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Sa|b = Sab � Sb

Ia:b = Sa + Sb � Sa,b = Sa � Sa|b = Sb � Sb|a,

J a|b = max

{Mb

x

}
[Sa �

X

x

pxSa|Mb

x

],

a b

{M b
x} a



|A1i |A0i
|V ivoi |Mortoi

| i = ↵ |A1,V ivoi+ � |A0,Mortoi ,

|↵|2 + |�|2 = 1 |↵|2 |�|2



1 n | ii
| 1i ⌦ | 2i ⌦ ... | ni

a b

|ai = �0 |0ai + �1 |1ai a

|bi = �0 |0bi+�1 |1bi b |�0|2+|�1|2 = 1 |�0|2+|�1|2 = 1

|ai |bi ab

a b

| abi = |ai ⌦ |bi = (�0 |0ai+ �1 |1ai)⌦ (�0 |0bi+ �1 |1bi)

= �0�0 |0ai ⌦ |0bi+ �0�1 |0ai ⌦ |1bi+ �1�0 |1ai ⌦ |0bi+ �1�1 |1ai ⌦ |1bi

= �0�0 |0ai |0bi+ �0�1 |0ai |1bi+ �1�0 |1ai |0bi+ �1�1 |1ai |1bi

= �0�0 |0a0bi+ �0�1 |0a1bi+ �1�0 |1a0bi+ �1�1 |1a1bi .

| abi = �0�0 |00i+ �0�1 |01i+ �1�0 |10i+ �1�1 |11i .

|'abi = 1
2(|11i � |10i+ |01i � |00i)

|'abi =
1p
2

(|1i+ |0i) 1p
2

(|1i � |0i) = |'ai |'bi = |'ai ⌦ |'bi .

|�+
abi =

|00i+|11ip
2



|�+
abi |�+

abi = | abi

�0�1 = 0,

�1�0 = 0,

�0�0 =
1p
2

,

�1�1 =
1p
2

,

|�+
abi 6= |ai |bi

ab

| abi =
nX

i

p
�i |iai |ibi ,

p
�i | abi

NS NS = 1

NS � 2

⇢ab =

| abi h ab| ab

⇢ab

E( ab) = �tr(⇢a log ⇢a) = �tr(⇢b log ⇢b),

⇢a = trb(⇢ab) ⇢b = tra(⇢ab) | abi
E( ab)

E( ab) = �
nX

i

�i log �i.



E

⇢ E(⇢) = 0

⇢

E(⇤OLCC(⇢))  E(⇢);

E(⇢)� E(�) �! 0

||⇢� �||2 �! 0 ||A||2 =
p
A†A

E(⇢⌦ �)  E(⇢) + E(�).

E(�⇢+ (1� �)�)  �E(⇢) + (1� �)E(�),

0 < � < 1

Ef (⇢ab) = min

{p
i

,| 
i

i}

X

i

piS(⇢ 
i

),

{pi, i}
⇢

log2 D



a b a b

c

abc

a b

a c

a

⇢ac b ⇢ab

Ea,b + J a|c = Sa,

b abc

trb[⇢abc] = ⇢ac trc[⇢abc] = ⇢ab Sa = S(⇢a)

⇢a ⌘ trb(⇢ab) = trc(⇢ac) Ea,b = E(⇢ab)

J a|c = J (⇢a|c)

Ef (⇢ab) = min

{p
i

,| 
i

i}

X

i

piS(trb[| ii h i|]),

{pi, i}
ab

P
i pi | ii h i| = ⇢ab

J a|c � Sa �
X

i

piS(trb[| ii h i|],

a c M c
k

a c

J a|c = max

{Mc

k

}
[Sa �

X

k

pkS(⇢a|k)],

⇢a|k = trc[(Ia ⌦M c
k)⇢ac]/pk a M c

k

c pk = trc[(Ia ⌦M c
k)⇢ac]

M c
k



abc
J a|c

J a|c = Sa � Ef (⇢ab).

M c
k M c

k =

P
j M

c
kj

M c
kj

Ef (⇢ab) �
X

kj

pkjS(trb[|�kji h�kj|]),

{pkj, |�kji}
P

kj pkj |�kji h�kj| = ⇢ab

M c
kj ac

{pkj, |�kji} Ef (⇢ab)

Ef (⇢ab) =
X

kj

pkjS(⇢kj) = Sa � J a|c.

Ea,b + J a|c = Sa.

⌅



a

s

as

as

Is:a = Ss + Sa � Ss,a,

J s|a = max

{Ma

x

}
[Ss �

X

x

pxSs|Ma

x

]

� s|a = = Is:a � J s|a

= Ss + Sa � Ss,a �max

{Ma

x

}
[Sa �

X

x

pxSa|Ma

x

]

= Sa � Ss,a +max

{Ma

x

}
[Ss|{Ma

x

}]

= Sa � Ss,a +max

{Ma

x

}
[

X

x

pxSs|{Ma

x

}],

px = trs,a(M
a
x⇢s,a)

Ma
x a

s

s

a

sa

sa

| sai =
1p
2

(|00i+ |11i)

| sai =
1p
2

(|++i+ |��i).



e

|0i |1i
a e Hint

U(t) = |0i h0|⌦ U0(t) + |1i h1|⌦ U1(t),

U(t) | sai

| ase
t

iP =

1p
2

(|00⇠0i+ |11⇠1i),

P sa e

sa

⇢Psa = tre
t

(⇢sae
t

=

1

2

(|00i h00|+ |11i h11|) + 1

2

h⇠0|⇠1i (|00i h11|+ |11i h00|),

h⇠0|⇠1i = z(t)

t ! 1
z(t) ! 0 sa

⇢Psa z(t)

s a

� s|a = 1 +

1� z(t)

2

[log(1� z(t))� 1] +

1 + z(t)

2

[log(1 + z(t))� 1],

0  z(t)  1 e

a s a

sa

⇢Psa



sa

⇢Psa {|+i , |�i}

⇢Psa =
1

4

(|++i h++|+ |++i h��|+ |+�i h+�|+ |+�i h�+|+

|�+i h+�|+ |�+i h�+|+ |��i h++|+ |��i h��|).

⇢Wsa =

1� z

4

(|00i h00|+ |11i h11|) + z

2

(|00i h00|+ |00i h11|+ |11i h00|+ |11i h11|),

z = 0 z < 1
3

⇢ab =

1
2(|00i h00| + |11i h11|)

|0i |1i

⇢0ab =
1
2(|00i h00|+ |1+i h1+|)

⇢0ab

⇢Wsa



A B

A B

A

B

A

B B

B

A A

A B

A B

Kb ln 2

KbT ln 2



s

a s

a s

sa dsa

T

W+
C /kB2T = log dsa �max

Ma

x

[Ss|{Ma

x

}],

W�
C /kB2T = Sa,

kB2

C

sa

WC/kB2T = log dsa � Sa �max

Ma

x

[Ss|a].

sa

sa



sa

WQ/kB2T = log dsa � Ss,a.

�W/kB2T = log dsa�Ss,a� {log dsa�Sa�max

Ma

x

[Ss|a]} = Sa+max

Ma

x

[Ss|a]�Ss,a,

�W = kB2T �
 
s|a.



abc

Ea,b + J a|c = Sa.

� a|c = Ia:c � J a|c,

� a|c = Ia:c � Sa + Ea,c.

Ia:c = Sa � Sa|c

Ea,b = � a|c + Sa|c,



b c

Ea,c = � a|b + Sa|b,

Ea,b + Ea,c = � a|b + � a|c + Sa|c + Sa|b

Ea,b + Ea,c = � a|b + � a|c + Sa,c � Sc + Sa,b � Sb.

Sa,c = Sb

Sc = Sa,b.

Ea,b + Ea,c = � a|b + � a|c.

c ab

a

Eb,a + Eb,c = � b|a + � b|c

Ec,a + Ec,b = � c|a + � c|b.

abc



c! b! a! c bc ab ca

L� ⌘ � b|c + � a|b + � c|a.

abc

c b a

a! b!
c! a

L ⌘ � b|a + � c|b + � a|c.

abc

2Ea,b + 2Eb,c + 2Ea,c = � b|c + � a|b + � c|a + � b|a + � c|b + � a|c

2Ea,b + 2Eb,c + 2Ea,c = L� + L 

Ea,b + Eb,c + Ea,c =
L� + L 

2

.

L� � L 
2

= (Ea,b � � a|c) + (Ec,a � � c|b) + (Eb,c � � b|a),

Sa|c + Sc|b + Sb|a abc

Sb|a+Sc|b+Sa|c = Sba�Sa+Scb�Sb+Sac�Sc = Sc�Sa+Sa�Sb+Sb�Sc = 0.



L� = L 

Ea,b + Eb,c + Ea,c = L� = � b|c + � a|b + � c|a.

L � L�
2

= (� b|a � Eb,c) + (� c|b � Ec,a) + (� b|a � Eb,a),

Sb|a+Sc|b+Sa|c

L = L�

Ea,b + Eb,c + Ea,c = L = � b|a + � c|b + � a|c.

abc

Eb,a = � b|c + Sb|c

Ea,c = � a|b + Sa|b

Ec,b = � c|a + Sc|a,

Ea,b + Eb,c + Ec,a = � b|c + � a|b + � c|a + Sb|c + Sa|b + Sc|a.



Sb|c + Sa|b + Sc|a = Sb,c � Sc + Sa,b � Sb + Sc,a � Sa = Sa � Sc + Sc � Sb + Sb � Sa = 0,

Ea,b + Eb,c + Ec,a = � c|a + � b|c + � a|b,

Eb,c = � b|a + Sb|a

Ec,a = � c|b + Sc|b

Ea,b = � a|c + Sa|c,

Eb,c + Ec,a + Ea,b = � b|a + � c|b + � a|c + Sb|a + Sc|b + Sa|c,

Sb|a + Sc|b + Sa|c = Sb,a � Sa + Sc,b � Sb + Sa,c � Sc = Sc � Sa + Sa � Sb + Sb � Sc = 0,

Ea,b + Eb,c + Ea,c = � b|a + � c|b + � a|c.

abc

bc cb ba a

c c b b

a

a �! b �! c �! a



abcd

a bc

Ea,bc = � a|d + Sa|d.

bc cd

Ea,cd = � a|b + Sa|b.

Ea,bc + Ea,cd � � a|d � � a|b = Sa|d + Sa|b.

Ea,bc + Ea,cd � � a|d � � a|b = Sab � Sb + Sad � Sd

= Sab � Sb + Sbc � Sabc � 0

Ea,bc + Ea,cd � � a|d + � a|b

Ea,b = � a|cd + Sa|cd

Ea,c = � a|bd + Sa|bd.



Ea,b + Ea,c � � a|cd � � a|bd = Sa|cd + Sa|bd.

Sa|cd + Sa|bd = Sacd � Scd + Sabd � Sbd = Sacd � Scd + Sc � Sac  0,

Ea,b + Ea,c  � a|cd + � a|bd,

a

a bc cd

a b c

a

bd

Ea,bd = � a|c + Sa|c.

a

d abcd

Ea,d = � a|bc + Sa|bc.

Ea,bc + Ea,cd + Ea,db � � a|b � � a|c � � a|d = Sa|b + Sa|c + Sa|d.

Sa|b + Sa|c + Sa|d = Sa|b + Sa|c + Sad � Sd = Sa|b + Sa|c � Sa|bc � 0,

Ea,bc + Ea,cd + Ea,db � � a|b + � a|c + � a|d



Ea,b + Ea,c + Ea,d  � a|bc + � a|cd + � a|bd.

Ea,b + Ea,c + Ea,d � � a|bc � � a|cd � � a|bd = Sa|bc + Sa|cd + Sa|bd,

Ea,bc +Ea,cd +Ea,db +Ea,b +Ea,c +Ea,d = � a|b + � a|c + � a|d + � a|bc + � a|cd + � a|bd,

Sa|b + Sa|c + Sa|d + Sa|bc + Sa|cd + Sa|bd =

Sab � Sb + Sac � Sc + Sad � Sd + Sabc � Sbc + Sacd � Scd + Sabd � Sbd =

Sab � Sb + Sac � Sc + Sad � Sd + Sd � Sad + Sb � Sab + Sc � Sac = 0.

abcd

abc

Sa|bc  Sa|b + Sa|c



abcd

Sa|d + Sa|b = Sad � Sd + Sab � Sb = Sbc � Sabc + Sab � Sb � 0

Sa|d + Sa|c = Sad � Sd + Sac � Sc = Scb � Sacb + Sac � Sc � 0

Sa|c + Sa|b = Sac � Sc + Sab � Sb = Sbd � Sabd + Sab � Sb � 0.

Sa|b + Sa|c + Sa|d � 0,

Sa|b + Sa|c + Sa|d = Sa|b + Sa|c + Sad � Sd = Sa|b + Sa|c � Sa|bc � 0.

⌅

...d! a! b! c!
d! a... a �! bc, b �! cd, c �! da, d �! ab

Ea,bc = � a|d + Sa|d

Eb,cd = � b|a + Sb|a

Ec,da = � c|b + Sc|b

Ed,ab = � d|c + Sd|c.

Ea,bc + Eb,cd + Ec,da + Ed,ab � � a|d � � d|c � � c|b � � b|a = Sa|d + Sb|a + Sc|b + Sd|c



Sa|d + Sb|a + Sc|b + Sd|c

= Sad � Sd + Sba � Sa + Scb � Sb + Sdc � Sc

= (Sba + Scb � Sb � Sd) + (Sad + Sdc � Sa � Sc)

= (Sab + Sbc � Sb � Sabc) + (Sbc + Scd � Sc � Sbcd) � 0.

Ea,bc + Eb,cd + Ec,da + Ed,ab � � a|d + � b|a + � c|b + � d|c.

...d  a  b  c  d  a... d �! bc, a �!
cd, b �! da, c �! ab

Ed,bc = � d|a + Sd|a

Ea,cd = � a|b + Sa|b

Eb,da = � b|c + Sb|c

Ec,ab = � c|d + Sc|d.

Ed,bc + Ea,cd + Eb,da + Ec,ab � � d|a � � c|d � � b|c � � a|b = Sd|a + Sa|b + Sb|c + Sc|d.

Sd|a + Sa|b + Sb|c + Sc|d

= Sda � Sa + Sab � Sb + Sbc � Sc + Scd � Sd

= (Sab + Scb � Sb � Sd) + (Sda + Scd � Sa � Sc)

= (Sab + Sbc � Sb � Sabc) + (Sbc + Scd � Sc � Sbcd) � 0.

Ed,bc + Ea,cd + Eb,da + Ec,ab � � d|a + � c|d + � b|c + � a|b.



...(ab) ! c,(bc) !
d,(cd) ! a,(da) ! b, (ab) ! c...

a �! b,b �! c, c �! d, d �! a

Ea,b = � a|cd + Sa|cd

Eb,c = � b|da + Sb|da

Ec,d = � c|ab + Sc|ab

Ed,a = � d|bc + Sd|bc.

Ea,b +Eb,c +Ec,d +Ed,a� � a|cd� � d|bc� � c|ab� � b|da = Sa|cd + Sb|da + Sc|ab + Sd|bc.

Sa|cd + Sb|da + Sc|ab + Sd|bc

= Sacd � Scd + Sbda � Sda + Scab � Sab + Sdbc � Scb

= (Sacd � Scd � Sda + Scab) + (Sbda � Sab � Scb + Sdbc

= (Sadc � Sdc � Sad + Sd) + (Sbad � Sba � Sad + Sa)  0.

Ea,b + Eb,c + Ec,d + Ed,a  � a|cd + � b|da + � c|ab + � d|bc.

...a  (bc),b  (cd),c  (da),d  (ab), a  (bc)...

Eb,a = � b|dc + Sb|dc

Ec,b = � c|ad + Sc|ad

Ed,c = � d|ba + Sd|ba

Ea,d = � a|cb + Sa|cb.



Eb,a +Ec,b +Ed,c +Ea,d� � b|dc� � c|ad� � d|ba� � a|cb = Sb|dc + Sc|ad + Sd|ba + Sa|cb.

Sb|dc + Sc|ad + Sd|ba + Sa|cb =

Sbdc � Sdc + Scad � Sad + Sdba � Sba + Sacb � Scb =

(Scad � Scb � Sba + Sacb) + (Sbcd � Sad � Sbc + Sdab) =

(Sabc � Sbc � Sab + Sb) + (Sbcd � Sbc � Scd + Sc)  0.

Eb,a + Ec,b + Ed,c + Ea,d  � a|bc + � b|cd + � c|da + � d|ab.

Eb,a = Ea,b

Ea,bc + Eb,cd + Ec,da + Ed,ab + Ea,b + Eb,c + Ec,d + Ed,a =

� a|d + � b|a + � c|b + � d|c + � a|cd + � b|da + � c|ab + � d|bc,

Ed,bc + Ea,cd + Eb,da + Ec,ab + Eb,a + Ec,b + Ed,c + Ea,d =

� d|a + � c|d + � b|c + � a|b + � a|bc + � b|cd + � c|da + � d|ab.

abcde



Ea,bc = � a|de + Sa|de

Ea,de = � a|bc + Sa|bc

Ea,bd = � a|ce + Sa|ce

Ea,ce = � a|bd + Sa|bd

Ea,be = � a|cd + Sa|cd

Ea,cd = � a|be + Sa|be.

Ea,bc + Ea,de + Ea,bd + Ea,ce + Ea,be + Ea,cd

= � a|de + � a|bc + � a|ce + � a|bd + � a|cd + � a|be+

Sa|de + Sa|bc + Sa|ce + Sa|bd + Sa|cd + Sa|be.

(Sa|de + Sa|bc) + (Sa|ce + Sa|bd) + (Sa|cd + Sa|be)

= (Sade � Sde + Sabc � Sbc) + (Sace � Sce + Sabd � Sbd) + (Sacd � Scd + Sabe � Sbe)

= (Sbc � Sde + Sde � Sbc) + (Sbd � Sce + Sce � Sbd) + (Sbe � Scd + Scd � Sbe) = 0.

abcde

Ea,bc + Ea,de + Ea,bd + Ea,ce + Ea,be + Ea,cd

= � a|de + � a|bc + � a|ce + � a|bd + � a|cd + � a|be.

abcde

Ea,bc = � a|de + Sa|de

Eb,cd = � b|ea + Sb|ea

Ec,de = � c|ab + Sc|ab

Ed,ea = � d|bc + Sd|bc

Ee,ab = � e|cd + Se|cd.



Ea,bc + Eb,cd + Ec,de + Ed,ea + Ee,ab

= � a|de + � b|ea + � c|ab + � d|bc + � e|cd

+ Sa|de + Sb|de + Sc|ab + Sd|bc + Se|cd,

Sa|de + Sb|ea + Sc|ab + Sd|bc + Se|cd

= Sade � Sde + Sbea � Sea + Scab � Sab + Sdbc � Sbc + Secd � Scd

+ Sbc � Sde + Scd � Sea + Sde � Sab + Sea � Sbc + Sab � Scd = 0.

Ea,bc + Eb,cd + Ec,de + Ed,ea + Ee,ab = � a|de + � b|ea + � c|ab + � d|bc + � e|cd,

Ea,de = � a|cb + Sa|cb

Eb,ea = � b|dc + Sb|dc

Ec,ab = � c|ed + Sc|ed

Ed,bc = � d|ae + Sd|ae

Ee,cd = � e|ba + Se|ba.

Ea,de + Eb,ea + Ec,ab + Ed,bc + Ee,cd

= � a|cb + � b|dc + � c|ed + � d|ae + � e|ba

+ Sa|cb + Sb|dc + Sc|ed + Sd|ae + Se|ba,

Sa|cb + Sb|dc + Sc|ed + Sd|ae + Se|ba

= Sacb � Scb + Sbdc � Sdc + Sced � Sed + Sdae � Sae + Seba � Sba

+ Sde � Scb + Sae � Sdc + Sab � Sed + Sbc � Sae + Scd � Sba = 0,



Ea,de + Eb,ea + Ec,ab + Ed,bc + Ee,cd = � a|cb + � b|dc + � c|ed + � d|ae + � e|ba.

123456

E1|ijk i 6= j 6= k 6= 1

E1,234 = � 1|56 + S1|56

E1,456 = � 1|23 + S1|23

E1,345 = � 1|26 + S1|26

E1,562 = � 1|34 + S1|34

E1,236 = � 1|45 + S1|45

E1,245 = � 1|36 + S1|36

E1,346 = � 1|25 + S1|25

E1,235 = � 1|46 + S1|46

E1,246 = � 1|35 + S1|35

E1,356 = � 1|24 + S1|24.



(S1|56 + S1|23) + (S1|26 + S1|34) + (S1|45 + S1|36) + (S1|25 + S1|46) + (S1|35 + S1|24) =

(S156 � S56 + S123 � S23) + (S126 � S26 + S134 � S34) + (S145 � S45 + S136 � S36)

+ (S125 � S25 + S146 � S46) + (S135 � S35 + S124 � S24) =

(S234 � S1234 + S123 � S23) + (S345 � S1345 + S134 � S34) + (S362 � S1362 + S136 � S36)

+ (S463 � S1463 + S146 � S46) + (S246 � S1246 + S124 � S24) � 0,

E1,234 + E1,456 + E1,345 + E1,562 + E1,236 + E1,245 + E1,345 + E1,235 + E1,246 + E1,356

� � 1|56 + � 1|23 + � 1|26 + � 1|34 + � 1|45 + � 1|36 + � 1|25 + � 1|46 + � 1|35 + � 1|24.

E1,234 + E1,456 � � 1|56 + � 1|23,

Ea,bc + Ea,cd � � a|d + � a|b,

a 1 123456

bc 234 cd 456

d 56 b 23

c

1



E1,23 = � 1|456 + S1|456

E1,56 = � 1|234 + S1|234

E1,26 = � 1|345 + S1|345

E1,34 = � 1|256 + S1|256

E1,45 = � 1|236 + S1|236

E1,36 = � 1|245 + S1|245

E1,25 = � 1|346 + S1|346

E1,46 = � 1|235 + S1|235

E1,35 = � 1|246 + S1|246

E1,24 = � 1|356 + S1|356.

(S1|456+S1|234)+(S1|345+S1|256)+(S1|236+S1|245)+(S1|346+S1|235)+(S1|246+S1|356) =

(S1456�S456 +S1234�S234)+ (S1345�S345 +S1256�S256)+ (S1236�S236 +S1245�S245)

+ (S1346 � S346 + S1235 � S235) + (S1246 � S246 + S1356 � S356) =

(S1564 � S456 + S56 � S561) + (S1345 � S345 + S34 � S134) + (S1362 � S236 + S36 � S361)

+ (S1463 � S346 + S46 � S461) + (S1246 � S246 + S24 � S124)  0.

E1,23 + E1,56 + E1,26 + E1,34 + E1,45 + E1,36 + E1,25 + E1,46 + E1,35 + E1,24 

� 1|456 + � 1|234 + � 1|345 + � 1|256 + � 1|236 + � 1|245 + � 1|346 + � 1|235 + � 1|246 + � 1|356.

... ! 1 ! 2 ! 3 ! 4 ! 5 ! 6 ! 1 ! ...



E1,234 = � 1|56 + S1|56

E2,345 = � 2|61 + S2|61

E3,456 = � 3|12 + S3|12

E4,561 = � 4|23 + S4|23

E5,612 = � 5|34 + S5|34

E6,123 = � 6|45 + S6|45.

S1|56 + S2|61 + S3|12 + S4|23 + S5|34 + S6|45 =

S156 � S56 + S261 � S61 + S312 � S12 + S423 � S23 + S534 � S34 + S645 � S45 =

(S156 � S61 + S261 � S34) + (S312 � S12 + S534 � S45) + (S423 � S23 + S645 � S56) =

(S615�S61+S261�S2615)+(S123�S12+S612�S3126)+(S234�S23+S123�S1234) � 0.

E1,234 + E2,345 + E3,456 + E4,561 + E5,612 + E6,123 �

� 1|56 + � 2|61 + � 3|12 + � 4|23 + � 5|34 + � 6|45.

... ! 6 ! 5 ! 4 ! 3 ! 2 ! 1 ! 6 ! ...

E4,123 = � 4|65 + S4|65

E5,234 = � 5|16 + S5|16

E6,345 = � 6|21 + S6|21

E1,456 = � 1|32 + S1|32

E2,561 = � 2|43 + S2|43

E3,612 = � 3|54 + S3|54.



S4|65 + S5|16 + S6|21 + S1|32 + S2|43 + S3|54 =

S465 � S65 + S516 � S16 + S621 � S21 + S132 � S32 + S243 � S43 + S354 � S54 =

(S465 � S65 + S243 � S32) + (S354 � S21 + S132 � S54) + (S516 � S16 + S621 � S43) =

(S465�S65+S651�S4651)+(S621�S21+S213�S6213)+(S516�S16+S162�S5162) � 0.

E1,456 + E2,561 + E3,612 + E4,123 + E5,234 + E6,345 �

� 1|32 + � 2|43 + � 3|54 + � 4|65 + � 5|16 + � 6|21.

E1,23 = � 1|456 + S1|456

E2,34 = � 2|561 + S2|561

E3,45 = � 3|612 + S3|612

E4,56 = � 4|123 + S4|123

E5,61 = � 5|234 + S5|234

E6,12 = � 6|345 + S6|345.

S1|456 + S2|561 + S3|612 + S4|123 + S5|234 + S6|345 =

S1456 � S456 + S2561 � S561 + S3612 � S612 + S4123 � S123 + S5234 � S234 + S6345 � S345 =

(S2561�S561+S5234�S612)+(S3612�S123+S6345�S345)+(S1456�S456+S4123�S234) =

(S2165�S216+S16�S165)+(S3126�S312+S12�S126)+(S1234�S123+S23�S234)  0.

E1,23 + E2,34 + E3,45 + E4,56 + E5,61 + E6,12 

� 1|456 + � 2|561 + � 3|612 + � 4|123 + � 5|234 + � 6|345.



E3,12 = � 3|654 + S3|654

E4,23 = � 4|165 + S4|165

E5,34 = � 5|216 + S5|216

E6,45 = � 6|321 + S6|321

E1,56 = � 1|432 + S1|432

E2,61 = � 2|543 + S2|543.

S1|432 + S2|543 + S3|654 + S4|165 + S5|216 + S6|321 =

S1432 � S432 + S2543 � S543 + S3654 � S654 + S4165 � S165 + S5216 � S216 + S6321 � S321 =

(S2543�S165+S5216�S216)+(S3654�S123+S6321�S345)+(S4561�S456+S1234�S234) =

(S2165� S216 + S16� S165)(S3126� S312 + S12� S126) + (S1234� S123 + S23� S234)  0.

E1,56 + E2,61 + E3,12 + E4,23 + E5,34 + E6,45 

� 1|432 + � 2|543 + � 3|654 + � 4|165 + � 5|216 + � 6|321.

n n

n



N 1 N

N

1

M M 0

M =

N + 1

2

M 0
= M + 1.

E1,2...M = � 1|M 0...N + S1|M 0...N

E1,M 0...N = � 1|2...M + S1|2...M

E1,2...M 0
= � 1|M...N + S1|M...N

E1,M...N = � 1|2...M 0 + S1|2...M 0

. = .

. = .

. = .

E1,2...N = � 1|3...MM 0 + S1|3...MM 0

E1,3...MM 0
= � 1|2...N + S1|2...N .

N � 1

N�1
2



S1|M 0...N + S1|2...M + S1|M...N + S1|2...M 0
+ ...+ S1|3...MM 0

+ S1|2...N

= S1M 0...N � SM 0...N + S12...M � S2...M + S1M...N � SM...N + S12...M 0 � S2...M 0

+ ...+ S13...MM 0 � S3...MM 0
+ S12...N � S2...N

= S2...M � SM 0...N + SM 0...N � S2...M + S2...M 0 � SM...N + SM...N � S2...M 0

+ ...+ S2...N � S3...MM 0
+ S3...MM 0 � S2...N = 0.

LX

i

E1,⇤
i

=

LX

i

� 1|⌦
i

,

⇤i ⌦i N

L

L =

(N � 1)!

(

N�1
2 )!((

N�1
2 )!

,

N � 7, 3 5

�W = kB2T �
 
s|a,

s a

WQ

WC

�W = WQ �WC .



�s|a = �2�Ws|a,

�2 =
1

k
B2

Ea,b + Ea,c = �2(�Wa|b +�Wa|c).

Ea,b + Eb,c + Ec,a = �2(�Wc|a +�Wb|c +�Wa|b),

Ea,b + Eb,c + Ec,a = �2(�Wb|a +�Wc|b +�Wa|c).

Ea,bc + Ea,cd + Ea,db � �2(�Wa|b +�Wa|c +�Wa|d),

Ea,b + Ea,c + Ea,d  �2(�Wa|bc +�Wa|cd +�Wa|bd).

Ea,bc + Eb,cd + Ec,da + Ed,ab � �2(�Wa|d +�Wb|a +�Wc|b +�Wd|c)

Ea,b + Eb,c + Ec,d + Ed,a  �2(�Wa|cd +�Wb|da +�Wc|ab +�Wd|bc).



Ed,bc + Ea,cd + Eb,da + Ec,ab � �2(�Wd|a +�Wc|d +�Wb|c +�Wa|b)

Eb,a + Ec,b + Ed,c + Ea,d  �2(�Wd|ba +�Wc|ad +�Wb|dc +�Wa|cb).

Ea,bc + Ea,de + Ea,bd + Ea,ce + Ea,be + Ea,cd

= �2(�Wa|de +�Wa|bc +�Wa|ce +�Wa|bd +�Wa|cd +�Wa|be).

Ea,bc + Eb,cd + Ec,de + Ed,ea + Ee,ab

= �2(�Wa|de +�Wb|ea +�Wc|ab +�Wd|bc +�We|cd)

Ea,de + Eb,ea + Ec,ab + Ed,bc + Ee,cd

= �2(�We|ba +�Wd|ae +�Wc|ed +�Wb|dc +�Wa|cb).

E1,234 + E1,456 + E1,345 + E1,562 + E1,236 + E1,245 + E1,345 + E1,235 + E1,246 + E1,356

� �2(�W1|56 +�W1|23 +�W1|26 +�W1|34 +�W1|45

+�W1|36 +�W1|25 +�W1|46 +�W1|35 +�W1|24),

E1,23 + E1,56 + E1,26 + E1,34 + E1,45 + E1,36 + E1,25 + E1,46 + E1,35 + E1,24

 �2(�W1|456 +�W1|234 +�W1|345 +�W1|256 +�W1|136+

�W1|245 +�W1|346 +�W1|235 +�W1|246 +�W1|356).



E1,234 + E2,345 + E3,456 + E4,561 + E5,612 + E6,123

� �2(�W1|56 +�W2|16 +�W3|12 +�W4|23 +�W5|34 +�W6|45),

E1,23 + E2,34 + E3,45 + E4,56 + E5,61 + E6,12

 �2(�W1|456 +�W2|561 +�W3|612 +�W4|123 +�W5|234 +�W6|345).

E1,456 + E2,561 + E3,612 + E4,123 + E5,234 + E6,345

� �2(�W6|21 +�W5|61 +�W4|65 +�W3|54 +�W2|43 +�W1|32)

E1,56 + E2,61 + E3,12 + E4,23 + E5,34 + E6,45

 �2(�W6|321 +�W5|216 +�W4|165 +�W3|654 +�W2|543 +�W1|432).











n
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