥t❡ ♣❛❣❛r ❡♠ ❞✐❛ ♦ s❡❣✉✐♥t❡✱ ❞❛❞♦ q✉❡ ❡❧❡ ❛tr❛s♦✉ ♦
❛t✉❛❧ ❡♠ ❛té ✻✵ ❞✐❛s❀

❼ p32✿ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❝❧✐❡♥t❡ ♣❛❣❛r ♦ s❡❣✉✐♥t❡ ❝♦♠ ❛tr❛s♦ ✐♥❢❡r✐♦r ❛ ✸✵ ❞✐❛s✱ ❞❛❞♦
q✉❡ ❡❧❡ ❛tr❛s♦✉ ♦ ❛t✉❛❧ ❡♠ ❛té ✻✵ ❞✐❛s✳

❼ p33✿ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❝❧✐❡♥t❡ ♣❛❣❛r ♦ s❡❣✉✐♥t❡ ❝♦♠ ❛tr❛s♦ ✐♥❢❡r✐♦r ❛ ✻✵ ❞✐❛s✱ ❞❛❞♦
q✉❡ ❡❧❡ ❛tr❛s♦✉ ♦ ❛t✉❛❧ ❡♠ ❛té ✻✵ ❞✐❛s❀

❼ p34✿ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❝❧✐❡♥t❡ ♥ã♦ ♣❛❣❛r ♦ s❡❣✉✐♥t❡✱ ❞❛❞♦ q✉❡ ❡❧❡ ❛tr❛s♦✉ ♦ ❛t✉❛❧
♥♦ ♣r❛③♦ ✐♥❢❡r✐♦r ❛ ✻✵ ❞✐❛s❀

❼ p41✿ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❝❧✐❡♥t❡ ♣❛❣❛r ♦ s❡❣✉✐♥t❡ ❡♠ ❞✐❛✱ ❞❛❞♦ q✉❡ ❡❧❡ ♥ã♦ ♣❛❣♦✉ ♦
❛t✉❛❧❀

✽✶



❼ p42✿ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❝❧✐❡♥t❡ ♣❛❣❛r ♦ s❡❣✉✐♥t❡ ❝♦♠ ❛tr❛s♦ ♠❡♥♦r q✉❡ ✸✵ ❞✐❛s ♦
s❡❣✉✐♥t❡✱ ❞❛❞♦ q✉❡ ❡❧❡ ♥ã♦ ♣❛❣♦✉ ♦ ❛t✉❛❧❀

❼ p43✿ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❝❧✐❡♥t❡ ♣❛❣❛r ♦ s❡❣✉✐♥t❡ ❝♦♠ ❛tr❛s♦ ♠❡♥♦r q✉❡ ✻✵ ❞✐❛s✱
❞❛❞♦ q✉❡ ❡❧❡ ♥ã♦ ♣❛❣♦✉ ♦ ❛t✉❛❧❀

❼ p44✿ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❝❧✐❡♥t❡ ♥ã♦ ♣❛❣❛r ♦ s❡❣✉✐♥t❡✱ ❞❛❞♦ q✉❡ ❡❧❡ ♥ã♦ ♣❛❣♦✉ ♦
❛t✉❛❧✳

❖ ♣r♦❜❧❡♠❛ ♣❡❞❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ❝❧✐❡♥t❡✱ ❞❛q✉✐ ❛ ❞♦✐s ♠❡s❡s✱ ❛❝❛❜❛r✱
❡✈❡♥t✉❛❧♠❡♥t❡✱ ♥❛ ❝❛t❡❣♦r✐❛ ✹ ✭♥ã♦ ♣❛❣❛r✮✱ ❞❛❞♦ ❡st❛r ❛t✉❛❧♠❡♥t❡ ♥❛ ❝❛t❡❣♦r✐❛ ✶ ✭♣❛❣❛
❡♠ ❞✐❛✮ é P (X2 = 4 | X0 = 1), ♦✉ s❡❥❛✱ p(2)14 ✳ ❊♥tã♦ ✈❛♠♦s ❝❛❧❝✉❧❛r ❛ ♠❛tr✐③ P 2 ✉t✐❧✐③❛♥❞♦
♦ ▼❛tr✐① ❈❛❧❝✉❧❛t♦r✱ ❞❛ q✉❛❧ ♦❜t❡r❡♠♦s ♦ ❡❧❡♠❡♥t♦ p

(2)
14 ✳ ▲♦❣♦✱

P 2 =





















1 0 0 0

0 1 0 0

89

100

1

50

1

20

3

100

31

50

11

50

3

100

1

50





















=















1 0 0 0

0 1 0 0

0, 89 0, 02 0, 05 0, 04

0, 67 0, 24 0, 04 0, 05















❖ ❡❧❡♠❡♥t♦ q✉❡ r❡s♣♦♥❞❡ ❛♦ ❝♦♠❛♥❞♦ ❞❛ q✉❡stã♦ é p
(2)
14 = 0.❈♦♥❝❧✉í♠♦s✱ ❡♥tã♦

q✉❡✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ❝❧✐❡♥t❡ ❛❝❛❜❛r✱ ❡✈❡♥t✉❛❧♠❡♥t❡✱ ♥ã♦ ♣❛❣❛♥❞♦✱ ♥♦ ♣r❛③♦ ❞❡ ✷
♠❡s❡s✱ s❡♥❞♦ q✉❡ ❛t✉❛❧♠❡♥t❡ ❡❧❡ ♣❛❣♦✉✱ é 0%✳

✹✳✻ Pr♦❜❧❡♠❛s Pr♦♣♦st♦s

✹✳✻✳✶ Pr♦❜❧❡♠❛ Pr♦♣♦st♦ ✶ ✲ ❆❞❛♣t❛❞♦ ❞♦ ❡①❡♠♣❧♦ ✭❘♦ss✱ ✷✵✶✵✱
♣✳ ✹✾✼✮

❙✉♣♦♥❤❛ q✉❡ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❝❤✉✈❛ ❛♠❛♥❤ã ❞❡♣❡♥❞❛ s♦♠❡♥t❡ ❞♦ ❢❛t♦ ❞❡ ❡st❛r
❝❤♦✈❡♥❞♦ ♦✉ ♥ã♦ ♥♦ ❞✐❛ ❞❡ ❤♦❥❡✳ s✉♣♦♥❤❛ t❛♠❜é♠ q✉❡✱ s❡ ❤♦❥❡ ❡stá ❝❤♦✈❡♥❞♦✱ ❡♥tã♦
❛♠❛♥❤ã ❝❤♦✈❡rá ❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✹✺✪❀ s❡ ❤♦❥❡ ♥ã♦ ❡st✐✈❡r ❝❤♦✈❡♥❞♦✱ ❡♥tã♦ ❛♠❛✲
♥❤ã ❝❤♦✈❡rá ❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✺✷✪✳ ❉❡t❡r♠✐♥❡ ❛ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦ ❡ ❞❡t❡r♠✐♥❡ ❛
♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❝❤♦✈❡r ❡♠ ✺ ❞✐❛s✱ ❞❛❞♦ q✉❡ ❝❤♦✈❡✉ ❤♦❥❡✳

✹✳✻✳✷ Pr♦❜❧❡♠❛ Pr♦♣♦st♦ ✷

❯♠❛ ❝❡rt❛ ❣rá✜❝❛ ♣♦ss✉✐ ❞✐✈❡rs❛s ♠áq✉✐♥❛s q✉❡ ♣♦❞❡♠ ❡st❛r ❡♠ três ❡st❛❞♦s✿

❼ 0✿ s✐❣♥✐✜❝❛ ❡stá q✉❡❜r❛❞❛❀

❼ 1✿ s✐❣♥✐✜❝❛ q✉❡ ❡stá ♦♣❡r❛♥❞♦✱ ♠❛s ❡stá ❝♦♠ s❡✉ ✉s♦ ❧✐♠✐t❛❞♦✱ ✉♠❛ ✈❡③ q✉❡ ❛♣r❡s❡♥t❛
❛❧❣✉♥s ❞❡❢❡✐t♦s❀

❼ 2✿ s✐❣♥✐✜❝❛ q✉❡ ❡stá ❡♠ ót✐♠❛s ❝♦♥❞✐çõ❡s ❞❡ ❢✉♥❝✐♦♥❛♠❡♥t♦✳

✽✷



❱❡❥❛ ♦ ❣r❛❢♦✿

❋✐❣✉r❛ ✹✳✼✿ ●r❛❢♦ ❞❛ ▼❛tr✐③ ❞❡ tr❛♥s✐çã♦ ❡♥tr❡ ♦s ❡st❛❞♦s ✵✭q✉❡❜r❛❞❛✮✱ ✶✭❞❡❢❡✐t✉♦s❛✮ ❡
✷✭ót✐♠❛✮

❉❡t❡r♠✐♥❡ ❛ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦ ❡ ❞❡t❡r♠✐♥❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❡st❛❞♦ s❡r ✶ ❛♣ós
t = 3✱ ❞❛❞♦ q✉❡ ♦ ❡st❛❞♦ ♥♦ ✐♥st❛♥t❡ 1 é 0✳

✹✳✻✳✸ Pr♦❜❧❡♠❛ Pr♦♣♦st♦ ✸ ✲ ❆❞❛♣t❛❞♦ ❞♦ ❡①❡♠♣❧♦ ✭❙✐❧✈❛✱ ✷✵✷✵✱
♣✳ ✹✺✮

❆ ❡❞✉❝❛çã♦ ❞❡ ✉♠❛ ♣♦♣✉❧❛çã♦ ❞❡ ❡st❛❞♦ sã♦ ❞✐✈✐❞✐❞❛ ❡♠ três r❡❞❡s ❞❡ ❡♥s✐♥♦✿
r❡❞❡ ❡st❛❞✉❛❧ (E)✱ r❡❞❡ ❢❡❞❡r❛❧ (F ) ❡ r❡❞❡ ♣❛rt✐❝✉❧❛r (P )✳ ❯♠ ❡st✉❞♦ ❡st❛tíst✐❝♦ ♠♦str❛
q✉❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦s ✜❧❤♦s ❞❡ ✉♠❛ ❢❛♠í❧✐❛ q✉❡ ❡st✉❞♦✉ ♥❛ r❡❞❡ ❡st❛❞✉❛❧ ♣❡r♠❛♥❡❝❡r❡♠
♥❡st❛ r❡❞❡ é ❞❡ 90%✳ ❊♥tr❡t❛♥t♦✱ ❤á ✉♠❛ ❝❤❛♥❝❡ ❞❡ 10% ❞❡❧❡s ✐r❡♠ ♣❛r❛ ❛ r❡❞❡ ❢❡❞❡r❛❧✳ ❖
♠❡s♠♦ ❡st✉❞♦ ❛♣♦♥t❛ q✉❡ ♦s ✜❧❤♦s ❞❡ ✉♠❛ ❢❛♠í❧✐❛ q✉❡ ❡st✉❞♦✉ ♥❛ r❡❞❡ ❢❡❞❡r❛❧ é ❞❡ 10%
❞❡ ❝❤❛♥❝❡ ❞❡ ✐r❡♠ ♣❛r❛ ❛ r❡❞❡ ❡st❛❞✉❛❧ ❡ 30% ❞❡ ❝❤❛♥❝❡ ❞❡ ✐r❡♠ ♣❛r❛ ❛ r❡❞❡ ♣❛rt✐❝✉❧❛r✳
P♦r ✜♠✱ ♦s ✜❧❤♦s ❞❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❛ r❡❞❡ ♣❛rt✐❝✉❧❛r tê♠ 20% ❞❡ ❝❤❛♥❝❡ ❞❡ ✐r❡♠ ♣❛r❛ ❛
r❡❞❡ ❢❡❞❡r❛❧ ❡ 75% ❞❡ ❝❤❛♥❝❡ ❞❡ ♣❡r♠❛♥❡❝❡r❡♠ ♥❛ r❡❞❡ ♣❛rt✐❝✉❧❛r✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❡ss❛s
✐♥❢♦r♠❛çõ❡s✱ q✉❛❧ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦s ♥❡t♦s ❞❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❛ r❡❞❡ ❢❡❞❡r❛❧ ✐r❡♠ ♣❛r❛ ❛
r❡❞❡ ♣❛rt✐❝✉❧❛r❄

✹✳✻✳✹ Pr♦❜❧❡♠❛ Pr♦♣♦st♦ ✹ ✲ ❆❞❛♣t❛❞♦ ❞♦ ❡①❡♠♣❧♦ ✭❙✐❧✈❛✱ ✷✵✷✵✱
♣✳ ✹✼✮

❯♠❛ ❞❡t❡r♠✐♥❛❞❛ ❝✉❧t✉r❛ t❡♠ s✉❛ s❛❢r❛ ❝❧❛ss✐✜❝❛❞❛ ❡♠ três ♠♦❞❛❧✐❞❛❞❡s✿ ❜♦❛✱
♠é❞✐❛ ❡ r✉✐♠✳ ❊st✉❞♦s r❡✈❡❧❛♠ q✉❡✱ ❛♣ós ✉♠❛ s❛❢r❛ ❜♦❛✱ ❤á ♣r♦❜❛❜✐❧✐❞❛❞❡s ✐❣✉❛✐s ❛ 50%
❡ 10% ❞❡ ❛ ♣ró①✐♠❛ s❛❢r❛ s❡r ♠é❞✐❛ ♦✉ r✉✐♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆♣ós ✉♠❛ s❛❢r❛ ♠é❞✐❛✱ ❤á
♣r♦❜❛❜✐❧✐❞❛❞❡s ✐❣✉❛✐s ❛ 40% ❡ 10% ❞❡ ❛ ♣ró①✐♠❛ s❛❢r❛ s❡r ❜♦❛ ♦✉ r✉✐♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
❊ ❛♣ós ✉♠❛ s❛❢r❛ r✉✐♠✱ ❤á ♣r♦❜❛❜✐❧✐❞❛❞❡s ✐❣✉❛✐s ❛ 30% ❡ 60% ❞❡ ❛ s❛❢r❛ ♥♦ ❛♥♦ s❡❣✉✐♥t❡
s❡r ❜♦❛ ♦✉ ♠é❞✐❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♠ ❜❛s❡ ♥❡st❛s ✐♥❢♦r♠❛çõ❡s✱ q✉❛❧ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡
❞❛ s❛❢r❛ s❡r ❜♦❛ ❞❛q✉✐ ❛ ❞♦✐s ❛♥♦s✱ s❛❜❡♥❞♦ q✉❡ ❡❧❛ ❢♦✐ r✉✐♠ ♥❡st❡ ❛♥♦❄ ▼♦♥t❡ ❛ ♠❛tr✐③
❞❡ tr❛♥s✐çã♦✳

✽✸



❈♦♥s✐❞❡r❛çõ❡s ✜♥❛✐s

❆♦ ♣r♦♣♦r♠♦s ❝❛❞❡✐❛s ❞❡ ▼❛r❦♦✈ ❝♦♠♦ ✉♠ t❡♠❛ ❛ s❡r ❞✐s❝✉t✐❞♦ ♥♦ ❡♥s✐♥♦ ♠é✲
❞✐♦✱ ✈✐♠♦s ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ✐♥t❡❣r❛r ♦s ❝♦♥t❡ú❞♦s ❞❡ ♠❛tr✐③❡s ❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ ❛❧é♠ ❞❡
✐♥tr♦❞✉③✐r ❛ ❞✐s❝✉ssã♦ ❞❛ t❡♦r✐❛ ❞❡ ❣r❛❢♦s ♥❡ss❛ ❡t❛♣❛ ❞❡ ❡♥s✐♥♦✳ Pr♦❝✉r❛♠♦s ❛♣r❡s❡♥t❛r
♣r♦❜❧❡♠❛s q✉❡ ✐♥st✐❣❛ss❡♠ ♦s ❛❧✉♥♦s ❞❡ss❛ ❡t❛♣❛✱ ❡ ❛ss✐♠✱ ❞❡s❡♥✈♦❧✈❡♠♦s ❛ s❡q✉ê♥❝✐❛ ❞♦s
❝♦♥❝❡✐t♦s t❡♥❞♦ ❡♠ ✈✐st❛ ❛ ♦r❣❛♥✐③❛çã♦ ❞♦ ❝✉rrí❝✉❧♦✳

◆❡ss❡ s❡♥t✐❞♦✱ ❡s♣❡r❛✲s❡ q✉❡ ❡st❡ tr❛❜❛❧❤♦ ♣♦ss❛ s❡r út✐❧✱ ❝♦♠♦ ♣♦♥t♦ ❞❡ ❛♣♦✐♦
❛♦ ❞♦❝❡♥t❡✱ ✉♠❛ ❞✐r❡çã♦ ♣❛r❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ✐♥✐❝✐❛❧ ❞♦s ❝♦♥❝❡✐t♦s ❞❡ ❣r❛❢♦s ❡ ❝❛❞❡✐❛s ❞❡
▼❛r❦♦✈✱ ♦✉ ♣❛r❛ ❛♣❧✐❝á✲❧♦ ❡♠ s❛❧❛ ❞❡ ❛✉❧❛✱ q✉❡ ❞❡s♣❡rt❡ ♦ r❛❝✐♦❝í♥✐♦ ❧ó❣✐❝♦ ❝♦♠♦ ❡❧❡♠❡♥t♦
❞♦ ❛♣r❡♥❞✐③❛❞♦ ❞❛ ▼❛t❡♠át✐❝❛✱ ❛❧é♠ ❞❡ ❛ss✐♠✐❧❛r ♠ét♦❞♦s ♦✉ ❢ór♠✉❧❛s ♣r❡❡st❛❜❡❧❡❝✐❞❛s✱
❜❡♠ ❝♦♠♦ ♦❜t❡r ❝♦♥❝❧✉sõ❡s s♦❜r❡ ❛ ✈❛❧✐❞❛❞❡ ❡ ❛❞❡q✉❛çã♦ ❞♦ ❡♥s✐♥♦ ❞❛ ♠❛tr✐③❡s ❡ ♣r♦❜❛✲
❜✐❧✐❞❛❞❡ ♥❡st❛ ❢❛s❡ ❞❡ ❛♣r❡♥❞✐③❛❞♦✳ ❆ss✐♠✱ ♠♦t✐✈❛r ♥♦✈♦s ❝❛♠✐♥❤♦s ❡ ❝♦♠ ❡ss❛ ♣r♦♣♦st❛
❝♦♥t✐♥✉❛r ❡①♣❧♦r❛♥❞♦ ❛s ❛♣❧✐❝❛çõ❡s ❞❛s ❈❛❞❡✐❛s ❞❡ ▼❛r❦♦✈ ♣r❡s❡♥t❡s ♦✉ ♥ã♦ ♥♦ ❝♦t✐❞✐❛♥♦✱
❝♦♠♦✿ ❚❡♦r✐❛ ❞❡ ✜❧❛s✱ ■♥t❡r♥❡t ✭P❛❣❡❘❛♥❦✮✱ ❊❝♦♥♦♠✐❛ ❡ ❋✐♥❛♥ç❛s✱ ❈✐ê♥❝✐❛s ❙♦❝✐❛✐s✱ ❇✐✲
♦❧♦❣✐❛ ▼❛t❡♠át✐❝❛ ✭Pr♦❝❡ss♦s ❞❡ P♦♣✉❧❛çõ❡s✮✱ ●❡♥ét✐❝❛✱ ❊s♣♦rt❡✱ ●❡r❛❞♦r❡s ❞❡ t❡①t♦ ❞❡
▼❛r❦♦✈ ❡ ♦✉tr♦s✱ ❝♦♠ ♦ ♣r♦♣ós✐t♦ ❞❡ ❛♣r♦❢✉♥❞❛♠❡♥t♦ ❡ ♥♦✈♦s ❞❡s❛✜♦s ♥❛ ❛♣r❡♥❞✐③❛❣❡♠
❡ ❛♠♣❧✐❛çã♦ ❞♦s ❝♦♥❝❡✐t♦s ❛♣r❡s❡♥t❛❞♦s✳

P♦r ✜♠✱ ❛❝r❡❞✐t❛♠♦s q✉❡ ❛ ♣r♦♣♦st❛ ❡♠ q✉❡stã♦ é ♠♦t✐✈❛❞♦r❛✱ ✉♠❛ ✈❡③ q✉❡✱
♣♦ss✉✐ ❞✐✈❡rs❛s ❛♣❧✐❝❛çõ❡s ❡ ♣r♦❜❧❡♠❛s ✐♥t❡r❡ss❛♥t❡s q✉❡ ♣♦❞❡♠ s❡r ♣r♦♣♦st♦s ♣❛r❛ ♦s
❡st✉❞❛♥t❡s ❞♦ ❡♥s✐♥♦ ♠é❞✐♦✱ ♣♦✐s ♣❛rt❡♠ ❞❡ ❝♦♥❝❡✐t♦s ❜ás✐❝♦s✱ ❝♦♠♦ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡
♠❛tr✐③❡s ❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧✳

✽✹



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❆❧✈❡s✱ ❘✳ ❡ ❉❡❧❣❛❞♦✱ ❈✳ ✭✶✾✾✼✮✳ Pr♦❝❡ss♦s ❊st♦❝ást✐❝♦s✳ ❯✳P❖❘❚❖✿ ❋❛❝✉❧❞❛❞❡ ❞❡ ❊❝♦♥♦✲
♠✐❛ ❞♦ P♦rt♦✱ P❖❘❚❖ ✲ P♦rt✉❣❛❧✳

❆♥t♦♥✱ ❍✳ ❡ ❘♦rr❡s✱ ❈✳ ✭✷✵✶✻✮✳ ➪❧❣❡❜r❛ ▲✐♥❡❛r ❝♦♠ ❆♣❧✐❝❛çõ❡s✳ ✶✵❛ ❡❞✱ ❇♦♦❦♠❛♥✱ P♦rt♦
❆❧❡❣r❡✳

❆r❣❡♥t♦♠✱ ❘✳ ✭✷✵✶✼✮✳ ❚❛❜✉❧❡✐r♦ r❡♣r❡s❡♥t❛♥❞♦ ❛s s❡t❡ ♣♦♥t❡s ❞❡ ❦ö♥✐❣s❜❡r❣✲ ▼❛t❡♠❛t❡❝❛
■▼❊✴❯❙P✳ ❆❝❡ss♦ ❡♠✿ ✶✵ ▼❛r✳ ✷✵✷✷✳

❆ss✐s✱ ❏✳ ❙✳ ▼✳ ✭✷✵✶✻✮✳ ●r❛❢♦s ❡✉❧❡r✐❛♥♦s ♥♦ ❡♥s✐♥♦ ♠é❞✐♦✳ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦✱
P❘❖❋▼❆❚✕■▼P❆✱ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✴❘❏✳

❇♦❧❞r✐♥✐✱ ❏✳ ▲✳✱ ❈♦st❛✱ ❙✳ ❘✳✱ ❋✐❣✉❡r❡❞♦✱ ❱✳ ❧✳✱ ❡ ❲❡t③❧❡r✱ ❍✳ ✭✶✾✽✵✮✳ ➪❧❣❡❜r❛ ▲✐♥❡❛r✳ ✸❛
❡❞✐çã♦✱ ❍❆❘❇❘❆✱ ❙ã♦ P❛✉❧♦✳

❇♦②❡r✱ ❈✳ ✭✶✾✼✹✮✳ ❍✐stór✐❛ ❞❛ ▼❛t❡♠át✐❝❛✳ ❚r❛❞✉③✐❞♦ ♣♦r✿ ❊❧③❛ ❋✳ ●♦♠✐❞❡✱ ✲ ✽✳❡❞✳ ✲
❊❞❣❛r❞ ❇❧✉❝❤❡r✱ ❙ã♦ P❛✉❧♦✳

❇r❛s✐❧✕▼❊❈ ✭✷✵✶✽✮✳ ❇❛s❡ ◆❛❝✐♦♥❛❧ ❈♦♠✉♠ ❈✉rr✐❝✉❧❛r✳

❇r✐tt♦✱ ▼✳ ❆✳ ❋✳ ❖✳ ✭✷✵✶✹✮✳ ▼❛tr✐③❡s✿ Pr♦♣♦st❛ ❞❡ ❛♣❧✐❝❛çã♦ ♥♦ ❡♥s✐♥♦ ♠é❞✐♦✳ ❉✐ss❡rt❛çã♦
❞❡ ▼❡str❛❞♦✱ P❘❖❋▼❆❚ ✕ ■♥st✐t✉t♦ ❞❡ ❈✐ê♥❝✐❛s ❊①❛t❛s✕ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❏✉✐③
❞❡ ❋♦r❛✱ ❏✉✐③ ❞❡ ❋♦r❛✴▼●✳

❈❛str♦✱ ❉✳ ▼✳ ❞✳ ❙✳ ✭✷✵✶✺✮✳ ❈❛❞❡✐❛s ❞❡ ▼❛r❦♦✈✿ ❯♠❛ ❛♣❧✐❝❛çã♦ ♣❛r❛ ♦ ❊♥s✐♥♦ ❞❡ ▼❛tr✐✲
③❡s ❡ Pr♦❜❛❜✐❧✐❞❛❞❡s✳ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦✱ P❘❖❋▼❆❚ ✕❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡
❆❧❛❣♦❛s✱ ▼❛❝❡✐ó✴❆▲✳

❊✈❡s✱ ❍✳ ✭✷✵✵✷✮✳ ■♥tr♦❞✉çã♦ à ❤✐stór✐❛ ❞❛ ♠❛t❡♠át✐❝❛✳ ✸❛ ❡❞✐çã♦ ✲ ❊❞✐t♦r❛ ❯◆■❈❆▼P✱
❈❛♠♣✐♥❛s✱ ❙P✳

❋❛✈❛r♦✱ ❋✳ ❋✳ ✭✷✵✶✼✮✳ ❆ t❡♦r✐❛ ❞♦s ❣r❛❢♦s ❡ s✉❛ ❛❜♦r❞❛❣❡♠ ♥❛ s❛❧❛ ❞❡ ❛✉❧❛ ❝♦♠ r❡❝✉rs♦s
❡❞✉❝❛❝✐♦♥❛✐s ❞✐❣✐t❛✐s✳ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦✱ P❘❖❋▼❆❚ ✕ ❯◆❊❙P✱ ❘✐♦ ❈❧❛r♦✴ ❙P✳

●✐✉s❝ã✱ ❇✳ ✭✷✵✵✺✮✳ ❑♦♥✐❣s❜❡r❣ ❜r✐❞❣❡s✳ ❆❝❡ss♦ ❡♠✿ ✶✵ ▼❛r✳ ✷✵✷✷✳

❍❡❢❡③✱ ❆✳ ❡ ❋❡r♥❛♥❞❡③✱ ❈✳ ❙✳ ✭✷✵✶✻✮✳ ■♥tr♦❞✉çã♦ à á❧❣❡❜r❛ ❧✐♥❡❛r✳ ■♥ ❈♦❧❡çã♦ P❘❖❋▼❆❚✱
♣á❣✐♥❛ ✷✼✶♣✳ ❙❇▼✱ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✳

■◆P❊ ✭✷✵✷✵✮✳ ❆ t❛①❛ ❝♦♥s♦❧✐❞❛❞❛ ❞❡ ❞❡s♠❛t❛♠❡♥t♦ ♣♦r ❝♦rt❡ r❛s♦ ♣❛r❛ ♦s ♥♦✈❡ ❡st❛❞♦s
❞❛ ❆♠❛③ô♥✐❛ ❧❡❣❛❧ ✭❆❈✱❆▼✱ ❆P✱ ▼❆✱ ▼❚✱ P❆✱ ❘❖✱ ❘❘ ❡ ❚❖✮ ❡♠ ✷✵✶✾ é ❞❡ ✶✵✳✶✷✾
❦♠✷✳ ❤tt♣✿✴✴✇✇✇✳✐♥♣❡✳❜r✴♥♦t✐❝✐❛s✴♥♦t✐❝✐❛✳♣❤♣❄❈♦❞❴◆♦t✐❝✐❛❂✺✹✻✺❧✴❆❝❡ss♦ ❡♠✿
✷✼ ❆❜r✳ ✷✵✷✷✳

✽✺



❏✉r❦✐❡✇✐❝③✱ ❙✳ ✭✷✵✶✾✮✳ ●r❛❢♦s ✲ ❯♠❛ ■♥tr♦❞✉çã♦✳ ❆❝❡ss♦ ❡♠✿ ✷✻ ❞❡③✳ ✷✵✷✵✳

▲✐♠❛✱ ❊✳ ▲✳ ✭✶✾✾✾✮✳ ❈♦♥❝❡✐t✉❛çã♦✱ ♠❛♥✐♣✉❧❛çã♦ ❡ ❛♣❧✐❝❛çõ❡s✿ ❛s três ❝♦♠♣♦♥❡♥t❡s ❞♦
❡♥s✐♥♦ ❞❛ ▼❛t❡♠át✐❝❛✳ ❘❡✈✐st❛ ❞♦ Pr♦❢❡ss♦r ❞❡ ▼❛t❡♠át✐❝❛ ✹✶✱ ✶✾✾✾✳ ✶ ■▼P❆✲❘❏✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿ ✴✴ ✇✇✇✳ r♣♠✳ ♦r❣✳ ❜r✴ ❝❞r♣♠✴ ✹✶✴ ✶✳ ❤t♠ ✳ ❆❝❡ss♦ ❡♠✿ ✶✻ ❥✉❧✳
✷✵✷✶✳

▲✉❝❛s✱ ❚✳ ▼✳ ✭✷✵✶✾✮✳ ●r❛❢♦s ♥♦ ❊♥s✐♥♦ ▼é❞✐♦✿ ❯♠❛ ♣r♦♣♦st❛ ❞❡ ❆t✐✈✐❞❛❞❡s✳ ❉✐ss❡rt❛çã♦
❞❡ ▼❡str❛❞♦✱ P❘❖❋▼❆❚ ✲ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞♦ ◆♦rt❡ ❋❧✉♠✐♥❡♥s❡ ❉❛r❝② ❘✐❜❡✐r♦
✭❯❊◆❋✮✱ ❈❛♠♣♦s ❞♦s ●♦②t❛❝❛③❡s✴❘❏✳

▼❡②❡r✱ P✳ ▲✳ ✭✶✾✽✸✮✳ Pr♦❜❛❜✐❧✐❞❛❞❡ ✲ ❆♣❧✐❝❛çõ❡s à❊st❛tíst✐❝❛✳ ✷❛ ❡❞✐çã♦✱ ▲✐✈r♦s ❚é❝♥✐❝♦s ❡
❈✐❡♥tí✜❝♦s ❊❞✐t♦r❛✱ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✳

▼♦r❣❛❞♦✱ ❆✳ ❈✳ ❡ ❈❛r✈❛❧❤♦✱ P✳ ❈✳ P✳ ✭✷✵✶✺✮✳ ▼❛t❡♠át✐❝❛❉✐s❝r❡t❛✳ ■♥ ❈♦❧❡çã♦ P❘❖❋▼❆❚✱
♣á❣✐♥❛ ✷✾✹♣✳ ✷❛ ❡❞✐çã♦✱ ❙❇▼✳

▼♦r❣❛❞♦✱ ❆✳ ❈✳✱ ❉❡ ❈❛r✈❛❧❤♦✱ ❏✳ ❇✳ P✳✱ ❈❛r✈❛❧❤♦✱ P✳ ❈✳ P✳✱ ❡ ❋❡r♥❛♥❞❡③✱ P✳ ✭✷✵✶✻✮✳ ❆♥á❧✐s❡
❈♦♠❜✐♥❛tór✐❛ ❡ Pr♦❜❛❜✐❧✐❞❛❞❡ ❝♦♠ ❛s s♦❧✉çõ❡s ❞♦s ❡①❡r❝í❝✐♦s✳ ✶✵❛ ❡❞✐çã♦✱ ❙❇▼✱ ❘✐♦ ❞❡
❏❛♥❡✐r♦✳

◆♦❣✉❡✐r❛✱ ❉✳ ❑✳ ✭✷✵✶✺✮✳ ■♥tr♦❞✉çã♦ à ❚❡♦r✐❛ ❞♦s ●r❛❢♦s✿ Pr♦♣♦st❛ ♣❛r❛ ♦ ❊♥s✐♥♦ ▼é❞✐♦✳
❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦✱ P❘❖❋▼❆❚ ✕ ❯♥✐✈❡rs✐❞❛❞❡ ❞❡ ❇r❛sí❧✐❛ ✭❯◆❇✮✱ ❇r❛sí❧✐❛✴❉❋✳

❖❇▼❊P ✭✷✵✵✾✮✳ Pr♦✈❛s ❡ s♦❧✉çõ❡s ✲ Pr✐♠❡✐r❛ ❢❛s❡ ❖❇▼❊P ✲ ◆í✈❡❧ ✸✳ ❉✐s♣♦♥í✲
✈❡❧ ❡♠ ❤tt♣s✿✴✴❞r✐✈❡✳❣♦♦❣❧❡✳❝♦♠✴❢✐❧❡✴❞✴✶◆②❣✹♠♠❢❥✼s❏✹❉✷❆✷❏❛✶❧①❛❏♥▲❧✶❆①❞♦▲✴

✈✐❡✇❆❝❡ss♦ ❡♠✿ ✷✷ ❏❛♥✳ ✷✵✷✷✳

❖✬❈♦♥♥♦r✱ ❏✳ ❏✳ ❡ ❘♦❜❡rts♦♥✱ ❊✳ ❋✳ ✭✷✵✵✻✮✳ ❆♥❞r❡✐ ❆♥❞r❡②❡✈✐❝❤ ▼❛r❦♦✈✳ ❆❝❡ss♦ ❡♠✿ ✶✽
♠❛✐✳ ✷✵✷✶✳

P✐t♦♠❜❡✐r❛✱ ❏✳ ✭✷✵✵✾✮✳ ❖ ♣r♦❜❧❡♠❛s ❞❛s ▲✐❣❛çõ❡s ❞❡ á❣✉❛✱ ▲✉③ ❡ ❚❡❧❡❢♦♥❡✳ ❘❡✈✐st❛ ❞♦
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